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PREFACE 

TO THE THIRD EDITION. 



f It has been thought desirable to bring out the third edition 

this work in two volumes, because experience proved 

lat the previous edition contained more than was suitable 

) the wants of the great majority of students who reach the 

iJidard of Undergraduate Honours in Mathematics. 

The reception of the work in the Universities at home and 

pbroad has made me desirous of rendering it more deserving 

t the favour accorded to it by high-claaa students. Accord- 

igly, I determined to reserve for the second volume the more 

Bvanced portions of the previous work {those dealing with 

Bon-Coplanar Forces, Attractions, and the Theory of Strain 

I Stress), and, while greatly extending these portions, to 

»duce such fresh apphcations of the subject as would 

ike the work really useful to those, for example, who aim 

t distinction in the Mathematical Tripos. 

With regard to the first volume, little needs to be said. It 
b meant for those who attain the standard of Undergraduate 
I and Scholarships, but do not desire to compete for 
igher distinctions. Within this range it will, I think, be 
nd tolerably complete. A re-arrangement of the order of 
satment in the previous edition has been made. At an early 
in the student's reading I endeavour to make him 
r with graphic methods both in practice and in theory. 



VI PREFACE. 

To this end, attention has been directed to the solution, by 
graphic construction, of several classes of equations to which 
we are led in seeking for positions of equilibrium — equations, 
the accurate solution of which would be impossible, and the 
approximate solution of which by the ordinary analytical 
methods would be attended with great trouble. Experience 
has proved to me that this is a most valuable aid in producing 
in the mind of the student a knowledge of the nature of 
dynamical problems, and an interest which cannot be evoked 
by symbols and equations alone. 

Indeed, it will be observed that graphic methods figure 
more largely in this edition, all through, than in the previous 
one — notably in the general discussion of Funicular Polygons 
in Chapter V. This is a branch of elementary Statics to 
which too little attention is paid ; but it is both valuable and 
full of elegance. 

The second volume opens with a long chapter on Non- 
Coplanar Forces, in which I have given an exposition of 
Sir Robert Ball's Theory of Screws, so far as it relates more 
particularly to the Statical branch of Dynamics. It will be 
observed that, while following Sir R. Ball's method of treat- 
ment very closely, I have departed from it in some instances. 
To prevent misconceptions, I may say that my reason for 
doing so is simply the fact that students of any branch of 
science derive great benefit by looking at it from several 
different points of view. 

In this chapter the general conditions of equilibrium are 
illustrated by examples of the same character as those em- 
ployed so largely in the chapters dealing with Coplanar 
Forces — my object being to avoid mere generalities in 
symbols. 



The chapter on Astatic Equilibrium is founded on a paper 
which I published on the subject a few years ago. Now that 
students of the works of Hamilton, Tait, and Clerk Maxwell 
are so numerous in the Universities, no apology is necessary 
for the treatment of this subject by elementary Quaternions. 

The pai-t of this volume dealing witli Attractions and 
the general theory of Potential in Electricity and Magnetism 
has been much enlarged ; and it will be in its present con- 
dition, I hope, a valuable assistance to the student of the 
gi-eat and enduring works of Thomson and Tait, and Clerk 
Maxwell. 

Many correspondents have been good enough to send me 
corrections of eirors in the second edition. My obligations 
on this account are great to Professor Everett and Professor 
Schuster, whose con-ections must have required care and 
trouble. Some American correspondents, also, have kindly 
sent corrections and suggestions; and among them I must 
chiefly thank Mr. F. Franklin of tho Johns Hopkins Uni- 
versity. 

The proof sheets have all been revised by my friend and 
colleague Mr. W. G. Gregory, B.A., whose attainmenta in 
Physics, both practical and theoretical, rendered his criticismB 
of the utmost value, 

GEOEGE M. MINCHIN. 

R. I. E. College, Cooper's Hill, 
November, 1884. 



PREFACE 

TO THE FOURTH EDITION. 

The alterations and additions which chiefly characterise 
this edition may be briefly summarised. Chapter Y, on the 
reduction of Coplanar Forces, has been rearranged and, to 
a considerable extent, rewritten, in such a way that the illus- 
trations of particular principles follow more closely the 
expositions of these principles than in the previous edition ; 
and an Article has been specially devoted to the Application 
of Statics to Geometry. 

The deduction of certain well-known results in Geometry 
by means of the methods of another branch of Science cannot 
fail to be instinictive to the student ; and it must be interesting 
to see how Ptolemy's Theorem follows from the Parallelogram 
of Forces, and how the famous Theorem of Pascal is a simple 
result of a fundamental property of Funicular Polygons. 
This statical deduction of Pascal's Theorem is here, I believe, 
published for the first time ; and a somewhat similar method 
should, apparently, be capable of deducing the allied Theorem 
of Brianchon ; but, so far, I have not been able to find a 
statical proof of this latter. 

The method of calculating the reactions at the joints in 
systems of bars has been more fully explained, and has been 
more largely exemplified by problems most of which are 
taken from, or suggested by, the papers set in the Mathe- 
matical Tripos. 



PBEFAOE. IX 

The Chapter on the equilibrium of Strings has been re- 
arranged in such a way that the discussion of Catenaries 
(under the action of gravity) precedes the general treatment 
of the subject. No doubt the student will find this a simpli- 
fication. 

In the revision of most of the proof sheets I have had the 
benefit of the care and criticism of my colleague Professor 
Stocker ; while Mr. C. F. Findlay, late Fellow of Trinity Hall, 
assisted all through and not only freely and effectively criti- 
cised, but actually took the trouble of testing the results of 
nearly all the questions left for solution. 

To both of these gentlemen I beg to express my obligations. 

GEORGE M. MINCHIN. 
June^ 1890. 



PREFACE 

TO THE FIFTH EDITION. 

In this edition I have added, in an Appendix^ a statical 
proof of Brianchon's Theorem, for which I am indebted to 
Mr. E. M. Langley, and also a collection of examples, largely 
numerical, on the general theory of the reduction of a 
system of co-planar forces. A special section of these 
examples is devoted to problems on Catenaries under various 
conditions. 

Such numerical examples I have always found of the 
utmost use in all branches of Mathematical Physics : indeed, 
without them, I hold that teaching must always be in- 
effective. It will also be observed that I have emphasised 
my belief in the practical value of graphic solutions. 

GEORGE M. MINCHIN. 

September^ 1896. 
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1. De&utioii of Forog. Force ig an action exerted ujion a 
in. order to change H» tiaie either of red or of moving 

forward i» a right line. 
116 is the definition of Force given by Newton (Principia, 
I, Def. IV). 

Divisions of the Science. The Science which treats of 
action of Force on bodies is called Dynamics. Of this 
lee there are two branchea ; the iirst treats of the laws to 
ich forces are subject when tbey keep bodies at rest, and 
branch ia called Sfalicn ; the second treats of the laws to 
ich the motions of bodies are subject when these motions are 
luced by given forces, and this branch is called Kinetics. 

Hatter. Mi^tter ia something which exists in space, and 
its its presence by such observed qualities as extension, 
istance, and impenetrability. 

A limited portion of matter is called a Bodi/, and the quantity 
of matter contained in a body is called its Mass. A very small 
portion of matter is called a Particle. 

4. Velocity. Suppose a point to move along & right line in 
each a way that it always takes the same time, t, to travel over 
the same length, s, of the line, at whatever points of the line the 
extremities of this length are situated. Then we readily say 
that the point's ' rate of moving ' is the same all thi-ougb, and 

ttiifi rate we measure by the quotient - ■ The rate of moving we 

C^ the velocity of the moving point. But if the time of moving 
over the length s is not the same all through — i.e., if it depends , 

VOL. I. B 



2 COMPOSITION AND BKSOLUTION OF FOEOES. [5. 

on the points of the line between whitli it is measured — -the 
velocity, or rate of moving, is clearly not uniform. Nevertheless 
we recognise the fact that at each of its positions the moving 
point has a particular rate of going. How ie this rate to be 
estimated ? Like all rates, it must be measured by a differential 
coefficient. Thus, if P and Q are two extremely close poititions, 
and if is any fixed point on the line of motion, the distance 
between and P being called « and the distance OQ being 
called s + A«, and if the point has taken the infinitesimal time 
A^ to get from P to Q, we shall be very near the truth in 
assuming that its rate of moving has remained uniform in the 
passage from P to Q, and the velocity in this interval will, as 

above, be the quotient — ■ The smaller the interval PQ (and 

therefore the smaller A« and A^) the more nearly true ia the 
assumption of uniformity of the rate of moving from P to Q, 

Hence if we could find the value of the ratio — ; when hoth Ai 

Ai 

and A^ are indefinitely diminished, we should have the ( 
rate of moving at P. But the limit of this ratio is ^ 

dg . . . 
differential coefficient -r, > which ia easily found by the rules rf 

the Difierential Calculus. 

We have thus not only a conception of difierent rates i 
moving, but also a method of estimating these rates numericallf 
at different points of the path. 

5. Criterion of the action of Force. Instead of the motios 
of a mere mathematical point, let us consider the motion of S 
material particle. How can we tell whether this movingi 
particle is acted on by force or not? The answer is — unleflH 
the particle is completely at rest, or, failing this, moving wiH i 
uniform vehdiy in a right line, it is acted on by some fo[09^< 
Observe the two distinct eharacterislics which must be posw 
by the motion of a particle which is not acted on by force — th* 
velocity must be constant in magnitude and the path must be ) 
right line. 

6, Mea^nre of Force. Suppose a particle to move along i 
right line in such a way that in any interval of time, t, thet 
is the same addition made to its velocity, between whateve 
epochs of time the interval i is reckoned. Then the velocity i 



L 



;.] WAYS IN WHICH FOBCE IS ntODUCED. 'A 

obviontily increased at the same rate at every point of the path, 
and the particle is said to be continuously acted on by a uniform 
force in tbe line of motion. The time-rate at which this increase 
of velocity takes place is taken as the measure of the force acting: 
on the particle ; that ia, if the same particle movea along a righ,t 
line in such a way that its velocity is increased at a conetant 
rate which is double the previous rate, it will be eontinuouely 
acted iijion in the second motion by a force which is double the 
previous force. 

If the time-rate of increase (or in other words, the aeaeleraiion) 
of the particle's motion is not uniform, the force acting on it is 
not uniform, and its magnitude at any point of the particle's path 
is estimated by the rate of increase of the velocity of the particle 
at this point. 

Since the velocity of one and the same particle is capable of 
having all possible rates of increase, all forces may be compared 
with each other by meana of their effects on a single particle. 

7. Ways in which Force i8 produced. One of the simplest 
ways in which a force can be made to act on a particle consists 
in attaching a string to the particle and pulling this string so as 
to cause the particle to move. If no other force acta on the 
particle, and if the string is always pulled in the same right 
line, the particle will continue to move in this right line ; and 
the rafe, per unit of time, at which its velocity ia being increased 
at any point of its path is a measure of the magnitude of the 
force with which the string pulls it ; so that if for any finite 
time we observed its velocity to remain constant, we should 
know that during this time the string ceased to be pulled, and 
that no forco acted on the particle in tbia particular interval. 

There are other ways in which forces act on particles, but 
the manner in which they act is not in every case known to us. 
For example, if the particle consists of a small piece of soft iron 
and we hold it near the pole of a magnet we shall see it rushing 
with continually increased velocity towards the magnet, and it 
is therefore, by definition, acted on by some force towards the 
magnet, This forco can be measured, as before, at every point 
of the particle's path by the rate, per unit of time, at which it 
produces an increase of velocity in the particle; nevertheless it 
is quite uncertain how this force is produced — whether it is an 
action at a distance or a stress in some intervening medium. 
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4 COMrOSlTlON AND RESOLUTION OF FORCES. [8. 

Bnt whatever its canse may be, we can measure it numerically 
hy its effect— viz., time-rate of increase of velocity produced in a 
material particle. 

Again, since the velocities of planets towards the sun and oS 
meteoric stones towards the earth are perpetually accelerated, 
the jjlanfts are aot«d upon hy forces towardi; the sun, and the 
meteors by forces towards the earth. These forces are called, 
fcrres of aUracttou : hat the nature or precise mode of operation 
of this attraction ia a matter on which no certainty exists. 

8. Linear representation of Forces. Consider a eing^le 
matierial jiarticle. livery velocity which it can have poseeeeee. 
three characteristics — it most have a certain numerical ma^fni- 
tude, it must take place in a certain right line, and it muat 
take place in a certain tenm (from right to left or from left tf 
right) along this line ; or, in other words, it must have taaff»i^ 
luife, line of occurrence, and lenge. 

Now every velocity can he regarded as produced in the 
particle by the uniform action of a force for a definite tim 
Hence forces are also chamcterised by laagnitude, line of act 
and *ew»c. 

Two forces acting on a particle are therefore compared 1 
specifying the two lines and senses in which they would cans 
it to move if each act^d separately, and also the magnitudes o 
the velocities which they would thus generate in it if they I 
acted for the same time on it. 

Hence any force may be completely represented by a i 
line dinwn in the direction and sense in which it would c»iu 
a material particle to move, the length of this line representingi 
on any scale, the rate per unit of time at which the force would! 
generate velocity in the particle. And all other forces may ba 
compared with this force as t-o magnitude, direction, and e 
hy drawing right lines in the several directions in which thaj 
would produce motion, and taking the lengths of these lifl^ (i 
represent, on the same scale as before, the rates at which Umh 
would severally generate velocity in one and the »a me particle. 

Forces may also be compared with each other hy means of thd 
effects on different jjartidea. For, let n perfectly equal particles « 
the same material be placed side by side in a row (Pig. j), a 
let each of them be acted upon uniformly for the same time byn 
force which at the end of this time generates the same velocity, 
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/i in each of them. Now if instead of being » separate 
particles they were all glued together so aa to form a body 
of H times the mass of each particle, and if each 
of them is still acted on by the same force as 
before, this body will, at the end of the time 
considered, have the same velocity as each separate 
particle had, and will be acted upon by » times 
the force which generated this velocity in the 
particle. Comparing a single particle, then, with the body 
whose mass is it times the mass of this particle, we see that to 
generate the same velocity in two bodies by forces acting on 
them for the same time, the magnitndes of the forces must be 
proportional to the masses to which tbey are applied. 

And hence, geneially, if we define momcnivta aa the product of 
mass and velocity — 
Tie magmtude uf a force is proportional to the rate per unit vf time 

at kMcA it generates momentum. 
The greater the mass on which the force acts, the less the rate 
at which it increases the velocity of this mass ; and the lees the 
mass, the greater the rate of increase of velocity ; the product of 
the two being always the same for the same force, whatever be 
the masses to wAicA it is applied. 

So that if ^ is a force which generates velocity at the rate 

' body of mass m, and if P* is a force which generates 

velocity at the rate -rr (per unit of time) in a body of mass 

m , we have ^ — -; 

9. The C. G. S. system. Since the magnitude of a force is 
estimated by tbo time-rate at which it generates momentum, and 
since velocity involves length and time, we see that three 
distinct things are involved in the measure of force — viz., length, 
mass, and time. The questions then arise, what shall we take 
for the unit of length, what for the unit of mass, and what for 
the unit of time ? For the pui-poses of calculation chiefly in 
Electricity and Magnetism, the system now adopted everywhere 
is one in which the ceutimetre ia the unit of length; the mass of 
water at its temperature of maximum density which would just 
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fill a cubic centimetre is takeu ae the unit mass and is called » 
gramme ; and one mean Bolar second it< taken as the unit of time. 
This system of units is called the " centimetre-gramme-second " 
system, or, more briefly, the C. G, S. system. 

Hence a unit velocity is a velocity of one centimetre per 
second, and a force which, continuously acting on a gramme 
mass, increaeea its velocity hy a velocity of one centimetre per 
second at the end of every second is the unit force. This tmit 
force is called a dyne. Roughly, its magnitude is the jfrT"" P*'^ 
nf the weight of the gramme mass in London. 

For the ordinary purposes of commerce, force magnitude if 
often expressed in kilogrammes weight— a kilogramme being 
1 000 grammes. In England, where, unfortunately, a complicated 
and most absurd system of weights still prevails, force magnitude 
would in similar circumstances be expressed in jjorinifg weight. 

It must be carefully observed that the weight of a gramme 
mass is not a definite thing, because it is different at different 
places on the earth, being greater in high latitudes than in low; 
hut the gramme mass itself — i.e., the quantity of matter called 
a gramme — is the same everywhere, whether on the earth or in 
any part of the nniverse. 

10. Equality of Two Masses. We know by experience that 
an elastic string or a metallic (Spring exerts force when it is 
stretched beyond its natur.il length ; and we can easily suppose 
that whenever the strino; or spring is stretched to a certain 
extent it will exert the same force. Moreover, the magnitude of 
this force could be expressed in dynes, by measuring the number 
of centimetres per second added every second to the velocity of 
onr gramme mass of water (converted, for convenience, into ice) 
while the string or spring is attached to the mass and pulled at 
the given constant stretch ; or, what comes to the same thing', 
by measuring the number of centimetres described by this mass 
at the end of any number of seconds under the influence of the 
constant pull exerted in a right line by the string or spring. 
The student will subsequently learn that, if we double this 
number of centimetres and divide by the square of the number 
of seconds during which the force has been applied, we shall 
obtain the number of dynes contained in the force. And we 
can imagine the stretch so graduated as to enable us to measure 
any number of dynes. Thus a force of any magnitude may con- 
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eeivably be mea*rared by means of its effect on our standard 
gramme mass of water ; and this very measurement will enable 
US to work with a body otber than water — say platinum- — by 
enabling us to define what we mean by a gramme mass of the 
new body. How do we know when we have two equal maesee, 
one of wat«r and the other of platinum? Indeed, Ijefore we 
answer this question, we must observe that there may be no real 
equality between such suhsfancea possible at all ; any equality 
between them may be only a conventional equality. If all 
apparently different kinds of matter could be ultimately resolved 
into one simple substance — be it hydrogen or anything else — 
then a real equality of quantity of matter is possible between 
water and platinum, and conceivably either of these substances 
could be actually converted into the other. But if there is no 
one substratum at the basis of all bodies, it is impossible that 
any other than a ronvenlional equality can exist between them. 

The convention which is adopted for defining equal maeses of 
two different kinds of bodies is thia^ 

Two masses, one of a substance A and tie other of a sulisiance B, 
are d^ned to he equal when the mme force produces exactly the 
same effect on both — for example, makes them both move over the 
same length in the same time, or generates velocity at the same 
rate in both. 

11. Composition of Velocities. We propose to show how a 
particle may be moving with two velocities in two different 
directions at the same time. Let a board be placed on a hori- 
zontal table; letarectilinear groove, 
OA (Kg. 2}, be cut in this board, and 
let a particle be placed at in the 
groove. Suppose, for definiteness, 
that the unit of time is one second. 
Let the j)article be moved along 

the groove with a uniform velocity represented by OA, and at 
the same time let the board (i. e. every point in the board) be 
moved along a groove cut in the table with a uniform velocity 
represented in magnitude and direction by OH. Over what 
point in the table will the particle be found at the end of one 
second ? Before the motions begin, complete the parallelogram 
OACB. 

At the end of a second the particle must be found in the 
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groove at the point A, and also at the end of tho same time 
the point A of the groove must be fonnd at the point of the table 
vertically under C. Honce this latter point is the position of 
the particle referred to the table at the end of a second. 

Let the foot of a perpendicular dropped from the particle ou 
the table be called lAe poaUiou of the parf'wle re/erred to the table. 
How do wc know that the position of the particle referred to tbs 
table has descrilwd the right line OC (or rather a line in the 
table vertically under OC) ? In this way — if we demanded the 
position of the particle referred to the table at the end of any 
fraction or multiple of a second, we ahouhl find that the distance 
which it haa travelled along 01 is to the distance which the 
groove has travelled in the direction OB as OA is to AC, and 
therefore the positions of the particle referred to the table ttsMi 
oat a right line vertically under OC. 

Consequently tho two Bimultaneoua velocities OA and OS 
which were impressed on the particle have combined to give it. 
a single velocity represented in magnitude and direction by OC 

The velocity OC ia called the retultani of the velocities OA 
and OB, and these latter are called component* of the velocity 
OC, Hence we arrive at the proposition which is the foundatiott' 
of Dynamics : — 

^ a point, 0, move with two coexistent velocities rejire*enied H 
magnitudes, directioju, and semet by two right lines, OA and OBf 
it Kill have a retuliant velocity repretenf-ed in magnitude, direciitmi 
and aertee hy the diagonal, drawn throwjh 0, of the parallelogram 
determined hy the lines OA and OB. 

This proposition is called by the name of The Parallelogram 
Velocities. 

13. Composition of Foroea. From the Parallelogram oj 
Velocities, the Farallelogram of Forces follows at once. Siood 
two sitnidtaneoua velocities, OA and OB, of a particle result in 
single velocity, OC, and since these three velocities may 1 
supposed to be produced by the separate action of three forces a 
acting for the same time, it follows that the effect produced on 
particle by the combined action, for the same time, of two forces 
may be produced by the action, for the same time, of a single forctt 
which is therefore called the resultant of the other two forces. 

And these forces will be represented in magnitudes, lines of 
action and senses by the lines OA, OB, and OC (Art. 8) ; hence- 
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Jjf two forces he repre»enieil in magnitudes, lines of action, and 
newseg Iff itco right lines OA and OB, (ieir retullanl it reprenenled 
in mag7utiide, line of aciitm, and tetise hy the diagonal, OC, of tit! 
parallelogTam OACB delermiMed hy thete lines. 

This in the ijroposition of the Parallelogram of Fortea. 

Cor. 1. The resultant of two forces acting along the same right 
line and in the same sense is equal to their sum ; and if they act 
in different senses, the resnltont is equal to their difference. 

Cor. 2. The resultant of two forces acting at a point divides 
the angle between their lines of action into two parts whose 
sines are inversely propottional to the magnitudes of the forces. 

13. BquilibTium of three Forces. In Kg, 2 produce CO 
through to C so that CO-=OC'. Now imagine that, when 
the particle is started along the groove and the board along the 
table, the table itself is moved in a groove cut in the floor in the 
direction OC with a velocity represented by 06", In this case 
it is evident that the position of the particle with reference to 
the floor is fixed ; that is, the particle is at rest with regard to 
fixed space (the floor being supposed fixed). 

Consequently if three forces represented by the lines OA, OB, 
and 0(/ act together on the particle, no motion will ensue. In 
this case each force is equal and opposite to the resullant of tie 
other tn-o ; for it is obvious that OA is equal and opjKisitc to the 
diagonal, through 0, of the parallelogram determined by OB 
and OC ; and that OB is equal and opposite to the diagonal of 
the pai-allelogram determined by OA and OC. 

14. Statical point of view. The primary conception of 
force is that of a cause of motion in a body or in a material 

particle, and the magnitude of any force is estimated by the time- 
rate at which it generates momentum (Art, 8). Nevertheless in 
Statics it is only the tendency which forces have to produce 
motion that is considered. Forces in this branch of Dynamics 
are considered as acting in such ways as to counteract each 
other's tendency to produce motion, or as producing a state of 
equilibrium in the bodies to which they are applied ; but the 
magnitude of each force is estimated none the less with refer- 
ence to the amount of momentum which it would actually 
generate if it were completely unfettered by the action of other 
forces. 
^L In common usage Forces are often expressed as multiplen ol' ihe 
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Keiffit of some stendard body arbitrsriijr chosen. Tfaos, a fon 
ie said to be a force of 10 kilogrammes' weig-Iit if it ' 
capable of lifiinv vertically a body whose weight is equal to tfal 
of the maa> of water which at a temperature of about 4'°C. fills 
volame of 10 cubic decimetres. But even here the Newtoni 
definition of force: as a cause of change of motion, is not discard! 
bat merely kept in the backgroand. For the weight which 
called a kilogramme weight is merely a force which genera 
velocity at a certain rat* in a body of certain mass ; and ti 
vertical force which is Just able to raise a body from the grooi 
is a force which could generate velocity in the bodv at the aau 
rate as its weight and in the opposite sense. For practae 
purposes this measurement of forces as multiples of a weight 
nsed by engineers and others ; bat, as has been already said 
the branch of Dynamics which treats of Electricity and M^ 
netism, a different measure of force is resorted to — viz., a meaBii 
which is one and the same all over the earth, and indeed i 
through the universe. The mass of a body is something whi 
cannot conceivably change, whether the bodv is taken to d 
fercnt part« of the earth or to different parts of the univen 
and the force which, acting uniformly on this mass for 
certain time, will at the end of this time have caused it to mO' 
with a certain velocity, must be one and the same where* 
the experiment is tried. Hence the C. G. S. units are call 
ahtobde Jinit^, 

15. Absolute Heasnre and Gravitation Measure. We 
it not that the Earth is so nearly a spherical body whose i 
of constant density are also nearly spheres having a con 
centre, it would probably not occur to men to measure forces : 
multiples of the weight of some definite standard quantity 
matter — as, for example, a poujid or a iUogramfne of water — \ 
the simple reason that the veight of this pound or kilogrami] 
might be very greatly different at one place on the anrfaoe fro 
its value at another place ; for the veigfif, at any given place, 
a given mass (pound or kilogramme of water) is simply the fon 
with which the Earth attracts it at the place. Now if tl 
Earth were an extremely flat ellipsoid of ununiform denstt 
instead of being nearly the spherical body above described, ^ 
might imagine two steel bars of identical constitution, Ien{ 
and cross section sent for examination of strength to two o 
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servers, one at the equator and tte other near the pole ; and 
the reports of these two obseiTera (if both used gravitation 
measnre) would he very different indeed. The observer at the 
equator might say that the bar broke under a pull equal to the 
weight of 10,000 kilogrammes, while the other observer might 
r^ort the breaking force as the weight of 5,000 kilogrammes — 
the reason being that a mass of a kilogramme is twice as heavy 
neai" the pole as it is near the equator. Indeed, under sueh 
circumstances, the comparison of forces at different places on the 
Earth's surface would require such troublesome corrections for 
latitude, longitude, and other things, that tlie measuring of forces 
OS multiples of the weight of some standard quantity of matter 
would be practically impossible, and t!ie great distinction between 
the matg of a body and its weight would be clearly emphasised 
in the minds of men, instead of being (as it is at present) 
almost wholly lost in the ease of the great majority of them. 

With this gravitation method of measuring force let um 
contrast the absolute method of meaaui'ement. At all places 
the quantity of matter contained in a cubic centimetre fillet! 
with distilled water at its maximum density is the same, and 
the force which will produce a definite velocity in this mass by 
cODstoJitly acting on it for a definite time (suppose 1 c.m. per 
second every second) is the same ; so that if the two observers 
aupposed above reported the breaking force of the bars in (!^He», 
or in megarli/nes (a megadyne — 10'^ dynes), their numbers would 
be absolutely the same. 

Of course, as the Earth is not strictly the spherical body before 
described, the weight of a pound or a kilogramme of matter is 
not exactly the same at all places, but is less near the equator 
than it ia near the poles. The amount of variation, however, 
IB so email as to be practicallynegligihle for most purposes. Never- 
theless tlie distinction between weight and magg is one which the 
student should learn to make even thus early. It happens that 
the various Planets of our Solar System are all nearly spherical 
bodies, so that at all points on the surface of any one of them the 

ight of a given mass is nearly the same^tbough the mag- 

I of this force varies from Planet to Planet — and it is 

1 from Astronomical calculations that the following numbers* 

* Arago'B Pr^alaT Aslnivnny, vnl. ii. p. 415. 
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repieueat, approximately, the weig'htts of the eaine mass (sappoat 

1 grainiue) on the snrfaces of the following^ bodie 
On the surface of the Sun 

,, ,, „ Mercury 

,, ., Venua 

„ ., „ the Earth . 1-00 

„ „ „ the Moon 

., Mare . 

„ ,, „ Jupiter 2-45 

„ ., Saturn 

„ ., ., Uranus 1-05 

,, ., ,, Neptune . . 1-10 

Hence if we imagine the same metallic spiral spring' with i 
pointer and a dial plate go graduated into equal parts that whtA 
a mass of, say, 1 kilogramme ia EUBj>ended from the end of t^ 
spring the pointer stands at the number 1 on the surface of ti 
T'l ar t-h, it would stand at these various numbers on the eiirfao 
of the corresponding bodies of the System- 
It is usual with engineers to speak of h, force of so many y 
or BO many Mlogrammes, or so many tOTis, instead of bo many jjountj 
weight, or so raajiy kilogramtnes' weigfil, or bo many Itma' weiffX 
ThiB mode of speaking, however, is not one that will be adoptod i 
tbia treatise, because it ia coUBidered desirable to restrict tlie ten 
pound, torn, kilogramme, fframiiie, &c. to quantities of matter, and n 
to employ them to denote the vxigfUg of Buch quantities of n 
the weights and the quantities of matter being obviously not the b 
things, as just explained. Pi'actically, however, no harm can a 
from the etereotyped mode of speaking. 

16. Force must act upon matter. Although the Newtoniai 
definition and measure of force render it clear that wheneve 
force acts it must act on something material, it is not impossiM 
that beginners may lose sight of this fact and suppose that 
force could, for example, act on a mathematical point. We i 
without error speak of forces as acting ai a point, but not on \ 
if their lines of action pass through the point. Thus in Fig. 
two forces acting along the lines OA and 0£ may be spoken i 
as two forces acting at the point ; but their action would h 
physically impossible unless it took place on some material bodj 
such as a particle placed at 0. Whenever force U exerted tit 
mngt be, mailer, both actinff and acted upon. 

17'. Proper Hepreseutation of Forces. In representing tb 
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resultant of two forcea which act together at a point, 0, the 
^lt^l(lent should draw two lines marked with arrow-heads repre- 
senting the two forces acting _;^ow the point. Thus, if of the 
two forces T and Q, one, P, is rcpreBented as acting from 0, and 
the other towards O, we must produce the line QO to Q'. so 
that OQ'=OQ; completing-, then, the 

parallelogram OFllQ', its diagonal, OS, ^ •;; "";,-■■. 

will represent in magnitude and direc- '"■■-, / "'•■.._ 

tion the resultant of F and Q. The O^X^ ''^ 

marking of lines representing forces \_^ 

with arrow-heads will serve to exhibit ^ 

the se«ge» of the forces in every case. ^' 

Again, since force magnitude and linear magnitude are two 
things of essentially ditferent kinds, the magnitude of a force 
can never be equal to the length of a line, hut it can he rqire- 
seateil hy such a length on a conventional si^ale of repreneiitaliou. 
Thus, if we are dealing with forces of G pounds' weight, 9 
pounda' weight, and 21 pounds' weight, we may agree to 
represent 1 pound weight hy a line 1 inch long, in which case 
the above forces would require lines 6, 9, and 21 inches in 
length to represent them respectively. The paper on which 
draw may, however, be of insufficient size to allow con- 
iently of ourdrawiog such aline as the last, in which case we 
;ht adopt a different and more convenient scale of represen- 
tation — say a scale oa which 1 inch of length represents a force 
of 3 pounds' weight, and then the lines required for the above 
forces would be only 2, 3, and 7 inches long, respectively. 
Thus the scale of representation is entirely dependent on 
convenience. If the forces are very large, 1 inch must be 
taken to represent a force of a great many pounds' weight ; 
while it' the forces are of very small magnitudes, a force of 1 
pound weight may be represented by a line several inches 
long — all errors of calculation founded on the drawing being 

~ lently much less with a scale of the latter kind than with 
of the former. 

IS. Resolution of Forces, Having proved the principle of 

Composition of Forces, the principle of the Resolution 

Porees at once follows. If two forces, P and Q, are ctjuiva- 

ingle force 0(7 = R (Fig. 4), it is evident that the 

■le force R acting along Of/ can be replaced by the two 
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forces P anil Q, rcprebented in niagnitiides and dlrectione by tw 
adjacent gides of u parallelogram of which 00' la the diagona 
Since an infinite number of iiarallclt^rams of each of which 01 
is tbo diagonal can be constructed, the force H can be resolve 
in an infinite number of ways into two other forces. Thi 
forces are called componeHlt of 7?. 

10. Theorem. It being' given that the direction of 1 
resultant of every two foices is that of the diagonal of thi 
parallelogram, its magnitude must be represented by this i~ 
gonal ; and convoraelj'. 

Let it be granted that the resultant of P and Q acts i 
tlio diagonal, 00" (I''ig. 4), of the parallelogram determins 
by P and Q. Measure backwards through O a line, OB, th 
length of which represents the magnitude, R, of the resolta 
A Eyistcm of forces acting at 0, represented in magnitudea a 
Q , directions by P, Q, and '. 

will evidently be in eqn 
librium. Each force 
therefore, e<|ua] and oppoai' 
to the resultant of the otl 
two. If, then, we conai( 
P as e(|ual and opposite 
the resultant of Q and R, OP", the production of OP, must 1 
the diagonal of the parallelogram determined by Q and R. 
since OqP'R ia a parallelogram, OR ^ FQ ; and since OP'^i 
is a parallelogram, 1"^ = 0(/; therefore OR = 00'.— (XKB. 

Again, for the converse proposition, let it he granted i 
0R= 00', while 00' and OR are not necessarily in one right 
line; and let OP' be diagonal of the pamllelograni, OqP'R, 
determined by OQ and OR ; then OP ia equal in magnitude to 
OP", since the resultant of Qandfl haaamagnitude equal to OP. 
Comparing the triangles OQtX and OQP', we have 00' ^ QP, 
QO' = OP', and OQ common to both ; therefore the angle 
Q00'= the angle OQP', therefore QP" is parallel to 0(/; but 
QP' is also parallel to OR, therefore OR and 00' are in one right 
line. Therefore, &c.— Q.E.D. 

20. Relationabetweenthree Forces in Equilibrium. When 
three forces maintain a particle in equilibrium, each force ie 
equal in magnitude to the resultant of the other two, and acts in 
the sense exactly opposite to this resultant. Thus, in Fig. 4, 
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eauh of the lines, OP, OQ, and OB, which represent in magni- 
tude and direction the forces P, Q, E, is equal and opposite to 
the diagonal of the parallelogram determined by the two re- 
maining: lines. 

This enables us to express the relative magnitudes of three 
forces in equilibrium by means of the three angles between 
them. For (Fig. 4) the forces P, Q, Ji are equal in magnitude to 
the lines OP, PO", O'O, respectively. Now, hinee the sides of a 
plane triangle are to each other as the sines of the opposite 
angles, we have 

OP .pa -MO = sin POO : sin (TOP : sin OPC. 

AAA 

Denote by PQ, QB, BP, the angles between the directions 
of the forces P and Q, Q and R, R and P, respectively. Then, 
evidently, 

sin PaO = sin QOO' = sin QOR = sin Q^ ; 
sin (/OP = smROP = sinRP; sin 0^(7= sin POQ = ainPQ. 
Heuee we have the fundamental relations 

P:Q:R = sinQR-.smRP ismPQ. 
It may, perhaps, assist the 
beginner to mark the angle 1/ 

opposite to each force by the / 

corresponding small letter (Fig. F/'' 

5) ; and then the ratios of the ^_,.,-'''''^ 

forces may easily be remembered 

(the form 
P : (^-.R ■= siO-p ; sin 5 : sin /', 
Since the sides of the triangle 0P(/ (Fig. 4) 
) equation 
0(y^= 0P^-20P.P0' cof^OPfJ + PO'^, 
I have evidently 
W^p^^^pq^^pq^q^, 
equation which gives the magnitude of the resultant of two 
ces in terms of the magnitudes of the two forces and the 
angle between their directions, the forces being represented by 
two lines, both drawn from the point at which they act, as in 
Art. 17. If PQ = 0, the above equation gives R = P -v q, 
t the resultant of two coincident forces is equal to the sum 
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A 

of the forces. If PQ = ^, i? = P— Q ; or, the resultant of two 
forces which act at a point in exactly opposite senses is equal to 
the difference of the forces. 

21. Theorem. J^ any one set of forces (P, Q, B) acting 
in three given directions is in equilibrium, all other sets acting 
in equilibrium in the same directions are merely multiples of the 
set (P, Q, R). 

For, let the given directions make angles p, q, r, with each 

other in pairs, and let the sets (P, Q, 7?) and {P', Q', R) acting 

in these directions be separate systems in equilibrium. Then 

we have 

P : Q \R = sin JO : sin j' : sin r 

and P' : Q^ : R^ = sin/; : sin j' : sin r. 

Therefore, P: Q:R = P": Q' :B-\ or :^'=^'= J. Hence 

r (^ M 

the forces P', Q\ P! are separately proportional to P, Q, 5, 

and therefore the former set is not essentially distinct from 

the latter. This theorem is equivalent to the statement — 

when we have determined any one set of forces in equilibrium in 

three given directions, we have determined all such sets. 

Thus, if we know (see Example 1, Art. 24) that three forces 

acting along the bisectors of the sides of a triangle drawn from 

the opposite angles, and proportional to the lengths of these 

bisectors, are in equilibrium, we know that this is the only set in 

equilibrium in these directions. 

Again, we may state the result in the following form, which 

is known as the Principle of the Triangle of Fobces. If three 

forces are in equilibrium, and any triangle be drawn with its sides 

parallel to the lines of action of the forces, the lengths of these sides 

will represent the magnitudes of the corresponding forces, on some 

scale. 

22. Principle of the Transmissi- 

bility of Force. When a force acts 

on a particle, the force will produce 

the same effect if it be supposed 

applied at any point along a string 

connected with the particle, the string 

Fig. 6. lying in the line of action of the force. 

Thus, if a force equal to the weight 

of P grammes (Fig. 6) act on a particle, 0, in the direction OA, 
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k may be supposed to act at /} or Ji at the end of a string 
' iched to 0. Imagine the particle to be connected witb 
kt indefinitely tbin rigid membrane, a//c ; then any force P acting 
1 may be supposed to be directly applied at any point of tbe 
membrane in the line of action of P. 

This axiom ia known ae the principle of the IrangmudbUily of 
force ; it ia one of the fundamental principles of E^tional Statics, 
and in most treatises on the subject, it constitutes the basis of 
the investigation qf the conditions of equilibrium. It is essen- 
tially necessary to observe that it holds good only for a rigid 
body— that is, a body whose parts, under all circumstances, must 
maintain constant distances from each other. Thus, if we sup- 
pose such a body about to be acted on by any set of forces given 
in magnitudes and directions, we can say, before tke force* are 
actually ajjplied at certain points in the body, that the effect will 
be the same if these forces are applied at any other points in 
their respective lines of action. On the contrary, if the body is 
deformable, we can make no such assertion. Take, for example, 
a set of parallel rulers, ABCIi (Fig. 7), of which the ruler CD is 
fixed, and suppose a force ^to act on the ruler AB, at the point a. 
If,previoit» to the action of (Ae force, it were allowable to transfer its 
point of application to 6, on the fixed 

ruler CD, it is clear that the system y*V 

would remain at rest. But we know . / 



that tbe force F, applied at a, will "\^ ~ ,.■-'» . \ 

canee tbe ruler AD to move until \ -il — ~^ \ 

the braces AD and CD are parallel 

to the direction of F. However, after 

iAe fteformable body hag taken tip a position, of equilibrium tinder the 

action of the forces, we can imagine the whole body to be rigidi- 

fied and each force may then be transferred to any point in its 

line of action, this point being supposed to be rigidly connected 

with the system, just as in the case of an indcformable body. 

Several other very obvious instances of the inapplicability of 
this principle will doubtless present themselves to the student. 

It is essential to observe at the outset that in nature there are 
no such things as rigid bodies. For a great many practical 
naatters there are bodies which may be treated as if they were 
rigid or indcformable; but the fact that the particles of solid 
bodies like iron can be thrown into vibration by the application 
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oi even small impnlseB — as is evidenced bj the production of 
sound from bells and gongs — proves that these bodies are not 
absolutely rigid* 

Bodies which most nearly approximate to the notion of 
rigidiiy are called Natural Solids, 

ExAlfPT.IW. 

1. Find the magnitude of the resultant of two forces of 10 
kilogrammes' weight and 8 kilog^nunmes' weight, which act at an 
angle of 105^ 

Ans. R = 2\/41 - 10 (-/G- >/2) = 1 1-06 kilogrammes' weight 

2. Two forces acting at are represented by the lines OA and 0B\ 
if ^ is the middle point of AB, the resultant is represented com- 
pletely hf2.0G. 

3. Two forces, P and Q^ of which P is given, act at an angle of 60°; 
given the magnitude of their resultant, Ry find the magnitude of Q, 

^ V^R'-ZP^^P 
An8. Q = ^ 

From this it appears that R cannot be less than -— - • P ; ezpkm 
this result by a figure. ^ 

4. Two forces, P and Q, iQclined at an angle of 120°, have s 
resultant, R ; when they are inclined at an angle of 60°, the resultant 
becomes n times as great as before ; show thai 

and C = —^ {VS^^I - ^/3:^^)' 

5. If two forces, acting at a given angle, be each multiplied by fts 
same number, show that their resultant is also multiplied by tUs 
number and unchanged in direction. 

6. Two forces act at an angle a> ; each force becomes n timss ai 

great as before, and the angle between the forces is reduced to — ; 
each of these latter forces again becomes n times as great as befova, and 
the angle between them reduced to —• It is observed, that in all 
these cases the magnitude of the resultant is unaltered. Show that 

a) = 4cos M — J- 

7. Two chords, OA and OB, of a circle, represent in magnitude and 
direction two forces acting at the point ; show that if their resal|aaft 
passes through the centre of the circle, either the chords are equal or 
they contain a right angle. 
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i 9. Find the eompoaents of a force, F, along two directiona making 
Uglee of 30° and 45° witli P on opposite sides. 

Ans ^^' and^^^. 
' H--/3' *"' I + -/3' 

9. Show that a force represented in magnitude and direction by the 
diameter of a circle may be resolved into two reotangular components 
represented by any two rectangular chords of the circle drawn from 
the extremity of the diameter. 

10. Two rectangular forces, P and PVS, act on a particle lying on 
the ground. If P makes an angle of 30° with the horizon, show that 
the particle will have no horizontal motion, 

11. Three forces equal to P, P+ Q, and P-Q, ait on a purtiele in 

directions mutually including aa angle — ; find the magnitude and 
direction of their reBiilfant, ^ 

12. is a point on a circle, and two forces inversely proportional 
to any two chords, OA and SO, act at in the senses OA and SO ; 
prove tliat their resultant acts along the tangent to the circle at 0. 

(Invert the circle from ; or otherwise.) 

13. ASCD is a quadrilateral inscribed in a circle. Along AS and 
■ AD, and in these senses, act two forces respectively proportional to the 

opposite sides, DC, BC \ prove that their resultant acts in the diagonal 
AC and ia proportional, on the same scale, to the diagonal BD. 

(Seo Cor. 2, Art. 12.) Hence Ptolemy's Theorem in Geometry. 

14. ABGD is a quadrilateral inscribed in a circle. Along AD and 
BC, and In these Benses, act two forces inversely proportional to these 
chords ; prove that HAD and BC intersect in A', and the diagonals AC, 
BD intersect in 0, the resultant of the two forces acts in the line OS. 

(See Art. 22, and Cor. 2, Art. 12,) 
16. From any point, 0, is drawn a right line meeting a circle in 
A, A', and also another right line meeting the circle in S, S'. If it 
and If are the middle points of AA' and SB', respectively, and two 
forces act at in the senses OM and NO, inversely proportional to 
these lengths, show that their resultant is perpendicular to the 
diameter drawn throu;,'h 0. 

(Deduce from ex. 12; or otherwise.) 

23. Theorem, The following theorem is of wide application 
in the compoBition of forces : — 

If two forces acting at a point, 0, are represented in mag- 
nitndee and directions by 05 
and « . OA, their resultant is 
represented in magnitude and / 

direction by (n + l) OG, the ^^ 
point ff being taken on JB ao " 

t}i&iBG = ».AG. ^■^■ 

For, prodnce OA to C so that OC=n. OA. Then the two 
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forces acting at are represented by OC and OS. Complete 

the parallelogram OCRB. Then the diagonal OR ig the re- 
sultant force. 

From G diaw C7I parallel to A£. Then the triangles CSR 
and BGO are equal in all respects, .'. Hit = OG. Now since 
OC = n. OA, it follows that 0//= n . OG, .: OR = («+ 1) OG, 
which proves the proposition for the magnitude of the reeultaat. 

Again, ^= ^ = «,.-. C/f= n . AG, and eince CH=BG, 

we have BG = n . AG. 

As a particular case, the resnltant of two forces represented 
by OA and OB passes through the middle point of AB, and is 
represented by twice the line joining to this point. 

If the two forces are equal to n . OA and m, . OB, the resultant 

passes through the point G determined so that -^-p^ = — , and ifl 
represented on the same scale by (m + m) , OG. 

For, diminishing the scale to which the forces are drawn in 
the ratio of m : 1, the two forces will be represented by OB aod 
— ■ OA. It then follows, by what precedes, that the resaltan£ 



acts through a point G, such that £6 = 



• AG, and is equal i 



magnitude to ( — + 1 ) . OG. If, now, we revert to the original 

scale, this must bo multiplied by m, and we have for the resultant 

(« + m).OC.— aE.n. 

34. Graphic Bepreaentation of the Besultant. If several 

forces, Pj, P.,, . , , act together at a point, their resultant J 
found thus r — Take the resultant of Pj 
and Pj) compounding this resultant 
with Pj, we get a new force which i 
the resultant of P,, Pj, and P^\ 
pounding this force with P^, we get 
the resultant of Pj, P^, Pg, and P,; 
and carrying on this process until all 
the forces have been used, we obtain, 
in magnitude and direction the re- 
'pj aultant of the whole system 

Let ffi be the middle point of the 

line PjP^' ^■'■i*^'' joins the extremities of the first two forces. 
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len the reaaltant of P^ and P^ is represented in magnitude and 
reetion by 2.%,. Compounding the force 2 , Ot/^ with P^, 
i get a resultant represented in magnitude and direction by 
, Off,, (Art. 23j, where y^ is a point on j, P^ such that P^ff^ = 
ffiffii- Again, the resultant of 3. Off^ and P^ is 4 . Off^, where 
IB the point on P^ff^^ Bueh that P^ff^ = S.i^^jg. If there are « 
(ces acting on 0, and if G in the laet point determined as above, 
e reBoltant is represented in ina^itude and direction by 
. 06. 

Def. The point G, thns determined, is called the CeniroUl of 
B points Pi, ^2, ...P^. 

Coil 1. If the point 0, at which the given forces act, is the 
ntroid of the extremities of the forces P^, P^, . . . P„, the 
Hiltant force vanishes, and the particle at is in equili- 
ium. 

Cor. 2. The student will also perceive that if at the points 
J, Pj, . ■ , P„ there be placed equal particles, each of mass m, 
id if each of these particles attracts or repels the particle 
ith a force proportional to m and to the distances OP^. OP^, 
0P„, respectively, the resultant attraction or repulsion on 
ill he am. OG, or J/. 06, where M = the sum of the masses and 
is their centre of mass. 

Cor. 3. If tbe attracting or repelling particles form a con- 
^uooB body, of mass M, and the liiw of attraction or repulsion 
vt of the direct distance, the resultant attraction or repulsion 
II be proportional to M . 06, acting in the line 06, where G 
Ihe centre of mass of the body. 

This result is, therefore, seen to be a simple consequence of 
e theorem in this Article concerning the resultant of a number 
' foiccB acting on a particle— a theorem which was tirst given 
by Leibnitz. 

Examples. 

1. Find a point inside a triangle such that if a particle placed at 
it be acted on by forces repreBented by the lines joining it to the 
vertices, it will he in equilibrium. 

An». The intersection of the bisectoi's of the sides drawn from 
the opposite angles. 

2, P,, Pj, . . . P„ are points which divide the circumference ofa 
circle into ii equal parts. If a particle, Q, lying on the circumference, 
be acted upon by forces represented by Qf, , QPj, . . . QP,, show that 
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the magnitade of the resultant is ooiutant wherever Q is takeu on the 
circumference. 

It is n . QO, being the centre of the circle. 

3. A particle placed at is acted on by forces represented in 
magnitudes and directions by the lines, OA^, OA^, . . . OA^, whidi 
join to any fixed points, A^f A^, . . . A^; where must O be 
placed BO that the magnitude of the resultant force may be ooa* 
stanti 

Ans. If the resultant is represented by a line of length B, may 

be placed anywhere on a sphere of radios — described round the 
centroid of the fixed points as centre. ^ 

4. Two forces are represented by two semi-conjugate diameters ol 
an ellipse ; prove that their resultant is a maximum wben the 
diameters are equal and so taken as to include an acute angle ; and 
that their resultant is a minimum when they are equal and include an 
obtuse angle. 

5. A BCD is a quadrilateral of which A and C are opposite vertices. 
Two forces acting at A are represented in magnitudes and directions 
by the sides AB and AD ; and two forces acting at C are represented 
in magnitudes and directions by the sides CB and CD. Fi*ove that 
the resultant force is represented in magnitude and direction by four 
times the line joining the middle points of the diagonals of the quadri- 
lateral. 

6. is any point in the plane of a triangle, ABC, and 2), B, F are 
the middle points of the sides. Show that the system of forces Ok, 
OB, OC is equivalent to the svstem OD, OH, OF. (Wolstenhohne, 
Book of Mathematical PrMem.8}j 

7. If be the centre of the circumscribed circle of a triangle, ABC, 
and L the intersection of perpendiculars from the vertices on the sides, 
prove that the resultant of forces represented by LA, LB, and LC 
will be represented in magnitude and direction by 2 LO. (Wolsten- 
holme, ibid,) 

If & is the centroid of the triangle, the resultant is 3 . Z^(Art. 24); 
but this, by a well-known theorem in Geometry, is 2 . LO. 

8. Show that the resultant of any number of concurrent forces, P,, 
^a> ^i» • • • ^^y ^® found thus : measure off any lengths ?i, ?„, ^j* • • • 
from their point, 0, of meeting along their respective lines of action ; 
place at the ends of these lines particles whose masses are propor- 

P P P 

tional to —■ > -y^ J y' , . . . ; let G he the centre of gravity of these 

particles ; then OG is the line of action of the resultant of the givm 
forces, and its magnitude is 00 x 2 y (Mr. Swift P. Johnston.) 

25. Graphic Bepreaentation of the Besnitant. There is 
another mode of exhibiting the resultant of a nnmber of forces 
acting on a particle. 



5-] 



QBAPHIC HEPRESEMATION OP RESULTANT. 



23 




\ When two forces, OA and OB (Fig. a, p. 7} aei at 0, their 

oltant is the diag'onal of the parallelogram OACS; or, again, 
I, may he coneidered as the third side 
W the triangle determined by OA and 

"'i the latter line being drawn from 

e extremity of the force OA parallel 
i the other force, OB. 
f Liet any nnmber of forces, OA, OB, 
"K?, OD (Fig. lo), act at 0. Then ^ ^.^ 

wing oa (Fig. ii) parallel and equal 

r proportional) to OA, and from the extremity a drawing ab 

rallel and equal (or proportional, on the same scale) to OB, 
the resultant of the forces OA and OB is represented by ob, the 
third side of the triangle oab. (Of course the resultant acts at 
0, and ia parallel to ob.) Again, drawing Ic parallel and equal 
{or proportional) to OC, the resultant of ob and be is oc. Com- 
pounding this with cd, which represents OD in the above manner, 
we get the resnltant of the whole system 
represented in magnitude and direction by 
orf, the last side of the polygon oabcd. 

Hence to represent the resultant of any 
number of forces acting at a point, — 

Take any point, o, and draw the mles of 
a polygon tuccetsively parallel and propor- 
tional to the forces acting at ; then the la»t 
aide, or that which if required to close up 
the polygon, represents ia magnitude and direction tie resultant 
of the system. 

Cor. 1 , If the last vertex, d, of the polygon of forces closed up 
into 0, the side od would vanish, and the resultant force would 
vanish ; that is, the system of forces would be in equilibrium. 
Hence — 

If the sides of a closed polygon marked with arrows, which all 
go round the polygon in the same sense, represent in magnitudes 
and directions the forces which act together on a particle, these forces 
form a ^slem. in equilibrium. 

CoH. 2. When only three forces act, the preceding Cor. shows 
that they will be in equilibrium if they are parallel and pro- 

tional to the sides of a triangle which are marked with 

rows all going round the triangle in the same sense. 
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This propoation his beeo already enonmted as the Triani/lt 
forcef, 

26.] Laplac-b'e Pboof of ihk Pakaileloqeak of Fobcbs. 
AmoDi,' purely Bt«tical proofe of ihie fundatneutal proposition, i-& 
proofs which do not depend on the consideration of velocity, Laplacei 
appears to be the most elegant, and aa, moreover, it does not involre 
the principle of tranemisaibiUty, it is thought desirable to isclade it 
in the present treatise. 

Let two rectang^ular forces, P and 

B ■'. ,B ,>*'C Q> represented by the lines OA and 

\tl ^^^^ ^^ (^"g"- ^2)' ^^ ** ^' ^^ '*'*' -^ ^ 

\\ ^-^'^ the unknown magnitade, and OCthft 

^^ o^^^ ^A unknown direction, of their resnltant,' 

^L V It ia evident that if F and Q g-ive ■> 

^H \ . resultant equal to li actings in OC, nP 

pj ,j and nQ will give a resultant eqnal ti 

nli acting also in OC, because taking 

multiples of the force* is the eanie thing as merely altering tl 

scale of magnitude to which they are referred. Conversely, 

whatever h may be, 71S may be replaced by »P, making a 

angle 6 { = CO A), and » Q, making an angle \-0{ = COB) wi* 

the direction of R. Let n be taken = ^ and draw A'OB' per- 
pendicular to OC. Then since 

R may be replaced by P in OA and Q in OB, 

^ " .. ,. 5 in OC „ ^ in O^. 

Similarly Q m.y ]^ replaced hy :^ in OB' and f in OC. 
^^nco the for^s P and Q are equivalent to a ft 
-S + S in OCaforee :^in OJ'. «nd a force -^ 

_ i«+ Q« f "Id <2 are equivalent to a .ingle for'" 

- ~jr~ «eUng in the di«cti«n of their resultant; the«rfo« 
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Thus we have found the magnitude of the resviltant of any two 
rectangular forces. We now proceed to find its diiection. 

If P and § are equal, their resultant biaectB the an^le between 
them, and (I) therefore shows that it is represented in magnitude 
and direction by the diagonal of their parallelogram. 

Let three forces, at right angles to each other, Oyl, OB, and 
OC'(Fig. 13) each equal to P, act on a particle ; complete the 
ctibo as in the figure. By what precedes, the resultant of OB 
and OC is OF; combining this with 
OA, we see that the direction of the 
resultant lies in the plane FOA. Simi- 
larly, it can be proved to lie in the 
plane COD; hence its direction is CO", 
the intersection of these planes, or the 
diagonal of the cube. Now from (l) 
0F= PV'2, and the resultant of the /" 
three forces is the same as the resultant j-j,, „ 

of PVl along' OF and P along OA. 

By (1) the magnitude of the resultant is P-/z, and since 
0(/ = Py/d, we have proved that the diagonal, Off, of the 
parallelogram FOA represents in magnitude and direction the 
resultant of two forces P and P ^2. 

Suppose now that OA = P, OB = P-/2, and OC = P, and 
complete the parallelepiped. We have just proved that the 
resultant of 0B{=PV2) and 0C{= P) is the diagonal OF 
(=-Pv'3); and since the resultant of the three forces must 
lie in the planes COD and FOA, it must act in the diagonal 
OO". But this resultant is the resnltant of P ^S along OF 
and P along OA, and by (l) its magnitude is FVi, which 
is the magnitude of 0(/, the diagonal of the parallelogram 
FOA. 

By keeping OA and OC each equal to P, and giving OB the 
values P, P-/2, P-/3, ... P-/m, successively, we prove in this 
way that the parallelogram law holds for P and P Vm, where 
mis any integer. Again, keeping OB = P-/m, OC — P, and 
making OA — P,P\^2,P\^S, ...Pv'a—l, in succession, — where 
» ia an integer, — we prove that the law holds for P Vni and P •/». 
i.e., for any two rectangular forces the squares of whose magni- 
i are proportional to two integers ; hence it holds for any 
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two rectangular forces, because even if their ratio involves an 
endless decimal, this (and its square) can be expressed, to any 
desired degree of accuracy, as the ratio of an integer number to 
some power of 10. The parallelogram law, then, holds for two 
rectangular forces which bear to each other any given ratio. 

From this the proposition 
follows easily for oblique 
forces. 

Let OA and OB (Pig. 14) 
represent two oblique forces, 
P and Q ; complete the par- 
allelogram, draw the line mn 
through perpendicular to 
the diagonal OC^ and let fisdl 
the perpendiculars Ap^ Am^ £q, and £n, on OC and mn. By 
what we have proved, the force OB {= Q) can be replaced by 
Oq and On, and OA (= P) can be replaced by Op and Om. 
But Om is evidently equal and opposite to On, therefore OC is 
the line of action of the resultant, and its magnitude = Op-^Oq, 
which = OC. 




Fig. 14. 



CHAPTER II. 

GENERAL CONDITIONS OK THK KQUlLlBltlUM OF A PARTICLE 
l^NDElt THK ACTION OF FOBCKS IN OSV, PIAKE. 

27.] Absolute Condition of Equilibrium, One oondition ic' 
necesBaiy and snfEcient for the equilibrium of a particle — and 
that condition is, that i&e magnitwJe <f the remltant force actin>j 
upon it ghall he zero. In the case of a body of finite extension (aw 
distinguished from a mere particle) the stadent will afterwardu 
Bee that this single condition is not sufHcient, The vaiuBhing ol' 
the Resultant may be called the ahuolvie condition of the equi- 
librium of a particle. 

28.] Several Forces. When several forces act upon a particle, 
the condition of its equilibrium may be expressed as in Cor. I, 
p. 21 ; or as in Cor. 1, p. 23. But in practice, these lepre- 
aentationa would frequently be found clumsy, and we obtain 
simpler results by using: the principle of the Resolution of 
Forces than those given by the principle of Composition. It is to 
be observed that forces acting on a particle are to be considered 
as foTceit whose Ihieg of action all jjaxg through one common point. 

S9.] BesolatioQ of Forces in given SirectionB. It haii! been 
proved that a force can be resolved into two others along any 
two directions in the same plane, if this plane contains the line 
of action of the force. Simplicity is 
gained by taking these two directions 
at right angles to each other. Thus, 
let Ox and Oy be any two lines at right 
angles to each other, and P any force 

acting at in the plane Oxy. Then, " Fie i-; '' 

completing the parallelogram OXPi, 

we find the components, OX and OY, of the force P along the 
axes Ox and Oy. Let OX and OY be denoted simply by X and 
T. It is, then, evident that 

X=P cos 0, 

r=i*sin9, 

»hcre 9 is the angle which the direction of P makes with Om. 
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In BtrictnesB, when we speak of tlie component of a given 
force along a certain line, it is necessary to mention the othei 
line along which the other component acts. For example, the 
force P may have an infinite 
number of components alo: 
the same right line Ox. 
the line associated with Ox 
Om, and if the paralleloj 
OMPM' be completed, tl 
component of P along Ox wi 
'"^' '°" be OM, the other componei 

being OM'. If, again, Ihc resolution of P be effected along 
and Oh, and the parallelogram ONPW be drawn, the con 
ponent of P along Ox will be ON; and it is evident that if lo I 
the aJigle between the axes along which P is resolved, the con 

ponent along Oie will be P ■ - — ! • 

In what follows, unless the contraiy ia espresaed, by tl 
component of a force along any line we shall understand tb 
rectangular component ; that is, the resolution is supposed to \ 
made along thi^ line and the line perpendicular to it. It mm 
be remembered, then, that — 

The component of a force, P, along a right Ihie is P x cos {attgle 
belieeeii rig/U line and direclimt of P). 

30.] Equations of Equilibrium, or Analytioal Conditioiut 
I f several forces, P-^^P^, P, 
. . . act at 0, each of the 
may he replaced by its tw 
components, one along 
and the other along 
which is jjerpendicular 1 
Ox{Fig.iy). Thus, the con 
ponents of P, are Pj eoa 6 
and Pi Bin 9, ; those of i 
are P^ cos 6^, and P^ sin 6 
and these latter are mei 
Bured in exactly the fame senses &» the coraponent-s of P, ; ihsdi 
is to tay, P.^ coa 6^ is the component of Pj along Ox in the 
sense Ox. ITic component of P^ in the figure is actually i 
the sense opposite lo Ox, that is, in the sense 0, — x; stil 
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the component in the sense Ox is P^ cos fl^, for cos Q^ is 
negative. If the senses Ox and Oy are regarded as the 
positive senses, any components which act in the opposite 
senses, 0, — « and O.—y, would subtract from the positive 
components, and ninst he considered negative. It will be seen 
that the negative sig'n of every component will be perfectly 
represented and aceoanted for by the general expresaionn, P cos 
and P sin 6, for the two components. Thus, the figure shows 
that both components of -P3 are negative, and accordingly both 
of the expressions P^ cos flj and P^ sin ^3 are negative, since 0^ 
is >180°. 

In order that the expregriom P cng 6 and P tin 6 may alwayt 
represent components in the positive senses Ox and Og, the angle 
B must be measured from Ox towards (fie line of action of the force 
in a fixed sense — that opposite to watch-hand rotation being 
generally chosen. 

"With this nnderstanding, then, we may say that the com- 
ponents of Pi, Pa, P3 in the direction Ox are Pj cos fl^, 
Pj cos B^, and Pj cos flg, and those in the direction Oy are 
Pi sin ^1. P2 ^i» ^i 1 aiid A sin ^3. 

Heplacing each of the forces, P,, P21 -^31 ■■■ W i*^ com- 
ponents, we have 

P, cos fli + PjCOS ^a + Pj cos 6^ + ..., or 2 P cos 3, along Oj; 
and 

Pisinfli + Pjsinflj + Pgsin 63 + ..., or 2 P sin i9, along Oy. 

If the component, P cos S, of a force, P, along Ox, be de- 
noted by X, and that along Oy by Y, the whole system of forces 
is equivalent to the two single forces, 

Xi + Aa + Xg+..., or 2X, along Ox, 
and }\ + Ys+Y^ + ..., or 2 7, along Oy. 

Now, since (Art. 26, p. 24) the resultant of two forces, P and 
Q, at right angles is VP^ + Q^, the resnltant, B, of the system 
of forces P^, P^, ..., is given by the equation 



ii = yp.vf+p}7'. (1) 

For the equilibrium of it is necessary and sufficient that 
£ = 0. Hence 

CSJf-l-(2l7 = 0. (2) 



30 



CONDITIONS OF EyXIILIISRlUM OF A PAKTIOLE. 



[3« 

Now, this equation cannot be uatislied, so long- as SA" and £ 
are real quantities, unlese 

2X= and 2 }■ = 0. {3* 

'fheae, then, are the two necessary and sufficient conditions fof 
the equilibriom of the particle, and they are equivalent to thft 
dngle eondition It = 0. (See Art. 27.) 

The equations (3) are equivalent to the following state- 

For the equilibrium of a particle acted on by any number of 
forces in one plane, it is necessary and sufficient that i/ie a^eiraie 
Knm of the rectangular componentt of the forces, along each of 
rigkt litte» at right angles to each other in the plane of the foreetf 
should vanish. Since the directions Ox and 0^, along which the 
forces are resolved, may be any whatever in their plane, we may^ 
evidently vary the above statement thus — the algebraic gnm gf 
the reelangular components of the fwce« al<mg everg right Hue 
their plane is zero. 

It is merely for uniformity of notation that we have measured 
6^,e.,,6.^,... (Fig. 17), aU in 
the same sense — that opposit* 
to watch-hand rotation. Jj^ 
resolving' forces along a line, 
Ox, it is simpler in practice to 
use the acute angles made 
the forces with the line, a 
to indicate negative com] 
jij jg nents by the sign minut. 

Thus, if (Fig. 1 8) the foB 
P, P", P" make acute angles 0, 6', O", with Ox, the sum of i 
components of the forces along Ox is 

P cos fl-i^ cos fl'-P" cos 6", 
and that along Oy is 

jP sin 5 + P' sin e'-F" sin $". 
The rectangular component of a force along a line is some- 
times called the effective component along this line. 

Cor. a force has no effective component in a direction 
right angles to itself. 

31.] Direction of the Besultant. The direction of the 
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Eultant of any number of forces acting ia one plane on a particle, 
0, is known when its components, 2 X 
and S]^ along- any two directions, Ox 
and Oif, are known. For, if Ox and 
Oy are reutangular, and a be the angle 
which the resultant, R, makes with Ox, 
we have, evidently (Fig. 19), Fig. 1 

ST 

and if Ox and Oj/ include an angle 10, 

ain g _ S 7 

siii((o-a)"~2X' 
32.] TeoBion of a String. When a string is employed to 
connect two or more particles which are acted on by given 
forces, the fibres of the string become subject to a certain pnll, 
stress, or tension, which, if increased beyond a certain limit, will 
cause the string to break. This tension is a force tc/iici at any 
point of the gtriiig may be conceived a» acting in either of iioo 
opposite denies, or in both of these senses at once, according to 
the nature of the question under discussion. Let us consider, as 
a simple example, the case of a string, AB (Fig. 30), 
whose weight we may neglect, fixed at the extremity 
A, and attached at B to a mass of weight W. If, now, 
we imagine the sti'ing to be cut at any point p, and 
the lower portion, pB, to be removed, it is clear that 
the remaining portion, pA, will not be in the same 
state of stress as before unless we apply at the section 
p a force equal to ?^, and acting downwards. Again, 
let the string be cut a little above p, at q, and suppose 
the portion gA removed. Then the small portion, pq, „. 
will not remain in its place unless an upward force p. 
equal to W is applied at the section q. The small 
portion of the string included between p and q is then kept at 
rest by two equal and opposite forces, each equal to W. Thus, 
then, if we consider any portion, pq, as isolated from the rest of 
the string, we must represent it as subject to two equal tensions 
directly opposed to each other. If we considered the action of 
the upper portion, jj^, on the lower, ^5, we should represent 71-S 
as acted on by an upward force applied at p ; and if we consider 
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[33. 



the antion of the lower on the upper, we mnst represent pA u 
acted on by a downwarii force applied at the wction of separa- 
tion of pA and pB. Thus, the action at B of the string on 
the body W is an upward force, or tension, eqnal to W ; while 
the action of Ton the string coneiste of an eqoal force in ths 
opposite direction. 

33.] String pasaing over smooth pegs or snrfoces. When 
a strinfj whose weipht we neglect passes over a smooth peg, of' 
over any number of smooth surfaces, we shall assume for the 
present that the strcEs of its fibres, or its tension, is the same vk. 
all of its points. Should it, however, be knotted at any of ito 
points to other strings, we must r^aid 
its continnity as broken, and the 
t«iiBion will not be the same in ttw 
two portions which start from a knot 
Thus, if the string at rest pass ovw 
two smooth snrfaces, A and B (Pigt. 
31), and if it is pulled at one ei« 
tremity by a force P, it must be pnlled. 
at the other extremity with an equal 
force ; but if, after leaving- the snr&tsa 
A, it is knotted at C to another string 
which is pulled with a foice equal to 
R, the tensions in the portions bw 
tween C and A and between C and B are no longer the i 
and their relative magnitudes mast be determined by eqnatioV 
(a) of Chap. I., Art. 20. 

34.] Equilibrium of a System of Farticlgs. When seveid 
particles are connected together and form a system, each ] 
tide being acted upon by special forces in addition to the foi 
produced upon it by its connection (by strings or rods) wilii 
the other particles, we can consider the equilibrium of i 
one particle apart from all the others, provufeii tbat vie \ 
account of all the forces w&icA are produced on it by jV* is 
with the other*, in addition to lie special forcet acting upon it. 

This may be called the principle of separate equilibrium, whi 
is continually employed in all branches of Dynamics. 

Thus, in No, 8 of the following examples, we may write d 
equations for the equilibrium of the particle A^ as if it 1 
entirely dipconneeted with the other points, A, P, M, B, if \ 
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represent it as acted on by tlie force, 1! , and by the tensions, T^ 
and Tg, of the atringa by which it ia connected with the system. 

35. Numerical Calculation. When in any instance the 
namericnl values of forces are assigned, the student will derive 
much benefit from the practice of constructing good figures, 
which, with as much fidelity as is practically attainable, truly 
represent the relative magnitudes and directions of the forces. 
For this purpose, the iirst thing to be done is to fix on some 
convenient scale of representation. The scale to be adopted will, 
aa already pointed out in Art. 1 7, depend on the magnitudes 
assigned in each particular ease. Thus, if the student works 
on "section paper," he may take one, two, three, or more of 
the sides of its little squares to represent the unit force. If the 
magnitudes of the forces given range from, say, 5 to 20 feilo- 
gramines' weight, it will be convenient enough to take a side 
of one square to represent 1 kilogramme weight ; but if the 
forces range only from 5 to 10, two, or even three, sides may 
be taken to represent 1 kilogramme weight ; for the greater 
the length which represents the unit force, the less the error 
which is likely to occur in the drawing. In fact, wiUioat 
trigonometrical calculation, the magnitudes of certain required 
forces may be found by carefully drawing the forces that are 
given, and measuring with instruments the lines which represent 
the required forces, the results being reliable to the first place 
of decimals. Several of the following examples are suitable to 
such a method, and the student is recommended to verify bis 
calculated results by subsequent measurement. 

36,] Useful Trigonometrical Theo- 
rem. The following theorem will be 
found extremely useful in the solution 
of a large number of st-atical problems. 

If a right line CP (Fig. 32) drawn 
from the vertex of a triangle divide 
the base into two segments m, and w, 
or s^ments which are to each other in the ratio m : n, 

{«? + ») cot ^ Mcot a-«cot/3, (1) 

where a and ^ are the angles which CP makes with CA and CB, 
and fl is the angle which CP makes with the base AP. 

FoT,i{AP = m,BP = ?i, 
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,,^ sin J sm (^ — q) / . ^ ^ ^v 

CF = m - — = m r = 7n (sin d cot a— cos d\ 

sm a sin a ' 

. , ^^ sin J9 sin (^ + S) / . ^ . ^ ^x 

Also CP = w -; — - = n — ; ^^^ = «(sindcoti3 4-cosd). 

sm )3 sin ^ ^ -^ 

Equating these two values of CP, we obtain (1) at once. 

The following equation also holds : 

{m-\-n) cot ^ = « cot A^m cot B, 

_, ^^ sin J[ sin A tn 

Jor, CF — m - — = m - — 7- -rz = -.—r — -—. 

sin a sin (^ — ^) sm ^ cot ^ — cos ^ 



(2) 



Similarly CF = 



n 



Equating these values of 



sin Q cot B + cos Q 
CF, (2) follows at once. 

CoR. HA and B are two fixed points and C any variable 
point, and if the angles CAB and CBA are denoted by and <^, 
respectively, any equation of the form 

n cot — m cot = ^, (a) 

where w, ^, and k are constants, will be satisfied if C has any 
position on a certain fixed right line — viz., a line dividing AB 
in F so that AF : BF z= m : n, and making with AB an angle, 
CFB or y, such that 

cot y = ) 

' m -\- n 

or in other words, any equation of the form (a) denotes a 

rectilinear locus — as is evident also from the elements of analytic 

geometry. 

Frequent reference will be made to this result in the sequel. 

Examples. 

1. At the point, 0, of intersection of diagonals of a square (Fig. 23), 

let two forces of 8 and 12 grammes' 
weight, act along the diagonals, and 
two forces of 10 and 2 gramme^ 
weight, act perpendicularly to two 
sides; required the magnitude and 
direction of their resultant. 

Eesolving the forces along Ox^ the 

line of action of one of them, the 

jij^ 23. component of the force 10 is 10, 

that of the force 8 is 8 cob 45^, that 
of 2 is zero, and that of 1 2 is — 1 2 cos 45°. Hence 

2X= 10+-4=--^= 10-2v^. 
V2 V2 
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Sin 



Irtrly, 



£}• = 



' vr 



-— _ = 2+10v'2. 
V2 



Tberefore ^ = ^(10 — 2'/2)H(2+ 10v'2)'= •/312. 
Again, if a be the angle made by R with Ox, 
_ 2+10-/2 _ l+syi 
~ 10-2^/2" 5--/2 

Li a particle : find thi 



-2 [{nearly). 



2. Three forces, P, Q, J?, act on a particle : find the magiiiliide of 
their reaaltant. 

Let the angles opposite F, Q, and S he denoted by j), q, r (Fig. 5. 
I>. 15). Then resolving alt the forces along the direction of P, we get 
for their combined component in this direction P + Q cosr+i^coag. 
Resolving them perpendicularly to P, tlieir total component ^ 
(J sin T— Using. Hence the stjuare of the resultant =(/"+ G cos r 4- 
RcoBqY-i-(Qsinr~liBmqY. Kemembering thatp+5 + r = 2ii, this 
is easily seen to he 

P' + Q'+IP+2PQ.co9r+2QR.QOsp + 2BP.eoag. 

3. Verify in the last question that if the three forces are in 
equilibrium, the expression given for the resultant vanishes. 

"When the forces are in equilibrium, 

P:Q:R=. sinp : sin 5 : sin r. 

ire of the resultant ia proportional to 



Hence the expression for the si 
sin'y + sin^y + siuV + 2 sinp sin 

The last two terms = 

P + 'i) = - 



.•p + q = 



Therefore the expression i: 

Bin'p+Bin'5'~sin'{j) + y) + 2coe(j)+j)sin/iBin5 = Ein> + sin*5 
— l + c08(j> + g)cos(y~y), ■.■ 2suips,inq = cos (p- g)- cob (jt + q). 

coslp+q)co9{p^q) = l-Mti'y-Bin'g-, 
,-. ilie square of the resultant = 0. 

4. A heavy particle at (Fig. 24), whose weight is W, ie held i)i 
equilihrium by three forces (in addition to its weight) — 
— acting horizontally, ^acting in a direction making an angUi 1 with 

the horizon, and S at right angh's „ 

to P ; find the magnitudes of P and 
H in terms of the given force W. 

Resoive all the forces along the 
directions of P and S successively. 
Tliese directions are chosen ratlier 
than any others, becuuae, since H ia 
at right angles to P, it will give 110 , 

component along P, and, for the 
same reason, P will give no component along R. 




A 
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w 

The component along Of is /'H cos i— TFsin i. 

^"or equilibrium it is necessary {Art. 30, equations (3)} that ■ 



in, tlie sum of tbe comporienta rtlong O/l is 



>nd til is must also be z 



S-. 



:r(c„ 



The same values would, of course, be found if w 
two other directions for the resolution. Thus, if 
forces vertically, i.e., in the direction OW, we get 
W~rBini-ScoBi= 0; 



iiad seieeted 
'e I'esoivo all tl 



aDd resolving horizoutally, 



11 the direct 



^0. 



la t two equations for R and F, ■ 



Sol g tl 
values a b f 

Th ad autag of a .iudicious selection of directions for the reatA 
tion f the f re now apparent. By resolving at right aogleB 

one of th u tn wn forces, we obtained an equation free from th 
force wh as wh n the directions were selected at random, both 
the unLn vn f entered into each of our equations, and to fil 

these forces it was then iii'cessary to solve the equations. 

Having selected one direction for resolution, it is not necesm 
that the second should he selected at right angles to it; for 
student has seen (p. 30) that wheu a particle is in equilibrium, 
sum of the components of the forces along any direelion whab 
must be zero. Hence we might, ta 
AN B present case, have resolved vertici 

and along the direction OF, and 
equotions thus obtained would ha 
given the same results as before, 

B. One end of a ittring is attached 

a fixed point, A (Fig. zg) ; the atrii 

after passing over a smooth peg, 

■" sustains 

Fig. 13. extremity, and to a given point, C, 

the string is knotted a particle of gi^ 

weight, ir, I'ind (he ]io.sition of equilibrium of the system. 
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Before setting about the Bolution of statical problems of this kind, 
the student will clear the ground before him, and greatly simplify his 
labour by asking himself the following questions :— 

(a) "What lines are there in the figure whose lengths are already 
given 1 

(6) What forces are there whose magnitudes ai-e ali-eady given, and 
what are the forces whose magnitudes are aa jet unknown 1 

(c) What Yuriable or Tariahles in the figure would, if it or they 
were Imown, determine the required position of equilibrium 1 

Xow, in the present case (n), the linear magnitudes which are given 
are thu leogths AB and AC. The entire length of the Ertring is of no 
coneenuence, eiiice it is clear that, once equilibrium is estsblislied, F 
might be suspended from a point at any distance whatever from B. 
Again {6\ the forces -acting at the point C are the weight, W, a tension 
in the string CA, and another tension ia the string CB. Of these, W 
is given, and eo is the tension in CB, which must pince the peg is 
smooth, be equal to P {see Art. 33) ; but there i" aa yet, nothing 
determined about the magnitude of T, the tension in CA. And (c) 
the angle, 9, of inclination of the string f 1 to the horizon would, if 
known, at once determine the position of equxbbnum For, if 9 is 
known, we draw AC of the given length then joining C to B, 
the position of the system is completely known. The angle, tf>, of 
inclination of BC to the hoiizon, would do equally well; and it 
is evident tliat, since either angle suiEces, each must be capable of 
being expressed in terms of the other, and the given magnitudes in 
the question. 

l^t AB = a, AC = b. Then, for the equilibrium of the point C we 
have, by equation (a), p. 15, 



W sin(y4-'^) 
To this equation must be joined the relation between and ij 
by the geometry of the figure. We have, evidently, 

AC . ain ACB ^ AB . sill <t>, 
or 6Bin(fl + i^)^ aBini(). 

Equation (l) gives 

a riu A W 



Va'P'-b^W^coB^a 



Expanding sin {0 + 0} in (2), and substituting these values of sin ^ 
and cos (f>, and reducing, we have the equation 
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We limy obtftiii this result very simply \>y employing a Trianglii 
i.( Fiirues. Thus, from M draw a line MQ parallel to BC. meeting 
AC ill (?. Theu ifCQ ie a triangle of forees for Ihe point C, its gides 

- _QM 

AM h " ~*^' 

Imt g^=4^. J(7 = -co8g(a*-2a6coBg + &')a;»iidJfC' = 6ainfl- 



iMiiig purullitl to the three equilibrating foi-ces at C Hence - 
-2a6co8fl + ft*)s;a 
0{a'— 2o6cosfl+J*)l 



■ W ^^ 

which ifl the Fame as the previous equation for 0. 

When the numerical values of the constiiuts are assigned, (4) becomes 
an etjiuitioii with numerical coefficiciitB, the required root of which can 
be ubtaitiud (hy Horner's method, for instance) to any desired degree 
(if accuracy. 

A tolerably accurate solution can oIbo he readily obtained by h 
Kntphio iiietliod thus : describe round A the circle of radius h, and 
un Offtake a point J/ such that ^ J/: J/5 = \Vh:Pa; describe cireles 
on AM anil MH us diameters. Then (' must be found on the circle 
of radius h so that if CA meets the circle on AM in £, and if C& 
MioetM tlie circle on MB iu N, the lines 



AL and MN a 






Tliii) will give, by scale measurement, approxiDiate valuer of Q and ^ 
If these are a, /J, respectively, we can put 6 = a-Yx, = /J+y, where 
», y are two very sraall circular measures. Substituting these ralnca 
of &, (/> in (2) and (3), and retaining only the iirst powtra of x and y, 
we have two simple equations for these unknown corrections. 

The Ntudeiit will do well to observe that the coefficients of equation 
(4) Are ratios of magnitudes of the same kind. Force and linear 
nugiiituda are quantities of essentiiilly different kiud^. It is true, 
indued, that the magnitude of a force may be conventionally re- 
presented by the length of a line, but it is only in compirison with 
other forces that any one force can be bo represented, and the scale of 
representation is arbitrary. Hence cos 9, which is a mere number, if 
it \i expressed in terma of force, must be expressed as therafio ofoM 
foTCK to another ; and if it is expresped in terms of linear magnitude, 
it must be as the ratio of one line to another. If, for example, tie 

coefficient of cos '6 in (4) l:«ing unity, the last term had been i^^i 

Wfl should have known at once that the result was wrong. For the 
numerator and denominator of this expression are not of the »am 
either are they of the same degree in linear mt^ni- 



tude. Such a term 1 



reciprocal of a force, 



I - iffi T denotes the product of an area, — 1 by ttw 

p 

jj^- If for some unknown quantity of any kind 



L 
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(force, length, tngonometrical function, etc.) we obtain a value which 
violates the prineipU of homogeneity, then, by a mere alteration of the 
unitB ic terms of which the given constantB are espressed, we obtain 
new and inconsistent values of the quantity sought — as the student 
will at once see by taking some Epecial example. 

Similar remarks as to the homogeneity of our results will be of 
frequent occurrence in the sequel. By attention to con si deration 8 of 
this kind the student will often be able to detect an error in his 

G. If, in the last example, the mass W, instead of being knotted 
to the string at C, is suspended from a smooth ring which is at 
liberty to slide along the string ACB, find the position of equi- 
librluni. 

In this case, the string PBCA, which passes over a smooth surface 
at B, and through the smooth ring, will have its tension constant at 
each of its points (Art. 33), and therefore equal to P. Hence, 
putting T =^ P, and resolving forces vertically for the equilibrium of 



f, ' 






ir-2Pai 



passes over three smootli 
horizontal line. Prom the 
two masBes, P and J** ; and 



2/' 

7. A string, whose weight is i 
pegs, A, B, C, which are in the 
eitremities of the string s 
to two given points in it are 
knotted two masses, W and IF', 
the first Buapended between A and 

B, and Ihe second between B and 

C. Find the position of equi- 
librium. 

In this problem tlie given quan- 
titles are the weights of the masses 
P, W, P', and W, the distances 
AB and BC, and the length of 
the portion mBvi.' of the string (Fig. 26). 

Evidently the quantities which we wish to determine are the 
inclinations, 6, <j), ..., of the portions of the string to the horizon. 

Let AB ^ a, BC ^= a', and the length of mBm' 7= k. Consider the 
equilibrium of the point m. Since the string PAm passes over a 
smooth peg at A, the tension in it = P throughout. If 2" = tension 
in tnBm', we have for the equilibrium of to, 





n{0 + <t>) 



(1) 
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Again, for the equilibrium cf m^, 



T C08^ 



(2) 



W Bin(d'+<^0 
Equating the two Tallies of T^ we have 

TTcos e W cos ^ 



sin(6>-+-<^)'"Bin(^+<^0 ^^^ 

These are all the equations that can be obtained from statical 
considerations. One more equation is required to determine the four 
unknown quantities, ^, <^, ^, and </>'. This is obtained by expressing 
that the length of mBm' = k. Evidently 

„ asin^ , T> / a'sind' 

Bm = -: — .^ » and Brn: = 



£in(d + <^) 
asin^ 



sm(6'+</0' 



a'^sin^ 



• • sin(^i-<^) ^ sin(d'+<^0 " 

These four equations deteimine 0, (f), ^, <f>\ and therefore the 
])Osition of equilibrium. 

8. A string, BMNP,,,Ay whose weight is neglected, is suspended 

from two fixed points, A and 
B ; and from given points, M, 
N, F, ..., in the string, are 
suspended a series of equal 
particles, the weight of each 
being IT. Find the inclina- 
tions, ^1, ^j, d^, ..., of the suc- 
cessive portions of the string 
to the horizon. 

Consider the equilibrium of 
the particle at M, This par- 
ticle is kept in equilibrium by 
Fig. 37. three forces, viz., W acting 

vertically, T^t the tension <^ 
the string MB, and T,, the tension of MN. 

Resolving these forces vertically, 

r + r, sin ^a- r, sin 0^ = 0; (1) 

and, resolving horizontally, 

^\cos^i — T;cos^2 = 0. 
For the equilibrium of N^ resolving horizontally, 

T^ COB e^ — T^ COB 0^ = 0. 




Hence 



Ticos^i = 5^jCOs ^2 = I'scos^g = 
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iir in other words, the horiximtal comjwnente of the tengioTts m d 

different portiong of the Mriiiy are constant. Lot thia constant 1 
denoted by T\ then 



SubBtituting these values in (1), we have 

tantf, = tanS^H--; 
Similarly, 

tanfl, = tan^5+- 
t8n e, = tan d, + - 



Hence the tangents of the successive inclinations form a series in 
Arithmetical Progresmon. In the figure 

If the f-uspended weights are not equal, it is stUl trne that the 
jiorizontat components of the tensions are all equal. 

The figure fomied by the string BMNF...A is called a Fimicular 
Polygon, i.e., ft rope polygon; but the term is also used in a much 
more extended sense^ as will be seen later. 




^r 9- To construct the Funicular Polygon, when the horizontal pro- 
jections, RQ, QjhP"; nm, mh, . . . , of ihe succeEsive portions of the 
chain are all of the fame length, a, and one portion is horizontal. 

Let Fp^e; then, since (last example) the tangent of the incli- 
nation of PN ^ 2 . tangent of inclination of PQ, it follows that, Pn' 
being horizontal, i\'n' ^ 2 Pji ■= 2e. Also tan of inclination of Jllf 
= 3 fan of inclination of PQ ; .-. ^fm' = 3c. 

Hence, taking the miildle point, O, of the horiKontal portion, SQ, 
as origin, and the horizontal and vertical lines through it as axes of ic 
and ^, the co-ordinates of /* are (fo, c); those of ,^ are (f o, c-|-2c); 
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3 c) ; and thoae of the rtf' vertex from Q 



those of J/ are (In, 
are evidently 



The value of the ordinate, y, of any vertex at once eualilea 
dettrniiiie thia vertex. 

If we eliminate n from the two equtitiona for x and y, we get aa 
equation which ia satisfied by all the vertices indifferently. This 
equation denotes, therefore, a curve passing through all the verticea of 
the polygon. Eliminating n, we get 

^' = —■3' + 
This denotes a parabola whose axis 



vertex of the parabola 



the vertical line Oi/. T 
■ticaily below at a distance = -• 

nearly d( 



The smaller the distances RQ, Qp, pn, . . . , t 
the Funicular Polygon coincide with the paraboli 

10. To represent graphically the forcea in the general case of tl 
Funicular Polygon. 

For convenience, let tbe verticea of the string or chain be denotf 
by the Humbers I, 2, 3, ... , and let the forces Pj, P^, . . . act at tl 
vertices. Let also the tension in the portion of the string (I, 2) 1 
denoted by 2*,,, &c. 




\ 



Fig. 39. Fig- 30- 

Kow, take any point, 0, and from it draw the line ij, parallel to th^ 
fltring (5, 6), and proportional to the tension T^^. From the extremit]!^ 
of (j, draw the line, p^, parallel and proportional to the force P, 
follows, then, that since the forces T^, T^^, and Pj form a syatf 
equilibrium at the point (5), the third side, l,^, of the triangle t^ 
1^ is parallel to r,^, and proportional to it {Cor. 2, p. 23). In tiifl 
same way, drawing p, parallel and proportional to P,, the side („ 
parallel and proportional to T^ ; and continuing this construction, the 
tenaiona in (he successive portions of the string are all represented bj 
the lines („, („, (,., ... in the new figure (Fig. 30). 
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The figuie (Fig. 30) whicli represents by its lines, botli in magnitudeB 
and in directions, all the forces of the system in Fig. 29, has been 
called by Clerk Maxwell a ' Force Diagram ' of 
the system. (Transactiona of the Royal Society 
of Edinburgh, vol. xxvi.) 

When, as in example 8, all the applied forces, 
Pa, -Pji . ■ ■ are parallel, the Force Diagram of 
the system consists of a triangle with lines drawn 
from the vertsK to different points in the base. 
Thus, taking any point, (Fig. 31), and drawing 
Ob parallel to MB (Fig. 28), and proportional to 
the tension in it ; and then di-awing bm vertical 
and proportional to the weight of the mass sus- 
pended at M, it follows thut Om. will be parallel 
to MN, and proportional to the tension in it. 
Similarly for the rest of the figure. If all the 
weights are equal, the liaea bm, ™?j, np,pq, . . . 
are all equal, and Fig. 31 at once shows that 
the tangents of the successive inclinations of the 
parts of the chain are in Arithmetical Progressioi 
exhibits the constancy of the horizontal components of the tensions 
Oh, Om, On, .... these components being all represented by Oq. 

11. Masses of 20, 14, 20, 16, 10, and 18 kilogrammes are to be 
suspended from the vertices of a funicular polygon ; and these vertices 
are to be on vertical lines which are, respectively, 3, 2, 2 J, 2J, and 4 
.decimfetres apart ; find the figure of the polygon, and also, by scale 
measurement, the tensions in the difierent portions of the string so 
that each one, successively, of the following conditions is Eatisfied ; — 

(a) The portion of the string between the third and iburth lines to 
be horizontal, and tlie portion which is attached to the 20 kilogrammes 




Pig. .1 
This figure also 



and to a fitted point to ms 
B ip) The extreme portii 
l^oints) to make each an a; 






eof- 






i of the string (those attached to fixe 
le - with the vertical. 



(y) The tensions in the portions between the second and third lines 
and lietween the fourth and fifth lines to be each equal to twice the 
_ tension in the portion between the third and fourth lines. 

t{l) The extreme tensions to be 60 and 70 kilogrammes' weight, 

(t) The vertices on the first and sixth lines to he in the same 

horizontal line, and the vertex on the fourth line to be 5 decimetres 
below that on the first line. 

Let Fig. ay represent the i)olygon, the given vertical lines being 

those marked MW, A'W, PW and the fixed ends of the string 

being B and A. Draw a vertical line ; let «„ be the upperend of this 
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line; measure off lengths a^a^y 04a,, a^a^, 0,0^, ^a^j ^s^c respect- 
ively proportional to 20, 14, 20, 16, 10, 18. Then the solution 
consists, in each case, in finding a proper position for the point 0, 
which is called the pole of the funicular polygon. 

Now in (a) the line Oo, is to he horizontal^ so that must be 
somewhere on the horizontal line through a,. Also since the line 

BM makes an angle - with the yei*tical, the line Oa^ must make this 

angle with the line a^ a^. Hence must lie on another given line; 
and is therefore determined. In every case the actual position of 
the first vertex, M, is, of course, arhitrary, so that we may assume B 
but not A, or vice versd. 

Case ()3) is similarly solved. In (y), since the tensions referred to 
are represented on the scale adopted by the lengths Oa^, Oa^, Oa^, 
we must have Oa, = Oa^ = 20ay Now since Oa, = Oa^, the point 
must lie on the line bisecting a^a^ perpendicularly; and since 
Oa^ = 20a,, the pole must lie on a circle having for diameter the 
line joining the points which divide the line a, a, internally and 
externally in the ratio 2:1. Hence is determined. 

In (b)j the lengths Oa^ and Oa^ are given ; .'. is determined. To 
solve (c), let ^oi>^i2> * - • • ^e? ^ ^^^^ inclinations (all measured in the. 
same sense) of the portions BM, MN, ... to the vertical ; so that 
Oa^a^ = ^01, Oa-^a^ = ^j^, . . . Oa^a^ = 6^. Then, taking an origin 
anywhere on the vertical line MW^ if yii y,, y^j . . • are the vertical 
distances in decimetres of the successive vertices below this origin, we 

^^^ y^-yi = 3 cot (9„ ; yj-y, = 2 coiO^^ ; y,-y, = 2J cotd,, ; 

ys-y* = 2^ cot^^ ; y^-y^^ = 4 cot^g,. (1) 

Add these, and observe that y^ is given equal to y^ Hence 

3 cot ^,j + 2 cot ^23+ 2 J^ cot ^3^ +2}^ cot (9^ + 4 cot ^g4 = 0. (2) 

Now observing that a^ divides the line a^a^ so that -^— *= — , we 

fltj Of^ 78 

have (using and <^ instead of 0^^ and t^—O^, from Art. 36, 

cot ^j2 = ^ff (78 cot ^— 20 cot <^) ; and similarly cot ^,^3 = -^ (64 cot 6 

— 34 cot<^) ; &c. Substituting these in (2) we have 

307 cot ^— 379 cot <^ = 0, (3) 

which shows that must lie on a horizontal line dividing a^a^ in the 
ratio 379 : 307. 

To express the second condition, we have from (1) 

y^-Vi = 3 cot ^,2 + 2 cot ^23+ 2^ cot ^8, = 5; 

which becomes 472 cot ^—263 cot <^ = 490, (4) 

and this shows (Art. 36) that must lie on a right line dividing a^a^ 

in the ratio 263 : 472 and making with it the angle whose cotangent 

98 
=z——-i i. e., about 56° 19^. 
147 

The two loci (3) and (4) determine completely. 
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12. For any given syBtera of vertioal lines and weights, show how- 
to construct a funicular polygon such that two aEsigned sides of it 
slialt pass each through a given point. 

Ans. Let the given weights at the vertices be lo, , Wj, ih,, ... and 
tlie horizontal dietances between the given lines c,,, c,,, c^, ... Let any 
two sides — say tliat between lines 2 and 3, and that hetween lines 
5 and — pass through two points whose distances from any hori- 
zontal line are ^ and fi', and whose distances from the lines 3 and 5, 
respectively, are p and y'. Then with the notaliou of last example, 

Vs~& ^ ?' '^^^ ^ts ■ i/t"?/} ^^ "ji *>"* flj, ; ys— y, = p,, cot 9„ ; 

.-. j3'~^ = p cot 6^ + c„ cot 0^ + c„ cot e., +/ cot 0j,. (a) 

And as in last example, we have (Art. 36) 

{■u)^ + w^ + w^-\-...)cote^ =(w, + w,+ .-.)cot9-{M, + Wj)cot^, 
with similar values of cotfl,,, ... bo that (a) becomes of the form 

I cot O^m cot <p = fl'—l3, 
where ( and m are given. This shows that the locus of is a right 
line, which can be easily drawn. Any funicular, therefore, constructed 
from a pole on this line satisfies the given conditions. 

13. For any given tystem. of vertical lines and weights, show how 
to construct n funicular such that three oBsigned sides of it shall pass 
each through a given point. 

14. Suepensi on Bridge. Tlie number of vertices of the polvgon 
being very great, and the saspended masaes all equal the parabohi 
which passes through all 

thevertiees virtually coin- . 

cidea with the chain form- 
ing the polygon, and 
gives the figure of the 
Suspension H ridge. In 
this bridge the masses, 
IT, ff",... .suapendedfrom Pig ^ 

the successive portions of 

the chain are those of equal portions of the flooring The weight of 
the chaiu itself and the weights of the sustaining bars are negligible 
in comparison with the weight of the flooring and the load which it 
carries. 

Fig. 31 may be taken to represent the Foice Diagram of the 
SiiBpension Bridtre, the vertical line ah, representing the weight of the 
flooring, being divided into as many equal parts as there are divisions 
of the chain. If these parts are sufficiently numerous, the lines Ob. 
Om, On, Slp. are parallel to tangents to successive jiointa of the chain. 

^^«t the span, AB, of the bridge = 2a, and let the height OH = h. 

^HSien, the equation of the parabola refeiTcd to horizontal and vertical 
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axes of y and x, respectively, through (Fig. 32} \s 

y' =^ 4ma;, 

m being a cocBtaut ; and the tangent of the inclination to the vertict 
of anj portion 

_(?y _ 2>n _ y_ 

~ dx~ y ~1x 

Hence the tangent at the point of support, fi, makes with the horize 

. 2A 
nn angle whose tangent la 

Thorcfure, Oq (Fig- 31) being parallel to the tangent at the lowe 
point of the bridge, and Oh parallel to the tangent at the point B, 

2 A 
tan oOq =; — • 

Hence, since 63 represents half the weight of the bridge, and Oh tl 
terminal tension of the chain at £, 



Terminal tension = 






W being the weight of the flooring. 
Also, the vertical tension at 5 ^ | IF, and the constant 

Horizontal tension ■=. W —:• 
i/t 

15. The entire load of a euapension bridge ii 
the span is 64 mfeti-es, and the height is 5 raeti 
the points of support, and also the tension at the' lowest point. 

Ana. Terminal tension = 268,208 Itilogrannmes' weight 
Horizontal tension = 256,000 „ „ 

16. If the vertical bars which support the roadway of a snspenflio 
biidge are not at equal horizontal dislances, prove that the vertices ( 
the polygon formed by the chiiin will still lie on a parabohi, provide 
that each vertical bar supports half of the adjacent portions of t' 
roadway. 

This foUowa from the fact that the cotangent of the inclination i 
any chord of a parabola to the axis is proportional to the Bum of ' 
ordinates of the extremities of the chord. 

17. If fi 13 the resultant of any number of forces, /",, /*,, Pj, ,. 
acting in one plane on a particle, prove that 

if » = 2/"+ 2 2^1 Pj cos (/•, , /■,), 
where Fj, f , means the angle between i*, and P,. 
(This result is true for non-coplanar forces.) 

18. If a particle ia in equilibiium under the action of any foi 
prove that the sum of the obligue components of the forces along an 
right line is zero. 

If 2X an<I 2 T denote the sums of tho components along two lini 
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tDcliiied ut un angle ^ o), the square of the reaoltant is equal to 
(2Z)=+2(2J')(2r)co8<o + {S]7; 

and this H(2X+2y)'MS^^+(2.V-2r)'Bin'|- 

HeDce the result follows as in equations (3), p. SO. It is otherwise 
evideiit, since the resultant is the third side of a triangle, two of whose 
sides are SX and S T, so that both sjdeE must vanish. 

19. If in example 7 the masses W and IK', instead of beinff 
knotted to two given points in the string, are attached to two smooth 
rings which are capable of sliding freely along the striug, determine 
the condition and position of equilibriiuu. 

Here, since the string passes freely over and under smooth 
surfaces, the tension is constant throughout its length. Now, the 
tension in Am is F, and that iu Cm':= P". Hence 
P = P'. 

For the equilibrium of m, we have, resolving vertically, 

W 
W=2P^\ne- .■.Ane = --p 

and for the equilibrium of m, 

W'=2Pime': .■..in6'=^. 

20. A and B are two fixed pegs ; over A passes a string MA G, and 
over B a string NBC, knotted each at C to a mass of weight IT, and 
sustaining at their free ends, M and N, masses of weights F and Q, 
respectively ; find the position of equilibrinm of the system. 

Ane. The inclinations of AG and BO to the vertical are at once 
given by the triangle of forces. 

21. A heavy particle is attached to one end of a string, the other 
end of which is fixed. Find the horizontal force which must be 
applied to the particle in order that the string may deviate by a given 
angle from the vertical, and find also the tension of the string. 

Ans. It F^ the horizontal force required, T =: tension of stiing, 
weight of particle, and 6 ^ angle of string's deviation, 

F= WtanB. T= fFsectf. 

22. A string ACB (Fig. 25, example 6) has its extremities tied to 
'O fixed points, A and B ; \o a. given point, C, in the string is 

knotted a given maas, W. Find the tensions in the portions CA 
and CB. 

Atm. Since AC and BC are given, the angles CAB and GBA are 
aJao given. If these angles are denoted by 6 and 6', and if T and 2" 
the tensions in CA and CB, 

23. If (same fignre) the extremities .-I and B are fixed, and the 
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eight W is that of a smooth, heavy ring at 0, which is capable of 
aliding freely along the etring, fiad the 
horizontal force which must be applied to 
the ring G in order that the system may 
take a given position of equilibrium. 

Avs. If the angles CA B and CBA are fl 
and ff, and F = the required force, 




F= IF tan 



e-ff 



24. ABCD (Fig. 33) is a system of pegs 
Fig. 33. forming a square in a vertical plane ; a 

string attached to A and B passes through 
a heavy, smooth ring, R, while anotber string is attached to C and 
a. The ring is kept in equilibrium half way between H, the middle 
point of CA, and 0, the centre of the square ; find the tensions in the 
Btrings ARB and CR. 

An«. If ir= weight of ring, T= tension in ARB, and 7"=ten- 



aCR, 



13^/5+ SV'lS 



V'5 + 5-/l3 



25. In the last example if the tensions in the two strings are equal, 
find the point at which the ring must be placed on OH. 



OH' 



X, X is determined by the equation 




Fig. 34- 



Tbls equation lias only two real roots, 
one between and 1, and the other be- 
tween 1 and 2. 

26. A string whoee weight ia neglected 
passes over three Fmooth pegs, A, B, C 
(Fig. 34), in a vertical plane, and sbb- 
tains two equal masses, W, from its ex.- 
tremitiea. Find the pressures on the 
pegs ; and find also the magnitudes of 
the angles a, fi, and y, when the Byetem 
of pegs is leai-t likely to break, the pegs being all equally strong. 

Ans. HP, Q, and A' be the pressures on the pegs A, B, and C, respect- 
ively, .P=2ircos^, (2=2)rcoa'|,.S = 2TFcoB|iandBineetbe8mii 

of a, ^, and y is given (= 2-77), it follows that in the best arrangement 

2 2 , 

o := P = 7 ^ —IT. For, unless each of the angles = -ir, some one of 

tbe pressures must be >2Trcos-i or W ; and if the pegs are of equal 

strength, i. e., have all the Earae breaking pressure, and the suspended 
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weight W is gradiwilly Increnfed, the breaking presfiuro on the peg at 
whicli the angle between the two portions of the string is Uaat will 

he reached for a less valae of IT than if each angle = - tt. 

27. The enda of n string are attached to two fixed poiiita, A, B, 
in the same horizontal line, at given points, C, D, in the string are 
fastened two masses, P and Q', find the relation which must hold 
between the given magnitudes so that the portion CD of the string 
may in the position of rest be horizontal. 

Ane. li AB = a\ BO = I (0 heing adjacent to B. and Dto A); 
CD = m; DA=n; then 

28. In the last if the portion CD is to make a given angle, i, with 
the horizon, find the ratio P : Q. 

Ane. P(tan0 + tan[) = Q(tan fl-tant), whew ^ and -p are the 
inclinations of BC and AD to the horizon, these angles heing thus 
determined : fiom B draw BE at the lower side of ISA, equal to m 
imd milking ABH — i^ on AE construct the triangle ADE whosj 
sides A D, DE are n, I, respectively ; hence the quadrilateral BCDA 
is completely determined. 

29. Three smooth pegs. A, B, C, are fixed in a vertical plane ; 
three light strings knotted together nt a common extremity, 0,have 
suspended from their other extremities given mHssea, P, Q, R, and 
the corresponding etriiigs are passed over the pegs A, B, and C ; find 
the position of equilibriuiu. 

jIjm. Construct a triangle whose sides are proportional to the 
magnitudes P,Q,R; then the external angles of this triangle are 
equal to the angles BOO, COA, AOB; so that the point is de- 
.s the intersection of circular arcs described on BC and CA . 



30. If in the last example the knot is replaced by a smooth 
ring of negligible weight which is tied to the peg (7 by a string of 
given length, while another string, pussing freely through the ring, 
passes over the pegs A and B, and has two given masses suspended 
from its extremities ; find the position of equilibrium. 

Ans. [The suspended masses must be equal.] Describe an ellipse 
having A and B for foci and touching the circle described with C as 
centre and CO as radius. See ex. iO, and graphics in Chapter ITI. 

31. If the string in ex. 25 passes over any number of equally strong, 
smooth pegs, in the same vertical plane, find the best aiTangement. 

Ans. If there are n pegs, each of the angles, a, ^, y, 6, , . . must be 

32. In example 19 calculate the pressures on the pegs A, B, C. 
Am. The squares ef the pressures are respectively 

p(^p+w),i{iP' + ww'-'^/^4P^-w^}(^ip'^]r^],p(2P+w'}. 

VOL. I. B 
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33. If the Btrengthe of the pegs, A, B, C, in example 25, are propor- 
ticnal to Z, m, n, fiud the best arrange tiieut of the Byrtem. 

Ans. The angle a is given by the eqaation 

2mna^ + <P + fi»'+n*)a!*-I' = 0, 
in which x = cos- • The angles ^ and }> are at once found from a. 

34. Prove that the unknown angles in es. 7, p. 39 may be found 
by the following construction : draw a right line OA proportional t« 
W; produce this line through Aio & fa that AC/ represents W \ on 
0(y produced take a point Q bo that QO .QO' = a.W':<^ .W; 
round nnd C describe circles whoso radii represent P and P, 
respectively; on the line QO take a point, L, between Q and snch 
that QL = kWW'/{a- W'-a' ■ W) ; and at L erect the perpendicular 
LM to QL. Take a point X on the circle round 0, and a point T on 
the circle round 0" such that AX ^ AY; let OX and OT" meet 
in ^; draw ^Q meeting LM in A. Then if X is so chosen that 
LR = AX = AT,tiiea.DghaXOA,ZAO, YAff, rtTJ are the com- 
plements of 0, ^, <fi', d', and the tension of the part of the string 
between the knots is represented by AX. 

35. Let A^A^ -..A^ (^ig- 35) be any funicular polygon, with masses 
wlioseweightBare/',,7',,/'„ 
P^ suspended at its vertices 
j1,, A^, Aj, A^, respectively; 
draw any line, o, a^, meeting 
the verticals through A^, A^, 
... in the points a[,,d,,rf,, ... 
and let A^ -4, meet these ver- 
ticals in .^o.i),, ^„ ... Now 
construct a new polygon, 
OjOi a^ .. .fflj , by taking d, o, = 
J Z), J,; o^o, = 5 i>, J,: 
and so ou, n being any 
number. 

Prove that the new poly- 
gon, whose fixed ends are a, 
and a,, will be kept in equilibrium by the set of forces P,, P^, F,, P, 
applied at its vertices a^, a,, a,, a,. 

Although this may be readily proved geometrically by principles of 
Qraphic Statics, the student will do well to establish it by the method 
of example 8. He will easily prove that, if a and ^ are the incli- 
nations of jig A^ and agO, to the horizon, 0„, 6^, ... the inclinatitms 
of theeidea AgAj,A,Aj, ... , and ^„, "^j,... those of i7„o,, a^a^, ... to 
the horizon, we shall have 

tan ^„— tan ^ = -(tan 9,,,— tana); 




Fig- 35- 



tan^„ — tau,d:= - (tan fl„— tana), &c. 
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But if T denotes the constant horizontal tensiua iji a riini<^ulRi' 
polygon, the conditions of ita equilihrinm are 

P P> 

tanfl„— tan9„= -^j tan fl„— tanSj3 = -^; &c. 

Theee conditionB are satisfied in the polyy;oii a^a^,...a^ on the 
sappoeition that the horizontal component of tension in it = wT"; 
and it is axiomatic that if internal forees can preaene equilihrium, 
they will 

Of course all the ordinatea (and not merely those through the 
vertices) of the derived polygon are proportional to the corresponding 
ordinatea of the original. 

36. Show that the last esample enables us to construct for a given 
parallel system of forces a funicular polygon whicli shall pass through 
three given points. 

(A solution of this problem for any system of forces will be given 
in a subsequent chapter.) 

37. Given the base, NS (Fig. 36), of a triangle JfJPS, and also 
the sum of the cosines of the base angles, 
SJVF and NSF ; let the curve locus of P 
be constructed. Prove that if 0, particle 
be placed at any point of the curve and 
acted on by two forces, one repulsive from 

N and equal to --,-=r-„> and the other hI- 
tractive towards S and equal to ^pji 

the resultant force is, at every position of ^'^ ' 

the particle, directed along the tangent to the curve. 

N.B. — Tins curve is called the 'Magnetic Curve,' being one of those 
in which small iron filings would arrange themselves under the influence 
of a fixed magnet whose poles are ^V and S. 

It is to be observed that each little piece of iron is a magnet, 
having tiro poles at its extremities, and that it must therefore set at 
the point, P, where it is placed, in the direction of the resultant force 
on either of its poles. 

38. Prove that the line of action of the resultant force of a magnet 
a magnetic pole at P divides NS externally in the ratio jV/^ ; SP^, 

39. Iron filings are sprinkled over a sheet of paper on which a 
magnet rests ; pi-ove that all those filings which dip towards the same 
point on the line of the magnet lie on a circle (neglecting their mutual 
actions). 

40. In ex. 30 show that the position of the ring may be thus 
found ; let CD {= d) be the diagonal of the parallelogram whose sides 
are CA, CB; let CA = h, CB ^ a, CO = r, ZOCD = <t>, e = Z be- 
tween Ci) and bisector of /C; then 

fl6sin2(<^-0 = niflin</>. 
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CHAPTER III. 

THE EQUILIBRIUM OF A PARTICLE ON PLANE CURVES. 

Section I. 
Smooth Curves, 

37.] Smooth surfiEtoe. When a body is placed in contact with 
a surface, it is evident that, in addition to the given forces acting 
on the body, there is a certain force produced by the surface — 
the force, namely, which the surface exerts to prevent the body 
from passing through it. This force is called the Reaction of 
the surface. Now, the surface being supposed to be rigid, there 
is evidently no limit to the magnitude of the force with which it 
is capable of reacting ; but the direction of the force depends on 
the nature of the surface itself. If the surface be perfectly 
smooth, it can react on any body in contact with it only in the 
direction of the normal to the surface at the point where the 
body is in contact with it. Thus (Fig. 37), if a body, 3/, acted 

on by any given system of forces, 
be in contact at a point with 
a smooth surface, AB^ the force 
which this surface exerts on the 
body takes the direction, ON^ of 
the normal to the surface at the 
point of contact, 0, and its mag- 
Fig. 37. nitude will be such as to destroy 

the effect of all the other forces 
acting upon M, To the magnitude of the reaction, -K, there is 
no limit ; so that if each of the other forces acting on M were 
increased 100 times, for example, the surface would react with a 
force equal to too 5 ; but the direction of R is strictly limited to 
that of the normal. We may, then, define smooth surfaces thus — 
When two smooth bodies are in contact ^ their mutual reaction is 
norraal to the surface of contact. 




NORMAL TO A CUKVE. 
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Fig. 38. 



38.] Example. If P (Kg. 38) is a heavy particle whose 
weight is W, pLiced on a smooth spherical surface whose vertical 
diameter is AB, what ia the positinii of equilibrinm ? 

Here tbe forces acting on P are only two 
in number — namely, its weig'ht, W, and R, 
the reaction of the smooth surface. Now, 
this reaction takes place in the direction of 
the normal, PO, to the sphere at P\ and 
since the particle is in equilibrium under 
the action of only two forces, these must be 
e^ual in magnitudej and act in opposite 
directions. Hence, since 7'^acts vertically, 
PO must be a vertical line ; that ii, P must 
be placed at A, the lowest point of the 
sphere, or outside the surface at B, the 
highest point. 

"W^hatever bo the smooth surface on which the particle is 
placed, it is evident that the points on it at which the particle 
will rest, under the influence of its weight and the reaction alone, 
are points the normals at which are vertical lines. And, gene- 

A jtariiele will rest at those poinis of a smooth surface at wiieli 
Ihe normal coincides with the direction frf the remdtant of all the 
farces acfing on the particle. 

39.] Mormal to a Curve. The uormaL to a curve at a given 
point is not, like the normal to a surface at a given point, a 
definite line, but is ani/ Vnie whatever in the plane perpendicular to 
the tangent at the point. 

Hence, for the equilibrium of a particle placed inside a smooth 
tube of any form, the resultant force on the particle need not act 
in a given right line, but must act in a given plane — namely, the 
plane which is normal to the 
tube at the point whete the 
jKirticle is placed. Thus, for 
example, let AB (Fig. 39) be 
a smooth tube of any form, 
and let i* be a particle placed inside it. If we imagine a string 
attached to P, coming out of the tube through an opening at P, 
uhich is not sufficiently large t<i allow P to come out, it is 
evident that we may pull at P with any force however great 



Pig. 39. 
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in the plaiie normal to the tul», and in all directions round i* 
and the equilibrium of the particle will not be diatnrljed. But 
if we incline the string ever so little to the normal plane at P, 
motion will ensue alonff the tube. 

40.] Plane C3urve. lu the present chapter we shall con- 
sider only plane curves, i.e., curves which lie altogether in one 
plane. 

Moreover, when a particle ia placed on a curve, and acted on hy 
given forces, we shall suppose that all the forces act in the plane 
of the curve. 

Now, it is evident that the only effect which a cui-ve produces 
on a particle placed upon it is a normal reaction of some definite 
magnitude. If, then, we produce uj>on the particle, by any other 
means, a force identical with this reaction, we may dispense with 
the curve altogether. This being so, if we call the reaction of 
the curve B, we may suppose the particle acted upon by all the 
given forces, and also by a new force equal to E, this latter 
acting in the direction of the normal to the curve. Thus, the 
case is the same as that treated in the last chapter — namely, the 
equilibrium of a particle act«d upon by any number of forces in 
one plane ; and in writing down the equations of equilibrium, 
we shall merely have to include the new force R among all 
the others. 

41.] Oraphio Solution of Equations. It often happens that 
a position of equilibrium is defined by two angles for which two 
equations are given. The equation for either variable which 
results from eliminating the other may be one of high degree, the 
approximate solution of which by the methods of the Theory of 
Equations would be very troublesome. In such cases it is often 
possible to obtain a solution sufficiently accurate for practical 
purposes by constructing curves corresponding to the equations 
and taking their points of intersection. For this purpose a box 
of mathematical instruments is required. 

A few illustrations of the method, as well as some examples 
of frequent occurrence, are here given, but in numerous instaocee 
of like character, which will present themselves subsequently, the ■ 
student must exercise his ingenuity in obtaining graphic solutiMU J 
for himself. 

(o) If A and B are two fixed points and P a variable poinJ 
whose position is defined by the angles PA£ (—6) 'ind PS^ 
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^= tf>), what locus ia represented liy the equation 

acot{d-a) + 6<toi(<p~p) = e, 
where a, i, c, a, ^ are constants ? 

It will be easily found that it denotes, in general, a conic 
circumscribing the triangle ASC, where C ia determined by 
drawing AC making /. CAB = a, and £C making Z CBA = fi. 

But if a cot o + i cot ^ + c = 0, it will be found that the 
equation represents a right line, the conic becoming the product 
cf this line and Ibe line AB itself. 

In particular, a cot + i cot ij> ^ c denotes a right line, which is 
eonstmcted by producing ^fi to i>, so that AB:BD = b—a:a\ 
and at J) drawing the line DC, maMng the angle 

CBB = coi^^ r-^ ' 

(^) With the same meanings of d and <^, construct the locus 
^presented by the equation 

a cos fl + 6 cos 1^ = c. 
With the points A and .B as ^^ 

mtrcB describe two circles, S and 

?.40)of radii --J£and-.^A 
Bctively. Draw any common 
inate ^ZQ meeting them in L 
md N; then the lines A£ and £N 
Bttersect in a point, P, on the re- 
i locns ; for 
AQ+QB= AB, 01- 

AL.coB B + BN. cos <l> = AB, or 
-• AB cosO + ~ • AB cos <ti = AB, 

rhich is the given equation. 
By dmwing an indefinite number of lines, such as jVQ, perpen- 
mlar to AB to cut both circles, we determine as many points 
a we choose on the curve, which is represented in the figure by 
(ikhe thick line. 

In the particular case in which a = 1/ the locus is the Magnetic 
f'Ci'ffe {p. 51). 
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(y) To find and <f> from the equations 

— — ;, + -; — 7 = c and cos = k cos d>. 
Bind ein<t> 

where a, b, c, h are constants. 

Take two points, A and B (Pig. 41), such that AB = a + j; 
take AO = a, OB = J, and draw OB perpendicolar to AB ; with 
A as centre and c as radios describe a circle ; draw any radius, 
ACy of this circle, meeting OB in L ; inflect BJ equal to LC\ 
then P, the point of intersection of AC and J?/, is a point on 
the locus, the angles Q and <^ being ALO and ^/O, respectively. 
The full curve represents half the locus, there being a similar 

portion below AB. 

Also the equation cos Q — k cos <^ gives 

\j .... ^ sin TAB = /t . sin P5^, or FB^k. PA, 

y^ 1^'*^ ^ ^^^^ ^^® locus representing this 

/^. ' P^X equation is a circle whose diameter is 

ji/::C .\j5 the line joining the points which divide 

^ AB internally and externally in the 

^' ^^' ratio 1 : h The values of Q and <^ 

which satisfy both equations are those belonging to the points 
of intersection of this circle and the previous curve. 
(6) To find Q from the equation 

a sin ^ + i cos ^ = <?. 

We may, of course, form a quadratic for either sin Q or cos ^, but 
when «, h, c ai'e numerically given, this method would often be 
very troublesome. 

Divide out by a, and put - = tan a ; multiply by cos a, and 

we ffet . //, \ <? 

° sin(0 + a)= -cos a. 

^ ' a 

The angle a is known from a table of natural tangents, so that 
this last equation gives at once. 

As a numerical example, let it be required to find the inclina- 
tion of a smooth plane on which a mass of 7-5 kilogrammes can 
be sustained by an up-plane force of 2-4, and a horizontal force of 
3«6 kilogrammes' weight. The equation for i, the inclination, is 

7*5 sin i — 3*6 cos i = 2-4. 
Dividing out by 7-5, and looking in the tables for tan~^ _L , 
we have sini-cos i tan (25° 38' 28") = .32. ^'^ 
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Multiplj-ing l)y cos (25° 38' 28"), we have 

ain (i- 25° 38' 28") = -2884871 = sin (16' 46' , 
.-. ( = 42° 24' 31". 

KXAUFLES. 

1. A heavy pnrticle is placed on a smooth inclined pli 
(Fig. 42), and ta atistaiued by a force, F, which acts along AB 
vertical plane which is at right 
angles to AB ; hud F, and also the 
pressure on the inclined plane. 

The only effect of the inclined 
plane is to produce a normal re- 
action, i^, on the particle. Hence, 
if we introduce this force, we 
may imagine the plane removed. 
Ijet W he the weight of the par- 
ticle, and i the iuclination of the 
plane to the horizon. 

Kesolving the forces along AB, 





Fig.-l 



F~ W%i 



- 0, 



)r ^'^ I 



and, 



living perpendicularly to AB, 

K~Weoai= 0, or .R = 

■ example, the mass of the partici 

lination of the plane 30°, there v 



If. 



i 4 gruromes and the 
lal pressure of 2V'3 



, and the force F will he 2 grai 



grammes' weight c 
weight. 

2. In the previous example, if F act horizontal ly, find its magni- 
tude, and hIso that of R. 

Eesolving along AB, and perpendicularly to it, we have, successively, 
/'coat-TI''aini = 0, or l'=IFtani; 






-R = 0, 



R is therefore in this cafe greater thii 
evident a priori. 

3. If the particle is sustained hy a force, 
F, making a given, t'ngle, d, with the in- 
clined plane, find the magnitude of this 
force, and of the pressure, all the forces 
acting in the same vertical plane. 

Eesolving along the plane (Fig. 43), 

/■cos 9- IT Bin 1 = 0, or F= ^ ^'~ ; 
and resolving perpendicularly to the plane, 
E+Fsia.d~Wcmi = 0, .■.E = 



sufficiently 





a 
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The student will, of course, observe that these values of F and R 
could have been at once obtained, without resolution, by the equation 
(a), p. 15. 

4. A heavy particle, whose weight is fT, is sustained on a smooth 

W 
inclined plane, by three forces applied to it, each equal to — ; one 

«5 

acts vertically, another horizontally, and the third along the plane 
(Fig. 44) ; find the inclination of the plane. 

Since we do not require the value of i?, the pressure on the plane, 
we shall resolve forces at right angles to Ry that is, along the plane. 
Hence 

— -siut+ -ir-^-iz cost— IT sin t = 0, 
3 3 3 

or 2sint = 1 + cost, .*. 2 sin — cos — = cos^ - • (1) 

If we reject the fector cos — ? for the present, we have 

, '■ 1 

which determines the inclination. 

Now the expulsion of the factor cos— firom equation (1) amounts to 

rejecting the solution 

• 

t 

cos - = 0. 

But in this, as well as in many phy- 
sical and geometrical problems, such a 
solution ought not to be rejected, unless 
it is shown to be irrelevant to the ques- 
tion. So long as our equations are 
'perfect interpretations of the physical 
or geometrical conditions of the pro- 
blem, no factor can furnish an irrelevant 
solution. It is only when an equation expresses more or less than 
is implied in the given conditions that irrelevant factors can present 
themselves. Instances of these factors frequently occur in the opera- 
tions of Algebra and Analytic Geometry — as, for example, when we 
i-ationalize an equation by the process of squaring. If, before this 
process, the square root of a quantity was affected with a vainua sign, 
this sign will be indifferent in the rationalized result, and this latter, 
consequently, expresses inore than was contained in the original 
equation. Hence it may happen that the result will furnish us not 
only with what is relevant, but, in addition, with what is wholly 
irrelevant. 

In the present instance the equation cos k* = ^ would give the in- 
clination of the plane = 180°, and the figure would then become Fig. 
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45, iu whicli the particle ie placed imdemeath tlie plar 

way that equilibrium ie mamfestly 

impossible. 

Kence it appeare as if the equa- 



e wholly without 



A littlo reflection, however, will Fig. 45. 

show that it is quite relevant. For 

equation (1) is merely the analytical expreEaion of the physical con- 
dition that the component of the acting forces aloTig the plane shall be 
zero, the reaetion of the plane beings presumed to aasuine such a value 
as to render the total component of force equal to zero iu the normal 
direction. Now it is not enough /or equilibrium that the component 
along some one line shall be zero ; for this, the component along 
some other line mnst vanish as well. Hence our result does not 
express the complete condition of the particle's equilibrium, but 
merely a part of that condition ; and each of the equations 






1 



- = 0, 



expresses perfectly all the physical conditions contained in (1). For 

W 
when the inclination is 180 , the force — which acted along the iii- 

clinetl plane becomes a horizontal force opposite to the given hori- 

ir H' 

zontal force — ; and the vertical — furnishes no component along the 

plane. But in this position the normal force should consist of a pull, 
i.e., either the particle should be placed on the otlier side of the plane, 
or the plane should be replaced by a rod to which the particle may be 
attached hy a small ring. 

The magnitude of ^ is - W. 

5. A heavy particle, /"(Fig. 46), is pli 
tube whose axis is rertical, and is acted 
upon hy a horizontal force, F, equal to 
;ii'J/,7'J/ being the ordinate of the point 
P ; find the position of equilibrium. 

Hero the forces acting are W, the 
weight of the pai-ticle, R, the normal 
reaction of Ihe tube, and F, Wc sliall 
obtain an equation between F and W, 
without R, by resolving along the tan- 
gent at F. If 9 = angle between the 
tangent at P and the vertical, ^^S- 4^. 

Wcose = FBm0= (ii/. sin 6. where 3/ = PM. 

Hence, for tlie [losition of equilibrium, letniiiing the factor C 
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But if the equation of the parabola is y* = 4 ma?, tan Q = Hence 

the equation is cos ^ ( TT- 2 fi w) = 0. (1) 

This equation of equilibrium can be satisfied in two ways. Firstly, 
we can have ^^ Qz=z^, (2) 

or =z —y which gives the vertex of the tube as the position of equi- 

librium. This position is a 2^ori evident, since the particle would 
at the vertex be acted upon only by its weight and the reaction of the 
tube, the force F here being = 0. 

Secondly, the equation will be satisfied if 

Tr-2ftm = 0. (3) 

Now, this is simply a relation between the constants of the problem, 

and gives no value of — that is, no definite position of equilibrium. 

In fact, if the equation (3) is satisfied, (1) will be satisfied, no matter 

W 
what 6 may be. The result, then, is as follows : if /i = — , the par- 

tide will rest in all positions ; and if this relation does not hold, the 
vertex is the only position. 

It is well for the student to observe that fx is here the quotient of 
a force by a line, the force being expressed in the same units as those 
of Wy and the line in the same units as those of PM. For, since 
we have put F =^ ix FM, if Q is a force in the same units as those of 
TT, and I a line in the same units as those of PM, it is clear that 
the proper representation of F would be something of the form 

6. A heavy particle, resting on a smooth inclined plane, is attached 
to a string which, passing over a smooth pulley, sustains another 
heavy particle : find the conditions and position of equilibrium. 

Let W be the weight of the particle on the plane, P that of the 
hanging particle, and the inclination of the string to the inclined 
plane in the position cf equilibrium. 

For the equilibrium of the particle on 
the plane, we have, resolving along the 
plane (since the tension of the string = 

Q ' TTsin t = P cos ^ ; 

> /t W' sin t 

.-. cos = 




p 

In order that there may be a position 
of equilibrium, this value of cos must 
be < 1, .*. TFsin i must be < P. 
Explain the result when P z= W. 
Fig. 47. ' 7. Three particles, whose masses are 

TWj, Wj, mg, are placed at three points, J, 
B, C (Fig. 47), inside a smooth circular tube ; they attract or repel 
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each other with forces directly proportional to their maaaea und their 
distances ; find the position of equilibrium of the system. 

Consider the equilibrium of jWj at A. It is aefed upon by two 
forces proportional to rn^AB and m^AC, in the directions AB and 
AC. The resultant of these must he normal to the tube at A. But 
(Cor. 2, p. 21) the resultant acts towards a, the centre of gravity of 

mj and m„ and if is tlie centre, OB = OC. Hence ^^ = '^ ; and. 



by considering the equilibrium of B, we have -; — = 



Therefore 

i/:daz = m,:tn^:m,. Also x+y+a =Tr; therefore x, y, 
! the angles of a triangle whose sidea are proportional to 
nd wi, . These angles beiug known from some such equations 

: ' ' — — ^i &c., the relative positions of the particles 

Qtre, 0, of the tube la the centre of 



are at once determined. The 
gravity of the particles. 




. Two Bmoott heavy rings, A and C {Fig. 48), slide on two rods 
B inclined to the horizon at angles * and i' ; a string con- 
LDg A and pusses through a smooth heavy ring, B. Find the 
iSition of equilibrium. 

Let the weights of A, B, C, be P, If, P', respectively, and let R 

I A' be the reactions of the rods on A and C. Construct tiie force- 

1 of the system by drawing Om from an arbitrary origin, 0, 

allel and proportional to Hf and mn parallel and proportional to 

i then on will ba parallel to BC and proportional to the tension in 

Drawing again np parallel and proportional to W, Op will Iw 

il U> BA, and represent its tension. Finally, if pj repi-esents 

will represent R. Since the tension in ABC ia constant. 

On = Op; .'. a perpendicular from on my bisects wp. The length 

of this perpendicular is, on the one hand, (mn -)- ^ n^i) tan t", and on 

the other, (j>q + 1^ jyi) tan i. Hence, equating these, we have 

(P- + J n-) tan i' = (/" + 4 IF) tan i. 
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This is a relation between the constants of the problem, and it there- 
fore constitutes a condition that equilibrium should be at all possible. 
If this condition is fulfilled, there will be an infinite number of posi- 
tions of equilibrium. For if ^ is the angle which the string BC makes 
with the vertical, we have from the force-diagram 

tan B = — — tan i'; 

and it can be easily proved that if the two rods are taken as axes 
of X and y, the locus of j9 is 

05 sec (^ — t') + y sec (^ — t) = Z cosec (t -f- 1'), 

which is a given right line. 

9. Two heavy rings, whose weights are P and P' (Fig. 49), rest on 
the circumference of a smooth vertical circle, and are connected by a 




Fig. 49. 



weightless string on which a heavy ring, whose weight is Q, slides 
freely. Find the position of equilibrium. 

Construct the force-diagram. Let 6 and Q' be the inclinations of 
the radii CA and CA^ to the vertical, and let </> be the inclination 
of the portions of the string AB and BA' to the vertical. 

The force-diagram then gives the statical equations 

(| + P) tan ^ = (| + i^)tan ^. (1) 



( 



^ + P)tan^ = -|tan^. 



(2) 



To these must be added the geometrical equation which connects the 
length, \ of the string with the radius, a, of the circle. 

Since the horizontal projections of the broken lines AG A' and 
ABA' are the same, we have 

a (sin ^-hsin $^ = I sin<^. (3) 

Equations (1), (2), and (3) are sufl&cient.to determine the unknown 
angles 6, $^, and <^. 



10. A body, wLose mass is 10 kikg-anoe 
smooth inclined plane by a force of 2 k I g 
iiloDg tlie plane and a horizontal force of 5 k 1 gi 
the iDcliuation of the plane. 



supported on a 
veight acting 
weigiit ; fin<l 



■(I)- 



11. A henvy body is guatained on a smooth inclined plane (inclina- 
tion i) by a force P actin;;; along the plane, and a horizontal force, Q. 
The inclination being halved, and the forces .P and Q each halved, 
the body is still observed to rest ; find the ratio of P to Q. 

12. A mass of 10 kilogrammes is to be sustained on a smooth 
inclined plane of 25° inclination by a horizontal force of 5 kilogranimea' 
weight and a force nnknown in magnitude and direction ; determine 
this force in both respects so that there shall be a normal pressure of 
2 icilogrammeB' weight on the plaue. 

Ans. The force = 9-07 kilogrammes' weight, aud it makes an 
angle of about 1° 54' with the normal, having a dovrnward component. 

13. Find the inclination of a smooth inclined plane if a mass of 
24 kilogrammes resting on it is sustained by a horizontal force of 7 
find a force of 16 kilogRimmes' weight (of unknown direction), while 
the normal pressure is v, force of 16 kilogrammes' weight; find also 
the unknown direction. 

Ans. i ■=■ inclination of plane ^ 53° 53'. 

6 ■=. angle made by force with plane = 17° 28'. 

14. Find the inclination of a smooth inclined plane if a mass of 
20 kilogrammes resting on it is sustained by an up-plane force of 5 
and a force of 15 kilogrammes' weight of unknown direction, while 
the DotTual pressure is 2 kilogrammes' weight ; and find the unknown 

Ann. i = 49° 28'; = 47° 9'. 

15. Find the inclination of a smooth inclined plane if a mass of 
given weight, IF, resting on it is sustained by a given horizontal force, 
P, and a force Q of given magnitude but unknown direction, while 
the normal preaaure is a given force N ; find also the unknown 
direction. ^ 

Ans. If, for convenience, tan a is 



fory, 






\ 



,s (£-«) = 




Two maBSOB, F and Q (Fig. 50), rest 
on a smooth double-inclined plane, and are 



Fig. so- 
ittached to the extremities 
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of a string which passes over a smooth peg, 0, at a point vertically 
over the intersection of the planes, the peg and the masses being in 
a vertical plane. Find the position of eqnilibrinm. 

An8. If Z = the length of the string, and CO = %, the position of 
equilibrium is defined by the equations 

psina ^8in)3 cos a co8/3_ I 

cos 6 cos <^ sin sin<^ ~ A ' 

which belong to case (y), p. 66. 

1 7. Two masses, P and Q, hang from the circumference of a smooth 
vertical circle by two small rings connected by a string which lies 
along the convex side of the circle. Find the position of equilibrium, 
and show that the heavier mass will be higher up on the circle than 
the lighter. 

Ans, If the radius of the circle drawn to P make an angle B 
with the vertical diameter, I = length of the string, and a = radius of 
the circle, the position of equilibrium is defined by the equation 

Psin^ = esin(--^), 

6 being circular measure. 

18. Show, by considering the equilibrium of P and Q (in the last 
example) as one system, that their centre of gravity lies in the 
vertical radius of the circle. 

19. Two rods are fixed in the same vertical plane at inclinations a 
and fi to the horizon ; two rings, whose weights are P and Q, are 
connected by a string of given length and placed one on each rod ; 
find the position of equilibrium. 

Ans, If P is placed on the rod of inclination a, the inclination, 
6 J of the string to the vertical is given by the equation 

{P+Q) cote = P cot^-C cot a. 

20. Two heavy rings, P and Q, connected directly by a string of 
given length, rest on a smooth circular wire fixed in a vei-tical plane; 
find the position of equilibrium. 

Ans, If 2 a is the angle subtended at the centre of the circle by 
the string, the inclination, 0, of the string to the vertical is given by 
the equation (p ^ ^) ^ot 0=:{P^Q) tan a, 

21. Two heavy rings, P and Q, connected directly by an elastic 
string whose tension is proportional to its length *, rest on a smooth 
circular wire fixed in a vertical plane ; find the position of equilibrium. 

Ans, If G is the magnitude of the tension of the string when the 
string is stretched to the length of the radius of the wire, construct a 
triangle whose base and two sides are respectively proportional to 



* The student will afterwards see that this would be the case if the natural 
length of the string were so small as to be negligible in the problem. 
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— ^-) P, Q. Then ihe base anglea of tliis triangle are those miide 
with the vertical by the radii of the wire drawn to the lings. 

22. A laasB W is huiig from a amall ring which can slip over a 
emooth circular wire fixed in a vertical plane ; the ring is also tied to 
a string which, psssing as a chord of the circle over a fixed peg at 
the top of the circle, sustains a given mass P; find the position of 
equilibrium and the presanre on the circle. 

AriB. If 6 is the angle made by (be radius drawn to the ring with 
P 
the vertical, sin ^0 ^ ^-r-- ; and the normal pressure ^= W. 

23. In the same vertical plane are fixed a smooth rigid circnlar 
wire and a smooth rigid rod ; a heavy ring A slips along the circle, 
and another, S, slips along the rod, these rings being connected by a 
string of given length ; find the position of equililjrium. 

Ana. If r = radius of circle ; I = length of string AB; p := per- 
pendicular from centre of circle on rod ; P and Q ^ weights of rii^s 
A and 5, respectively; ^ angle between radius drawn to ^ and 
perpendicuhir to rod; ^=^ angle between J fi and perpendicular to 
rod ; i ^ inclination of rod to horizon, then we have 
rcosa + i;coa^=^y, 
(2cot(0-!) + {/' + <?)cot(^ + t) = Z'coti". 
Tlie second helonf^s to the rectilinear case (a) of p. 54, so Ihut 9 
and <t> can be constructed from cases (a) and (/i). 

24. Two verj smjll rings, A and £, capable of slipping along the 
circumference of a smooth circular wire fixed in a vertical plane, 
have masses P and Q suapended from thera ; the 
to the extremities. A, B, of a string ACB which 
fixed at C vertically over the centre of the circli 
of equilibrium 

JmjT. Let I = length, ACB, of string ; CA 
we have 

-_9i r'- — 
^~P+~Q' P + Q' 

25. Two masses rest on the convex side of 
a parabola whose axis is vertical, and are con- 
nected by a string which passes over a snioolh 
peg at the focus; show that equilibrium is im- 
possible unless the weights are equal. 

26. Two masses, P and Q {Fig. gi), rest 
on the concave side of a parabola whose axis 
is horizontal, and are connected by a string 
which passes over a smooth peg at the focus 
F. Find the position of equilibrium. 

Ana. Let I ■= length of the string ; 8 ■= 
the angle which FP makes with the axis ; im 
VOL. 1. F 




66 EQUILIBRIUM OF A PARTICLE ON PLANE CURVES. [4I. 
the parabola ; then 



F /l-2m 

cotr = 



r-V" 



2 Vp*+q* V « 

27. A particle is placed on the convex side of a smooth ellipse, and 
is acted upon by two forces, F and F\ towards the foci, and a force, 
^'', towards the centre. Find the position of equilibrium. 

An8. If r = the distance of the particle from the centre of the 

curve ; b = semi-axis minor ; and n = — =^ ; then 






28. A heavy particle, P, is placed on the concave side of a smooth 
vertical circle whose lowest point is A and highest point B, If the 
particle is acted upon by two forces, in the directions AF and BP, 
equal to ftjBP, and fJ-AF, respectively, find the position of equi- 
librium. 

Ana. Let W = the weight of the particle ; 6 = the angle made 
with the vertical by the radius to P; a = the radius of the circle ; then 

tan^=:-^. 

29. A particle, P, is acted upon by two forces towards two fixed 
points, S and /T, these forces being -^ and -77^ > respectively; pro?e 

for Uir 

that F will rest at all points inside a smooth tube in the form of a 
curve whose equation is 8F , FII = 1^^ k being a constant. 

30. A particle, 7', is placed inside a smooth circular tube, and 
acted upon by two forces towards the extremities, A and By of a fixed 
diameter, AB\ the forces are respectively proportional to FA and 
FB : prove that the particle will 1 est in all positions. 

31. Two masses, F and Q^ connected by a string rest on the convex 
side of a smooth cycloid. Find the position of equilibrium. 

Ana, If 1 = the length of the string, and a = radius of generating 
circle, the position of equilibrium is defined by the equation 

. Q I 

'^^2=PTQ-4^' 

where 6 is the angle between the vertical and the radius to the point 
on the generating circle which corresponds to F, 
[The string is supposed to lie along the curve.] 
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Section II. 



Rough Cw-rve». 

\ 4S.] Friction. The curves and surfaces which, we have hitherto 
msidcrcd were supposed to be incapable of offering resistance in 
r other than a normal direction. Sueh curves and surfaces, 
wever, exist only in the abstractions of Rational Staties, and 
B not to be found in nature. Every surface in nature poBsessea 
Bertain degree of roughness, in vu'tue of which it resiats the 
ing of other surfaces upon it. 

Now, there are two ways in which a surface may resiat a 
f motion. Firstly, it may posBess email inequalities which 
\ as f^ed obstacles to sliding ; and, secondly, there may exist 
^adhesion between its substance and that of another body in 
ptact with it. In virtue of inequalities, the two surfaces get 
erlocked, and an effort to cause one to slide on the other causes 
Q in each o£ the surfaces, the force which resists this sliding 
> called lYietiQu. Rankine {JjipUed Mechanics, p. 209) dis- 
juishes adhesion from friction on the ground that adhesion 
ween two surfaces is independent of the force by which they 
( pressed together, and is analogous to aheanng iires^, i.e., to 
k force (called cohesion) which resists an attempt to divide a 
i by causing one part of it to slide on another. 
pAt the same time he holds (ilechanical Text-Book, p. 153) that 
1 is a kind of shearing stress, and this view gives probably 
|) most real and vivid conception of its nature. 
■ 43.] Iiawa of Friction, Experiments made by Coulomb and 
Morin have established the following laws of friction :— 

1°. The tangential force necessary to establish the beginning 
of a sliding motion is a constant fi'action of the normal pressure 
between the two surfaces in contact. 

2°. With a given normal pressure, the tangential force neces- 
sBTj' to establish the beginning of a sliding motion is independent 
of the extent of the sorface of contact. 

Subsequent experiments have, however, considerably modified 
the first of these laws, and shown that it can bo regarded only as 
an approximation to the truth. If jV be the normal pressure 
between the bodies, F the force of friction, and ^ the constant 
ratio of the latter to the former when clipping is about io entue, 
we have F= fiN. (a) 
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The fraction p. in this equation ia called ///e coejfficient of frhliun . 
itnd if the firet law were true, fi would be strictly coQstaDt hi 
the same pair of bodies, whatever the magnitude of the normal 
pressure between them might be. This, however, is not ibe 
case. For great diiferenceB of normal jiressure there are eon- 
siderable diSerences in the value of fi. When the normal presanrp 
is nearly equal to that which would crash either of the surfaces 
in contact, the force of friction increases more rapidly than thr 
normal pressure. Kquation (a) is nevertheless very nearly true 
when the dill'erences of normal pressure are not verj' great, and 
in wliat foUowH we shiiil assume this to be the eaec, 

44.] Causes which Modify the Goefflcient of Friction 
Ii"riction being a force called into play by tbe mutual action nl 
two bodies in contact, /i depeufls on the particular pair of bodie- 
in contact, and is not a quantity pertaining to any one body hv 
itself. Moreover, it varies for the same two bodies according »-^ 
the state of each body varies. Thns, it is not the same for iron 
and dry oak, as for iron and the same piece of oak with ii 
moistened surface. Neither, again, is it the same for two piet'e? 
of wood when their fibres are parallel as when they are perpen- 
dicular. In fact, when great accuracy is required, a special vx- 
periment should be made to ascertain the coefficient of friction 
between two bodies which in any case are to act upon and sustaia 
each other. Tables of the coefficient of friction between bodies in 
specified states are to be found in mowt practical treatises on Stalie? 

45 .] Independence of the Extent of the Borface of Contact. 
The second law of Friction may at first sight appear atrange: 
but a little reflection will remove objections against its truth. 
If the total normal pressure between two bodies be N, and the 
area of the surface of contact S, the pressure per unit of area 

(which is called the intensify of pretture) is ■„■ ■ If now, while the 

normal pressure remains the same as before, the surface of conta 

N ... 1 

is doubled, the pressure per umt of area is only —1 which is jm 

half as great as before. Hence, thongh the ai 
friction acts is doubled, the intensity of pressure is halved ; 
it is consistent with common sense that the friction per nnitd 
area should be halved also. Thus, on the whole, the same t 
tangential force is required to set up sliding in both c 
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46.] AotiiB,! Magmtudes of CoefiicieiitB of Friction. It ie 
well that the student th-Oidd have some notion of the actual magni- 
tudtB of coeiRcieiit.s of Iriction betwetn bodies. For this purpose 
he should look at a table of theso eoefficienta. Practically there 
ie no observed coeffietent much greater than 1. In Rankine's 
table the coeflStient for damp clay on damp clay is given as 1-, 
and that for shingle on gravel is at the most 111. Most of the 
ordinarj- coefficients are less than ^. 

47.] Other Coefficients of Priotion. It is found by ex- 
periment that the friction which resista the heffinning of sliding 
is greater than tiiat which resists its conlinna/iee. Again, the 
resistance which is opposed to the rolling of one surface on 
another is distinguished by the special name of 'Rolting Frieiiou, 
bat it would more properly be called Resistance to Rolling. 
At present ne shall limit ourselves to the couidderation of 
the friction of the beginning of motion which ia expressed 
by the equation „ _ ,, 

48.] Beaction of a Bough Curve i 

(Fig. 53) be a rough curve or surface \ 

particle on it; and suppose the 

forces acting on P to be confined 

to the plane of the paper, let 

N ^ .^.^1 — the normal resistance of 

the surface, acting in the normal, 

PN, and F= the force of friction, 

acting along the tangent, FT. 
The resultant of N and f is a 

force which we shall call the Total '®' ^^' 

Reshtanne of the surface. It is represented in magnitude and 

direction by the line PR = R, which is the diagonal of the 

parallelogram determined by A" and F. We have seen that the 

total resistance of a smooth surfiice is normal ; but this limitation 

does not a]iplyto a rough surface. The angle, 1^, between R and 

the normal is given by the equation 
F 
^ N' 

Hence, <fi will be a maximnm when the force of friction bears 
) greatest ratio to the normal pressure. But this greatest 

llitio is what wo have called the coefficient of friction, ji, ; and 



• Sur&co. Let Ali 

1' the position of a 




tan* = ^ 
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this ratio is attained when the particle is just on the point of 
slipping' along the enrface. Therefore the greatest angle hy which 
tlie Total Resistance of a rotigh curve or surface can deviate from the 
normal is the atigle whose tangent is the coefficient of friction for the 
bodies in contact ; and this deviation is attained when slipping is 
about to commence, 

49.] Angle of Friction. The angle between the normal and 
the total resistance of a rough surface when slipping is about to 
take place is called the Angle of Friction. It is sometimes called 
the Angle of Bepose, We shall throughout denote it by A ; and 
if fi is the coefficient of friction, 

tan A = /x. 

50.] Experimental determination of /x. Let * P be the posi- 
tion of a heavy particle, whose weight is W^ on a rough 

plane, AB^ whose inclination is gra- 
dually increased until P is on the 
point of slipping down. Consider the 
equilibrium of P in these circum- 
stances. It is acted upon by two 
forces, namely, its weight, W^ and 
the total resistance, 72, of the plane. 
For equilibrium these forces must be 
^^' ^^* equal and act in opposite senses. 

Hence R acts in a vertical line ; and since slipping is about to 
take place, the angle between R and the normal, PN^ to the 
plane must (Art. 48) be equal to A, the angle of friction. But 
the angle between the vertical and PN is also equal to the 
inclination of the plane to the horizon. Hence the inclination 
of a rough plane on which a particle, acted upon solely hy its oum 
weight, is just about to slip, is the Angle of Friction. 

This result might have been proved by the resolution of forces. 
Thus, if N be the normal pressure, the force of friction acting 
up the plane is [iN, since slipping is about to begin. Hence, 
resolving forces horizontally for the equilibrium of P, 

N ^mi — iiN cos i = 0, 
/' being the inclination ; or tani = /x ; .*. ^ = A. 




* P ought to be represented in the figure as having a yZa^ base in contact with 
the plane. The student will similarly correct all the subsequent figures. 
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Morin determiiied the (ioefficient of friction between two 
Bubatances by placing one on a fixe<l horizontal plane made of 
the other, and then measnring the least horizontal force which 
should be applied to the body resting on the plane to cause it to 
slide. The ratio of thia force to the weight of the body is the 
required coefficient of friction. 

51.] Iiimitation of the Total Besistanoe. Aa in the case of 
the resistance of a smooth curve or surface, there is no limit to 
the magnitnde of the total rcRistanee oi' a rough curve or surface 
—for the surfaces with which we are at present concerned are 
supposed to be capable of resisting penetration to any extent — 
the only limitation to which the total resistance is subject being 
one of direcdon, and thia limitation is thus expressed : — 

TAe Total Renstance of a rough curve or surface, though ««- 
reiiricted in taagnitude, can jiever make with the nonaal an angle 
greater than the angle of friction corresponding to the two bodies in 
contact. 

Within thia limit, the total resistance can assume any magni- 
tude and direction, so that we at once deduce the following 
important principle ■■■ — 

If the Total Resistance ea-n maintain 
rguilibrium, it will do so. 

Thus, let P (Fig, r^^) be a heavy par- 
ticle placed upon a rough plane whoae 
inclination is less than A, the angle of 
friction. Then it is clear that, to keep 
P at rest, the total resistance, R, has 
only to be equal and opposite to W, the Pi . 

weight of P. 

But, drawing PQ, making the angle of friction. A, with the 
normal, PN, we see that the direction of R falls within the 
preficribed limit ; and therefore the equilibrium will subsist, no 
matter how great W^ may be, for there is no limit as to the 
magnitude of R. 

52.] Limiting Equilibrium. A particle acted upon by any 
— |- ^rcts and placed upon a rough snrface is said to be in limiting 
mmUftilibrium when it is in such a position that the total resistance 
^|r the surface makes the angle of friction with the normal. In 
^'ftaeh a position if any slight change should occur in the circum- 
at-anoes of the particle, in virtue of which the total resiBtance 
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would be compelled to make a gK&ter anglo with tlie □onnal, 
et^uiUbrium could sabeiet no lon^r ; for tlie total resistance can 
never be inclined to the uormul at an angle greater than the 
angle of friction. Or we may put the matter thus. In every 
case the efjuilibriuni of a particle restricted to a rough curve 
or surface is broken only by some circumslance which compels 
the total resistance to make with the normal an angle greater 
than the angle of friction. The manner in which this is supposed 
to happen depends on the particular pjoblem. For example, let 
113 enquire into the circumstances of the equilibrium of a heavy 
particle, whose weight is If"', on a rough 
curve, XB (Fig- 55), whose lA&no ia 
vertical, the particle being acted upon 
by a horizontal force, F. 

The problem proposed for Eolntioa 
may be any one of the three fol- 
lowing:— 

(a) Determine the least horizontal 

'■ force that mil sustain a particle, oi 

a given point, P, of a given rough curve. A£. 

{b} Determine the point at which a particle, of weight W, 

will be just sustained by a given horizontal force, F, on a givea 

rough curve, AB. 

(c) Determine the least coefficient of friction that will allow 
a particle, of weight JF, to rest at a given point, P, of a curve, 
AS, the particle being acted on hy a given horizontal force, F. 

If PN be the normal at P, and PE be drawn making the 
angle of friction, A, with it, PH wiU be the direction of the total 
resistance, since, by supposition, the particle is about to slip 
down. All three problems are Bolved by the equation 

d being the inclination of the tangent at P to the horizon. 
But the manner in which equilibrium is supposed t« be 
broken is not the same in each of them. If, in the first case, 

F< }r tim (d — \), in the second, fl > A + tan~V-|T^) > and in th« 

/■ F\ 
third, k<d — tan-'(^-,pj , the particle will not rest at P. ThoB 

the equilibrium may be broken by — 
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^. (a) a slight change in some of the acting forces ; 
(i) a. slight change in the position of the particle ; or 
(c) a slight change in the nature of the supporting surface, 
i. e. a diminution of its roughness. 

If the particle is in limiting* equilihrium (i.e. if the total 
resistance makes the angle of friction with the normal to the 
supporting surface) it is evident that equilihrium will always be 
broken if the third of these changes occurs ; but it may not be 
broken by either of the others. Take, for example, a heavy 
liarticle placed on an inclined plane whose inclination to the 
horizon is the angle of friction. It is evident that any change 
may be made, either in its weight or in its position on the 
jilane, and equilibrium will still subsist ; for in neither case is 
the total resistance (equal and opposite to 7F) compelled to make 
with the normal an angle >A. 

In every case of equilibrium it is to be observed that the Force 
of Frzcfion (Art, 43) acts hi tie aenee opjtodte to that in which 
motion would etisiie if the bodiegin contact became gradually smoother, 
and this is the mle for determining the side of the normal at 
which the Total Kiesistance acts. 

53.] Friction in non-limiting eqiulibriam. The beginner is 
very prone to assume that, if yj, is the coefficient of friction be- 
tween two bodies, in evciy case in which one of these bodies rests 
against the other the force of friction is piJV, where N is the 
normal pressure between them. That this is not so he will 
easily see by considering the case in which a heavy piece of 
metal rests on a horizontal plane of wood, the coefficient of friction 
between the metal and the wood being, say, J, and no forces, 
other than its weight and the resistance of the plane, acting on 
the body. So far from the force of friction's being | of the normal 
pressure, the force of friction is zero, and will come into existence 
only when some horizontal force is applied to the body. The force 
of friction will always be equal to this horizontal force and will 
attain the value §^ only when slipping is about to take place. 

The changes both in magnitude and in direction which 
the Total Resistance between two rough surfaces in contact 
imdergoes while equilibrium changes from a state bordering on 
motion in one direction to a state bordering on motion in the 
opposite direction may be very simply illustrated by solving the 
following problem : — 
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A heavy body of weight IF is held on a rough inclined plane 
of inclination i by a horizontal force P; the force P being varied 
gradually from the value required just to sustain the body 
to the value required just to diag it up the plane, it is required 
to represent graphically the different magnitudes and direc- 
tions of the Total 
lU -^^^ ^^^c-^x^ fi^ / Resistance corre- 

sponding to the 
successive values 
of P. 

Let (Pig. 56) 
be the position of 
the body, and 
measure off a 
^^«- -'^- vertical line OW 

to represent the magnitude of //'. 

Then, for different values of P, the resultant of W and P will 
be represented by lines drawn from and terminating on the 
horizontal line WII, The Total Resistance of the plane on the 
body is, of course, equal and oj)posite to the resultant of P and W^ 
and it will therefore be represented by a line drawn from to a 
horizontal line, R^R^, drawn at the same distance above as 
the line WII is below it. 

Let ON be the normal lo the plane at 0, and draw the lines 
OB^ and OTPg making the angle, A, of friction with the normal 
at opposite sides of it. Let these lines be produced to meet the 
line IF II in the points r^ and r^. 

Then, for equilibrium, the resultant of P and W must be re- 
presented by some line between Or^ and Or.^. 

When the resultant of P and W is Oz-j , the Total Resistance 
of the plane is OR^ , and since this makes the angle of friction 
with the normal, the body is on the point of slipping down. 
When the resultant of P and W is Or^ , the Total Resistance is 
Oi^g, and the body is on the point of slipping up. 

The values of P which will just sustain the body and just 
drag it up are, respectively, 

»^tan {i-K) and /Ftan (e + A), 
as appears at once from the figure or by calculation. 

If P has a value between these limits, the Total Resistance, 
ORy will be intermediate between OR^ and OR.^, and the eqoi- 
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librinm will not be limiting, i.o, the body will not be on the 
poiut of slipping either up or down ; ajid the force of friction, 
which, is the component of R along the plane, will not be fi 
times the normal pressnre, except in the two states bordering' 
on motion. 

If P has the value Wtan i, which ia intermediate between its 
extreme values, the Total Resistance will be normal to the plane, 
and in this state there will be no force offricHon, exerted between 
the plane and the body. 

Indined Plane Itiagram. The magnitnde of the force which, 
acting at in any direction, will just sustain or just di-ag np 
the body is easily represented in the above figure (Fig. 56). 
For, draw from the point W & line parallel to the line of action 
of the force in question, meeting the lines O/, and Or^^ in the 
points/", and f^ (not represented in fig.), res];ectively ; then 
the lengths W/, and Wf^ represent the values of the force which 
will just sustain and just, drag op the body, respectively, on the 
scale which represents the weight by the length OW \ and the 
coiTesponding Total Resistances are represented by the lines 
f-fi and f.,0, respectively. In particular, if from W we draw 
a line parallel to the inclined plane, its intercepts made by O/-, 
and Otj will give the up-plane forces which will just sustain and 
jnst drag up the body. ITiese forces are, respectively, 

54.] Passive Resistanoea. The force of friction between a 
body and a rough surface belongs to a class of forces called 
Vasiive liemHances, i.e. forces which come into existence only on 
account of the action of other forces and which always endeavour 
to destroy the effect of these other forces. To this class, indeed, 
belongs also the normal pressure between any two bodies, and 
also the resistance of air or any other fluid to a body moving 
through it. 

And it is an axiom with regard to all passive resistances that 
if they can preseive equilibrium tbey will. 



1. A heavy partii 
horizon at an angle I 
the directiiin of fhc force reqi 



Examples. 
is placed on a rou<th plane inclined to t!ie 
than the angle of friction ; find the limits of 
)d to drag it down. 
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Fig. 57. 



Let PN (Fig. 57) be the normal to the inclined plane, and let PQ 
be drawn, making the angle NPQ = A, the angle of friction. Now, 
the necessary and sufficient condition that equilibrium should exist is 

that the resultant of the weight, W, and 
the force applied, F, should fall within 
the angle NPQ, Hence, producing NP 
and QP to n and q^ we see that no force 
applied to P within the angle nPq will 
disturb the equilibrium. F must, there- 
fore, be applied within the angle NPq^ 
and act from P towards tlie left of the 
figure. 

2. Two heavy particles, whose weights 

are P and Q, rest in limiting equilibrium 

en a rough double-inclined plane, and are connected by a string which 

passes over a smooth peg at a point, A (Fig. 58), vertically over the 

intersection, B, of the two planes. Find the position of equilibrium. 

Let the inclinations of the planes l)e a and J3 ; let the length of the 

string be /, and AB = h ; and let the 
portions of the string make angles 6 
and <^ with the planes. 

Suppose that P is on the point of 
ascending, and Q of descending. Then, 
since the motion of each body is about 
to ensue, the total resistances, R and 
S, must each make the angle of friction 
with the corresponding normal ; and 
since the mass P is about to move 
upwards, R must act towards the left 
of the normal, while, since Q is about 
to move downwards, S must act to 
the left of the corresponding normal. 

If T is the tension of the string, we have for the equilibrium of P, 

cos ((9- A)* 




Fig. 58. 



Again, for the equilibrium of Q, 

T=z Q 

Hence, equating the values of 1\ 

^ sin (a -f- A) 



sin (/3-A) 
cos (<^ + A) 



= Q 



Sin 



O-X) 



(1) 



cos(^— A) cos(</> + A) 

This is the only statical equation connecting the given quantities. 
We obtain a geometrical equation by expressing that AB and the 
length of the string are given. This is, evidently. 



V Rl 



COS a cos 8 

— 1- -; ~ 

sin sin <f> 



)=i. 



(2) 



i 
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Equations (1) and (2) detemiiDe tlio values of and i^, and cpn- 
stilute the Eolulion of the problem. These equations can be solved 
graphically, (2) giving the curve in case {y) of Art. 41, while (1) gives 
a curve of the fourth degree defined thus — through J! (Fig. 41, p. 56) 
draw an indefinite right line, BU, making the angle £SA ^ X ; then 
P being any point on the curve which reprefeiits (1), if AP meets 
BE in R, we shall have 

nJ' = k.PB, 



where i ia a given constant, 



. /-.inC.+A) 



This 



practically constructed with ease thus — -Draw any indefinite line, BIl, 
through B; take points M, N, S on this line, iu order from £, euch 
that BM : MN = I : k = BS : Sy. Then draw tiny line A EP through 
A meeting J^ in R; draw NS ■ from jWdraw 3!^, and from .S^draw 
SGf both parallel to IfR and meeting B/i! in F and G respectively; 
describe a circle on FG as diameter; then the line AE intersects 
thja circle iu points on the required curve. 

\Otiter f^'olulion. Instead of considering the total resistances, It and 
iff ' we may consider two normal reastanees, jV anil N', and two forces 
of friction, ii!f and fiN', acting ret^pectiveiy down the plane a and up 
the plane /3. In this case, considering Ihe equilibrium of P, and 
resolving forces along and perpendicular to the plane a, we have 
Pmaa-i-f.y=T.o,d.l 
Pcosa = 2f+Ts]tiO,l ^ ' 



md foi 



the equilibrium of Q, 
esin/3 = 



(B) 



QcosP= .V'+rsi 
L EUminating A', N', and T fi-om the systems (A) and (B), we arrive 
■H the same statical equation as before. 

*■ The method of considering total resistanceB instead of their normal 
and tangential componeats is in many cases more simple than the 
separate consideration of the latter forces. 

3. If in the last question P is given, what are the limits of Q con- 
sistent with equilibrium ! 

If Obe so iai^e that it is about to drug P up, its value, Q,, will be 
Vgrren by equation (1), 

e,= 




n(n + A)c<i»(i(> + A| 



if (3 ben 



n(fl-A)oo.(»-A)' 
mall that P is about to descend, its 1 
^_p sin(<.-A)cos(^-A) 
m{6 + k) 



ilue, Q„ 



and <t> being connected by equation (2). 
. A heavy ring is placed on a rough vertical circle; fiLid the 
' limits of its poaition consistent with cquilibriunt. 

Ana. Draw two diameters making the angle of friction with the 
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vertical diameter. The ring will rest anywhere on the circumference 
between the two upper extremities, or between the two lower extremi- 
ties, of these diameters. 

5. A body whose mass is 20 kilogrammes is just sustained ou 
a rough inclined plane by a horizontal force of 2 and a force of 10 
kilogrammes' weight along the plane ; the coefficient of friction is 

-; find the inclination of the plane. 9^ 

^ Ans, 2tan-i(^V 

V48/ 

6. A heavy particle is placed on a rough plane whose inclination to 

the horizon is Bin"^^-^! and is connected by a string passing over i\ 

smooth pulley with a particle of equal weight, which hangs freely. 
Supposing that motion is on the point of ensuing up the plane, find 
the inclination of the string to the plane, the coefficient of frictiou 

being -. 

Ans, By resolving forces along the inclined plane, we have, if ^ = 
inclination of the string to the plane, 

— sin ^ = 1 —cos 6y or - sm — cos - = sin*~> 
2 2 2^^ 

1 
one solution of which is ^ = 0, and the other is tan — = — . 

7. In the second solution of the last question, exhibit the position 
of the siring, and explain the result. 

8. A heavy particle acted upon by a force equal in magnitude to its 
weight is just about to ascend a rough inclined plane under the 
influence of this force ; find the inclination of the force to the inclined 
plane. 

Ans, If 6 is the required inclination, X = angle of friction, and 
t = inclination of the plane, 

e = '!^-i, and d=:2X + z-^ 
2 ^ 

are possible solutions. {6 is here supposed to be measured from the 

U2)j)er side of the inclined plane. If ~ > 2A + t, the applied force will 
act towards the under side.) 

9. In the first solution of the last question, what is the magnitude 
of the pressure on the plane 1 

Ans. Zero. Explain this. 

10. What angle must a given force F make with a rough incline so 
that when a mass of weight IT is just sustained, the normal pressure 

shall be equal to W1 sint— u 

Ans, cot~^ -,• 

1— cost 

11. A mass of 500 kilogrammes can be just sustained on a rough 
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incline by a horizontal force of 120 kilogrammea' weight, and aleu 
(separately) by ttii up-plane force of 132-6 liilogrammes' weight; find 

Ang. ii.= .539; i= 41° 51'. 

12. Two massea rest on a rough double inclined plane, being con- 
nected by a cord which passes over a smooth pulley at the vertex of 
the double incline; the inclinationa of the planes are 48° and 32°; 
for both the angle of friction is 28° ; if the mass on the first is 560 
kilogrammes, and is just on the point of slipping down, calculate the 
otlier raaas. 

Ana. 221 kilogrammeB, nearly. 

13. A heavy body is to be dragged up a rough inclined plane; 
find the direction of the least force that will snifice. 

Ang. The direction of the force must make the angle of friction 
with the plane. This follows at once either by resolution of forces or 
by drawing the Indinnd P/ane Diagram, p. 75 ; for Fig. 36 shows at 
once that the leust force that will just Eustain the body is represented 
in magnitude and direction by the perpendicular from the point W 
on the line Or,, while the least force that will drag the body up is 
represented by the perpendicular from IK on Or^. In the first case 
Ihe least force, being at right angles to the Total Eeaistance, makes 
the angle of friction with the lower side of Ihe plane, while in the 
second the least force makes this angle with the upper side, 

N.B. This result is often espressed thus :~lhe besl angle of traction 
up a rimgk inclined plane is the angle of friction. 

14. Prove that the horizontal force which will just suatuin a heavy 
particle on a rough inclined plane will sustain the particle on the 
same plane supposed smooth, if the inclination is diminished by the 
angle of friction. 

1 5. What is the least coefficient of friction that will allow of a heavy 
body's being just kept from sliding down an inclined plane of given 
inclination, the body (whose weight is W) being guelained by a given 
horiaontal force, F t 

Wtani-r _ 
"*■ IF+Plani" 
t a negative value for the coefficient of 

16. It is observed that a body whose weight is known to be IVcan 
be ju&t EUf tained on a rough inclined plane by a horizontal force F, and 
that it can also he just sustained on the same plane hy a force Q up 
the plane; express the angle of friction in terms of these known 



fore 



/"TF 
. Angle of frictio" -• 



Q^F'+ If" 

IT. It is observed that a force, Q,, acting up a rough inclined plane 
will just sustain on it a body of weight W, sind that a force, Q^, 
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acting up the plane will just drag the same body up ; find the angle 
of friction. 

Ana, Anffle of friction = sin"^ — ^ ' ^ — , 

18. Ill example 8, p. 61, if the rings A and (7 are equally rough, 
find the condition that there may be a limiting equilibrium in which 
each is about to slip down. 

Arts. If A is the angle of friction, the required condition is 

{P' + ^)tan (t'-A) = (i> + -^) tan (t-A). 

In this case the lines Om and Oq must be drawn making angles 
?*'— -A, and i — A, respectively, with the line mq. 

If the above condition is satisfied, there will be an infinite number 
of positions of equilibrium, as in ex. 8, p. 61, those of B all lying on 
a certain right line. 

19. In the same example, if one of the rings, C, is in a position of 
limiting equilibrium, find the direction of the string, the position of 
the other ring. A, and the direction of the total resistance at it. 

Ans. The position of the string is determined by the equation 

Z . tan ^ = (y -f P') tan (i'± A), 

the + or — sign being used according as C is about to slip up or 
down. When is known, the position of A is known ; and the 
direction of the total resistance at A is found from the equation 

(y + P)tan Ogm = ( y + ^)*an (t'±A). 

20. Two small rings, from which hang two masses, P and Q^ are 
fitted on a rough circular wire fixed in a vertical plane, and are con- 
nected directly by a string of given length ; find the limiting positions 
of equilibrium. 

With the notation of example 20, p. 64, if P is about to descend, 

(P+0cot^ = Qtan(a + A)-Ptan(a-A). 

21. Two masses, P and Q, hang from two small rings, A and B, 
fitted on a rough circular wire fixed in a vertical plane, the rings 
being connected by a string passing along the circumference ; find the 
limits of the position of equilibrium, supposing no friction between 
the string and the wire. 

Ans. If be the angle made by the radius to A with the vertical, 
I = the length of the string, and a = the radius of the circle, may 
have any value between 0^ and 0^^ these being given by the equations 

§gin(i+A)+i>sinA 

tan^j = J 

Ccos(--f- A)+PcosA 



r 



tan 8, - 



«"°(.-*)- 



/' 



t queeti 



. is in tlie form of any curve, 
juilibrium the total resistances 

! passing throu«h A, B, and the point 

A and B. 




Fig- 59. 



eco«(^-A)+ 
K being the angle of friction. 

22. If the » 
ebow that in the Kjailing positio 
at A and B intersect on the circ" 
of intersection of the normals a 

23. Two heavy particles, P and Q (Fig. 
59), rest, one on a rough diameter, AB, of 
a rough vertical circle, and the other on the 
convex side of the circle, the particles being 
connected by a string which passes over a 
smootii peg at the upper extremity, B, of 
the diameter. Find the position of equili- 
brium, the string being supposed to be 
nowhere in contact with any rough surface, 
and the coefficients of friction for P and Q 
being different. 

Ans. If a = the inclination of AB to the vertical, = inclination 

of the radius drawn to Q to the vertical, fi = coefficiput of friction 

between i* and AB, / = coefficient of friction between Q and the 

circle, the limiting positions of equilibrium are given by the equations 

(2(.mfl, + f'oo.»,) = 7-(co.a-,i.mo), 

e(.iB»,-/K»»,) = -P(»»« + psina). 

24. Three particles of weights !c,,Wj, Wjrest on a rough horizontal 
table; w, is connected with Wj by a string fully stretched, and mi, is 
iimilurly connected with Wj. Find the magnitude and direction of 
the least force whicli, applied to tc,, will move all the particles. 

Ang. For the possibility of the motion the angle between the line 
iPj HI, and the line w, «Cj produced through Wj must be acute. Take 
any point, 0, and through it draw OA parallel to the line w, w, and 
proportional to fiw, ; from A draw AB parallel to the line w, w, , and 
inflect OB proportional to fi w,; draw OB" equal and parallel to AB, 
and draw OC perpendicular to OB' towards AB and proportional to 
(iWj. Then the diagonal thiough of the rectangle determined by 
OC and OB' gives the required direction and magnitude of the force 
to be applied to w,. 

25. If in the last example, ic, and «■,, instead of being connected 
with ench other, are each connected with w„ find the direi'tion and 
magnitude of the least force which, applied to w^, will move 
them all. 

26. Any numlier of ]jarticles of weights w,, Wj, jCj, , . .i«„, lie on a 
rough horiaonfal table, w, and in, being connected by a tight string, 
as also Wj and iCj, w;, and w, , and so on. Find the magnitude and 
direction of the least force which, applied to the last particle, nr„, will 

vol- I. a 
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cuuBe tlie whole set to move Bimultaneousiy, and find the eonditioES 
that such movement shall be possible. 

Ans. Take any point 0, and JrawOJ,, parallel to the string tCjW, 
and proportional to fiic^ ; draw OAj^ parallel to the string ro, lu,, and 
inflect jIjjjIjj, proportional to fiWj ; draw OA^ parallel to the string 
WjWj, and inBect A^A^, proportional to fiio^; and so on, until the 
Yertex^„_,,„iB reached; thendraw J„_i,Bi'perpendiculorto OjI,^^,, . 
and proportional to fiw^. The line OP represents the required fon 
in magnitude and direction. The lines OA^^, OA^, OA^, . . . represei 
the tensions of the strings ; and for the possibility of the motion tl 

angles OA^^A^, OA^,A^, O-lj,^,, . . .must each be>-. 

27. Two beavy particles, F and Q 
(Fig. 6o), rest on two rough circular arcs 
which have a common vertical tangent at 
; P and Q are coimected by a string 
which passes over a smooth pulley at ; 
find the positions uf limiting equilibrium. 

Arts. Let 6 and <j> he the angles sub- 
tended by the arcs OP and OQ at tlie 
centres of the corrcBponding circles, a and 
b the radii of the circles, A and * the angles 
of friction for P aud Q, respectively, and 
; then, if P is about to slip down, the 




Fig. 6d. 



I the length of the stri 



"(«+>) 



°=(»-<) 

<l~') 






- + t.mj = - 



determine the position of equilibrium. Changing the signs of X and ff, 
we obtain the position in which Q is about to slip down. 

[Instead of particles on the circular arcs, we may suppose e 
rings from wliich the masses P aud Q are suspended.] 

28. A particle rests on a rough curve whose equation is f{x, y) =:jj 
and is acted on by forces the sums of whose components along Ij 
axes of X and y are X and Y; prove that the particle will rest at l| 
points on the curve at which 

xf+r| 



yw7.V(f)'Hf)' 



29. Two rings whose weights are P and Q are moveable on a 
rod inclined to the horizon at an angle z; thet-e rings are connectn 
by a string of given length which passes through and Bupports-1 
smooth heavy ring W; find the greatest distance between P and Q,\ 



An». If fl ia tlie iacLination of either portion of the Btring to the 
vertical, the greatest distance between the rings ia obtained by giving 
tan 9 the less of the vahies 



W+2Q 



tan(A-i), 



W+2P 



tan{A + 



Q l>eiiig the upper ring. 

30. DH and SF are two rough inclined planes interEecting 
at right angles at E {forming a double inclined plane); on these 
planes are placed two given masses, P and Q, respectively, connected 
by a cord over a pulley at £y the coefficients of friction being the 
same for hotb. P is on the point of dragging Q up ; but if the 
plane EF is removed, and Q allowed to hang vertically, Q is on the 
point of dragging P up. Prove the following construction for finding 
the values of the inclination, i, of HE and the angle, X, of friction: 



draw a rigbt line OA proportio 
describe a circle, whose centre i 



1 OA , 

at S draw a lii 



portional to F and making the angli 

then find a point M 






diameter I 
£C pro- ] 

1 SO s 

a first circle I 



e shall have OR = C3. . 



diameter describe a circle ; 

such that if BJR meets the second circle in 

The angle AOE = A, and t = k + OBC. 

[If 7* = 150 and Q = 140, scale measurement and subsequent J 
correction will give X=: 11°31', and i = 54° 32'.] 

31. A mass W is placed on a face of a rough wedge inclined at a 
angle i to the ground, on whicli the wedge rests, the mass of the wedge 
being IF', the coefficient of friction between W and the wedge being 
fj., and that between the wedge and tlie ground being ft.'. If a 
horizontal rope is attached to W and pulled with gradually increasing 
force, find how motion will ensue. 

[Thus, if IT = 200, W = 96, H = i, / — i, ■t*" ' = t\, t-he two 
bodies will move as one.] 

32. A masB on a rough inclined plane is attached by a tight cord 
to a fixed point in the plane, the direction of the cord making a given 
angle, 6, with the line in which the plane intersects the ground ; if 
the inclination of the plane is gradually increased, when will the body 
begin to slip 1 

Ana. When tani = —^~i where fi is the coefficient of friction. 
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THE PRINCIPLE OF VIRTUAL WORK. 
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Section I. 

yi Single Particle. 

55.] Orthogonal Projection. Let Oa? and AB (Fig. 6i) be 

any two right lines inclined at an 
angle 0. If firom the extremities, 
A and £, of the right line AB, 
two perpendiculars, Aa and i>4, 
be let fall on Ox, the line ab is 
called the orthogonal projection of 
AB on Ox. If the lines Aa and 
Bh had been each drawn parallel 

to a given line, which is not perpendicular to Oa?, ab would be an 

obliqite projection of AB, 

In the case of orthogonal projection it is evident that ab = 

AB cos 0, 

56.] Projection of a Broken Line. Let ABCJD (Fig. 62) be a 

zigzag or broken line. Then it is evident that the projection 

(orthogonal or oblique) of the line AD, joining the first and last 



X 



Fig. 61. 




Fig. 63. 



points, A and JD, is equal to the sum of the projections of the 
separate lines, AB, BC, and CD, on any line Ox. 

This is also true when the line Ox^ on which the projection 
takes place, cuts any or all of the lines AB, BC, ... between 
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the vertices, J, B, 6', ,.., of the polygon formed by them, as in 
Fig. 63. ^ 

If the sidee of a cloBed polygon taken in order be marked with 
arrows pointing from each vertex to the next one, and if their 
jirojectiona be marked with arrows flying in the same directionB, 
then, lines measured from left to right being considered positive, 
and lines from right to left negative, we may evidently state this 
result as follows :^ 

The mm of the projeetiom of the aides nf a closed polygon on any 
right line, allowance being made for positive and negative projections, 
it zero. 

57.] Vtrtaal Displacement. Virtual Work. If a point at 
(Fig. 64) be conceived as displaced to J, OA may be called the 
virtual displacement of the point. 

Let 01 be the direction of a ^ ..-■" 

force, -P, and let ^iV^be drawn per- ,.-'■.. 

pendicular to it ; then OjV is the 
projection of the virtual diaptace- 
ment along OP, and the product 
of the force, F, by the projection, 
ON, of the virtnal displacement is , 

called the virtual work of the force. 
\Vc shall therefore say that — 

Ke Vihtual Work of a force is the product of the force antl the 
projection along lis direction of the Virtual Bisplaceuient of its point 
uf application. 

If Q be the angle between the force and the virtual displace- 
ment, 

The Virtual Work = P. Oj\^= P. 0,i cos fl = Pcosfl.Ovi. 
Now P cos Q is the projection of the force along the direction of 
displacement, and is equal to OM, if PJ/ is perpendicular to 
OA. Hence we may also define the Wrtual work of a force as 

follows : — 

The virtual work of a force is the product of the virtual displace- 
ment of its point of application and the projection {or component') cf 
the force tit the direction of this displacement. 

This latter definition is for some purposes more convenient 
than the former. It is to be obser\'ed that the projection of a 
line AB (Fig. 61), of given length, remains unaltered in magni- 
tnde when AH is moved parallel fo it^self into any position. 
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58.1 Theorem. Tie virtual work of a forte u equal to Hen 
of Ike virtual worh of il» eompoHeni», reelangtdar or oblique. 

Let a force It, repreeent«<i W OSi% 
(Fig- 65), act at 0, and let its com-fl 
ponents be P and Q, represented bj^ 
OP and OQ. Let OA be the virtual ' 
displacement of 0, and let its pro- 
jections on R, P, and Q, be r, p, and 
q, respectively. Then the virtnal 
works of these forces are R . r, P.p, 
Q , q. Draw Pm and Rn perpen- 
dicular to OA. Then On is the pro- 
jection of li in the direction of the displacement, and hy the eni 
of Art. 57, 




Fig. 6s, 



R.r= OAxOn. 
P.p = OAxOm. and Q.q = 



OAxn 



= OAKOn = R.r.—Q.KJ}. 



Similarly 
Honoe 

P.p+Q.q= OA{Om+mn) = 

5!J.l Theorem. Tie turn of tke virtual «orks of any number 0/ 
forfi's acting at a point it equal to tie virtual wori of tie resultant. 

This may be proved by taking the forces two-and-two, and 
ilflin^ the last Theorem, or by makinff nse of the polygt»n of 
forecfl (see Vig 1 1, p- 23). The sum of the virtual works of tte 
fort'ee is (Wiiinl to the virtual displacement multiplied by the sum 
of tho projeutionB along it of the sides of the polygon parallel to 
the foroeH (Art. 07). But (Art. 66) the sum of these projections 
is einial to the projection of the remaining side of the polygon, 
and this side represents the resultant. Therefore, &c. 

It follows, then, that— 

H'Jr^t a system of forces acting at a point is in equiUbrium, ^m 
turn of the virtual works of the forces = 

For, such a system will be represented by a closed polygon, n 
(Art. 56) the sum of the projections of the sides of the polyj 
along nnj' right line = 0. 

60.] Convention of Signs. If the virtual displacement, i 
(Fig. 66), project on the line of the force P in a sense oppo 
to that in which P acts, the projection OA'" is to be considered 



negative, and the virtnal work is negative, 
will also project on the line of displacement i 
to OA. 



ium, Citm 

'on.MW 
x,lyfi|jB 

nt, H 

oppoa^ 
isidered 
this case P 
sense opposita m 
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In Fig. 6y the virtual displacement, OA, is such as to give 
positive projectionB, Or and Op, along' the forces S and P, and 




Kg. 66, 



Fig. 67. 



i 



a negative projection, Oy, along Q. And if in this case the 
lengths of Or, Op, and Oq are denoted by r, p, and q, the equation 
of virtual work will he R.r = P .j)—Q.q. 

61.] Katuro of the Displacement. It must be earefiilly 
observed that the disjilacement of the particle on which the 
forces act is hoth virtual and perfectly arbitrary. In the 
motion of the particle, treated of in Kinetics, the displacement 
is often taken to be that which the particle actually undergoes ; 
but in the statical problem of the equilibrium of forces, the 
relation between them, expressed in an equation of virtual work, 
holds, whatever the displacement may be — that is, it holds 
whether the displacement be an actual or merely an imagined 
one. The second characteristic of the displacement, namely 
its arbiifannegi, is most important, 
as will presently appear. 

62.] General Equation of Vir- 
tual Work, Let several forces, Pj, 
Pj, ...{Fig. 6a), act in equilibrium 
on a particle, 0, and let OA be any 
conceived, or virtual, displacement 
of 0. Letting fall perpendiculars, 
Ap^, Ap^, ,,., on the forces, the 
projections Op,^, Op^, and Op^, are 
all positive, while Op^ and Op^ are '^' 

Dilative (Art. 60). Hence the equation of virtual work is 
-Pi . Opi + P,. 0^2 + p3 . Op3 + P,. 0^^-Pe. Op^ = 0. 

If the projections of the displacement he denoted \iy 2'\i Pi 

and if these quantities are supposed to carry their jiroper signs 
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with them, this eijiuition l»ecome3, the numWr of forces bring 
any whatever, 

or :£{P.p) = 0. ,2) 

63.] General Displacement of a Fartdole. The most geiieial 
displacement of a eiagle particle is a tiimplo motion of translation 
iioin the point, O, which it occupies, to another point, A. It is 
true that in Molecniar Dynamics, very smalt portions of matter 
are conceived as capable not only of translations but also of 
rotations about axes through themselves. Indeed every portion 
of matter, since it must possess extension in space, must be 
capable of both kinds of displacement; but any consequences 
resulting from roiational displacement of a particle may be at 
jiresent entirely ne>fleeted. 

64.] Deduction of the Equations of Equilibriom &om the 
Equation of Virtual Work. Through draw any two aies, fo 
and Oi/, rcetangulur or oblique, and let a and & be the projections 
of the virtual dieplucenient, OA, along these axes. Keplace the 
force Pf by its components, X, and Yy, along Ox and Oy. Then 
(Art. 58) 

Similarly, P^.ji^= aX^ + ^Y^, 

P^.j>, = aX, + ^r.. 



Hence etjuation (l) of Art, (i2 becomes 

<i{X^ + X^ + X^+ ...) + ^(}\+ Y,+ }'^+ ...)=: 0, 
or a2Jr+^2r=0. (1) 

Now a and arc perfectly independent of each other. For, 
the displacement OA may be chosen so as to keep a constant 
while varj'ing ^ at pleasure, or vice versa. Suppose, then, that 
^' and a are the projections of a new virtual displacement, aii4. 
w.,hdlh.,e „SJ+,3'2r=0. (2) 

Subtracting (2) from (l), we have 

ili-fi')SY=0. 
Now p—^' is not = 0, therefore 2 }'must = : .and in the same 



66.] 



CASE IN WHICH VIRTUAL WORK VANISHES. 



89 



forces 



S,V — 0. Hence we anive at the equatioiiH of I'csolation of 
SX= 0, i;r= 0, 
which were deduecfl in Chap. II.* 

65.] Elementary Vii-tual Work. In the general eqaation of 
virtual Avork, for forces actiog in tqiiililiriuni on a single particle, 
namely, 

' ■Pi-J'i + A-iJ. + -p3-;^3+--. = 0.or2(P.^j)^0, 
no limifation has been placed npon the magnitude of the virtual 
displacement. This equation is true, independently of its 
magnitude ; but it is generally more convenient to assume the 
virtual displacement to he infiniteHimaJ, even in the case of the 
eiiuilibnum of a single particle, and it is absolutely necessary to 
do so (aa will presently be seen) in treating of the eijuilibrium of 
a connected system of particles. 

If the virtual displacement is infinitesimal, its projections, 
jUj , /)g, .... on the several forces acting upon the particle are all 
infinitesimal. We shall, therefore, denote these small projections 
in future by S^,, hpo, ..-, and the equation of elementary virtual 
work will be 

P-i.hp^ + P^.hpz + P.^.hp-,,+ ... ^ 0, 
or 'S.Php = 0. 

66.] Case in which the TirtUEil Work of a Force vaniahes. 
If a force J' act at a point 0, and if the virtual displacement OA 
is at right angles to the direction of P, it is clear that bp, the 
projection of OA on the direction of P, is equal to zero. Hence, 
tuAeji the virtual displacement is at riffhl, 
angles io the i/ireeiwn of the force, the 
virtual Kori of the force =^ 0, and the 
force will not enter into the equation 
of virtual vork. Such a virtual dis- 
placement is always a convenient one 
to choose when we desire to get rid of 
some unknown force which acts upon 
a particle or a system. For example, 
let a particle, 0, of weight W, be sua- 
tnined on a smooth inclined plane by a 





plifd hi the prwjf of the i> 



iciple of 
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Fig. 70. 



with the plane. If we wish to find the magnitude of i" i 
terms of JF, without hringing the unknown reaction, E, into ooj 
equation, we conceive aa receiving a virtual displacement, Q^ 
(the magnitude of which ia, in the present case, unlimited), I 
right angles to S, that is, along the plane. Drawing Am t 
Alt perpendiculai' to /f and P, respectively, the equation 1 
virtual work is 

W.Om-F .On= 0. 
But Om = OA . sin *, and Oa — OA . coa 0; therefore 



As a second example, let us aupp( 
that the plane is rough, and that the 
particle is on the point of l>eiDg 
dragged up the plane. The nonna^^ 
resistance will then he replaced 1^ 
the total resistance, H, inclined 1 
the normal at an angle = A, tl 
angle of friction. Let the virtual 
displacement, OA (Fig. 70), now take 
place perpendicularly to R. Then the equation of virtual work ifl 

~Jf. Om + P. Oh = 0. 
But Om = OA . sin (?" + \), and On ^ OA . cos (A. - fl) ; therefora; 
r.sin(i + A)^Pcos(A-9). 
Ab a third example, let us find the horizontal force which ] 
necessary to keep a heavy particle in a given position inside 1 
smooth circular tuhe (Fig. 71)- ' 
Let the virtual disiilacemeni 
OA, be an indefinitely small c 
= d», along the tube. The 
since f/s is infinitesimal, the pn 
jection of OA on R will be z 
Also Om = d» . sin 6, and On = 
ds .ca&9; therefore the equatia 
of virtual work is 
- JFd* . sin 9 + Pds . cos fl = 
^'^■''- or P=rtanfl. 

If the tuhe is rough, and the particle in limiting equilibrium 
instead of the normal reaction we must draw the total resistance 
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making the angle \ with the normal at the right or left hand 
side, according aa 2* is the force which jvsi avsfaim the particle, 
or the force which will Just draff it up the tube, and take the 
virtoal diepla cement, not along the tube, but at right angles to 
the total resistance. In this caso we obtain 

67.] Condition of Equilibriiun of a Particle as detsmuned 
by the Principle of Virtual Work. It will now be sufficiently 
clear that— 

For lie equilibrium of a free particle acted on Ig any forces in me 
plane it is necessary and sufficient that the virtual work of the tydem, 
of forces for every arUtrary displacement whatsoever should vanish. 

Krst, it is necessary that the virtual work should vajiish for 
every displacement. For, the sum of the virtual works of the 
forces is equal to the virtual work of their resultant, and if this 
sum did not vanish, the resultant force could not vanish, and 
_therefore the particle could not be in equilibrium. 

Secondly, it is sufficient that this sum should vanish for every 
displacement. This sum is equal to the virtual work of the re- 
sultant, and if this vanishes for all possible displacements, the 
resultant force itself must be zero, and therefore the particle is 
at rest. For, if possible, let there be a resultant E, which is not 
zero. Then, since the virtual displacement is quite arbitrary, we 
may choose it so that it gives a projection = hr (which is not 
= 0} on the direction of ^. Now, since the virtual work of the 
system vanishes, we have Rhr = 0. 

But since hr is not= 0, It must be —0, and the particle is, 
therefore, at rest. 

68,] Normals to CurvoB. The equation of virtual work 
iumishes a ready method of draw- ^. 

ing normals to certain curves. For 
example, to draw a normal at any 
point, 0, of an ellipse (Fi^ 
let a particle be placed at i 
a smooth elliptic tube whose foci 
are F and F*, and let it be kept in 
equilibrium by two forces, P and 
P", directed towards the foci. Let ^^' ''■ 

OF = r, OF' — /. Then by the property of the ellipse, 
r + / — & constant. 
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Hence, proceeding to a close point, A^ we have 

5/- + 8/=0. (1) 

Now the resultant of P and P' is normal to the curve, and is 
destroyed by the normal reaction. Drawing Afn and Amf per- 
pendicular to P and P\ the equation of virtual work is 

But Om = — dr, and Omf =6/; therefore this equation becomes 

P.6r + P'.6/ = 0. (2) 

Equation (1) gives 6/=— hr ; therefore, substituting in (2), 

we have 

P = P', 

or the forces towards the foci must be equal. But the resultant 
of two equal forces bisects the angle between them. 

Hence the normal at any point 
of an ellipse bisects the angle 
between the focal radii drawn to 
the point. 

Again, the ovals of Cassini are 
given by the equation 

P C N F ' ^ rr' — i&2 

Fig. 73- . ■" '. 

;• and / being the distances of a 
point, 0, on the curve (Fig. 73), from two fixed points, PandP'. 
If two forces, P and P', act at towards F and F\ their resultant 
being normal to the curve, we have for a small virtual displace- 
ment along the curve 

P5r + P'6/=0. (1) 

But, differentiating the equation of the curve, 

/6r + r5/= 0. (2) 

Hence from (1) and (2) 

P_/ 

P"^ r' 
Now, if C is the middle point of FF\ we have 

/ _ sinP _ sin COF 
r "" Sn7^^ "■ sin CUF' ' 

Therefore P _ sin COF 

y ~ sin COF' ' 




6t..J NUKMALS TO COliVES. 93 

But if ON be the direction of the resnltnnt, 

P _ Bill Nor 

F' " sin A OF ' 
Hence NOP' = COF; and the normal is, therefore, constructed 
by joinings the point 0, on the curve, to the middle point of the 
line joining- the foci, F and F", and then drawing the right 
line ON 80 that /. NOP' = L COF. The line ON is the normal 
at 0. 

ExA31PL£3. 

1 . If the equation of a curve ia expressed in the form — = A, 

k being a. couBtant, and r, / the dittancea of any point on the curve from 
two fixed points, A, B, uhow tliat the normal to the curve divides ^45 
externally in tlie ratio i" ; 1, and that the curve is therefore a circle. 

2. Prove that the normal to the curve ~ + - ,^ = — divides JB in 
the ratio (-;")''■'■-. 

3. Qive a Eimple construction for the normal to a C'art«aiaii oval, 
whose equation is Ir-^-ntir =; a. 

4. The equation of the magnetic curve is cos to + cos ui' ^ h 
(example 37, p. 51). If N and S are the poles, prove that the 
normal at a poiiit P is constructed by measuring, on lines per- 
pendicular to PX and PS, lengths proportional to PS' and PN", 
respectively, and proceeding as in last Article. 

5. The equation of any curve being /(r, /) = 0, prove that if the 
normal is constructed by measuring constant lengths, Pn and Ph. 
from a point P on the curve, along the lines PA and PB, the curve 
must belong to the Cartesian ovals. 

[This follows at once from the integral of the equation -,- = ^ jS' 

for this integral gives f-= <f) (itr+Z); therefore all such cnrves give 
ir+r' ^ const.] 

6. Show that for curves given by the equation /(to, lu') := 0, a 
construction similar to that in the last example (except that the 
constant lengths are measured on perpendiculars to PA and PB) will 
hold only when the equation is 

tan" — tan"" — = L 
2 2 

[This follows from the integral of the equation 

' ■'/-' ''/. „ .■.„...''f_r.-,.,df^ 
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for the method of obtaining which uitegrol see Boole's Differential 
Equations, p. 328]. 

7. Apply the result in the lost exanplu to couetruct the normtt! hi 
an ellipse ut any point. ^ 

[The equation of the ellipse ia tan ^ • tan y = A.] 



I 



The gentral theorem* of which these are partieiilar cases 
the following-: — Let the equation of any curve be expreseed 

the form ., , „ 

where t-j, /„, r^,...''^, denote the distances of any point, P, 
^ (yig. 74), on the curve, fi'om a nnmiier 

of fixed points, jJjjjJ.i.Jg, ...A„; then, 
ifoni'Ji,PJ.,i'J3,"...P^.,wem(a- 
Kure off lengths Pfli, Fa.,, Pa^,...Fa, 
proportional to 

•1 V v. V. 










' dr„- 



and find G, the eentroid ('centre of 
gravity') of the points ajta^fO^,...",, 
PG will be the normal to the curve at P. [/is used for shortness 
instead of/(i"j, r^, rg, ... r„)]. 

The proof of this theorem is exceedingly simple from a Btatiral 

point of view. Suppose a number of forces, i*,, P„, P^, ...P.. 

to act at P along the lines PJ,, PA^, PA^, ... PA^~, then these 

forces will have a reeultant normal to the curve if 

P^hr^-\-P^hT^ + P^hr^... ■^P^hr^= 0. 



^, 



•If, 






hence if 




'^'■- 



the resultant acts in the direction of the normal. 

easily follows by Leibnitz's graphic method of representing tti^ 

resultant of any number of concurrent forces (see p. 21). 

This theorem may be extended to curves given by equatiosi 
of the form ., , 

/K,(«„<.3, ...a>,) = 0, 

due lo Tsoliirnhauf* 
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where aii, oi.^, 01^, ... <o„ are the angles which P^i, P-i.^, -P-^s, 
... -P-^H make with a fixed line. 

Let forces Qj, Q^, Q3, ... Q„, act at i* perpendicularly to the 
\iiiesPAi,PJ^, PJ^, ... PJ^. Then the virtual work of Q, for 
a displaeement along the cnrve is evidently Q,*", 6 u), . Hence the 
forcea will have a resultant normal to the curve if 

Q^rjPoi-^+ Q^r^b<^^+ QgT^bt^^... +Q„r^b«}„ = 0. 

But ^^aa,,+ /s.,+ /5.3... +/Sa>,= 0; 

therefore the reeultant will be normal if 



Qi--Q.2-Q3-—Qn 



r,dia-,' j\doj,' r..dio,' '" r^ daj„ 



Consequently, the rule is — measure oif lengths, P6i, PK, &c., 

proportional to --r^ > — -~— • &c., on lines drawn at P per- 

pendieularly to PA^, PA^, &c., in the directions in which the 
angles <u,, w^, &c., inereaee ; find the centroid of the points, l^, 
i^, &C. ; then the line joining this point to P ia the normal to 
the curve. 

Sbction II. 
A Sytiem of (wo Particles. 
69.] FroJQctlon of a Displaced Line of Constant Iiangth. 
Let a line, AB (Pig. 75), Le a 
light line which is displaced into 
any close position, A'P', its length 
remaining constant. Let 5 be 
the small angle between AB and 

A'B', and let ai be the projection of A'B" on its original position 
Then Aa, the projection of the displacement AA', is equal to Bb 
the projection of the displacement BB", if infinitesimals of e 
higher order than the first are neglected. 

(Sflf 



For, ab=A'B'.f 



„M=^'ii'(i^>ffi + ...). 



Hence the difference between a& and A'B' (or AB) is of the order 
of (8^)^; and therefore, rejecting (6^)^ we have 
AB = ab. 
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The result may lie thus stated:— the difference between AS' 
and a/j is infinitesimal compared with the greatest displat^munt 
in the rig:ure. 

70.] Projection of a Displaced String of Constant Iiongth. 
hetAPB boa string- which passes over 
P a peg at P, and, the length of the 

string remaining the same, let the 
extremities, A and £, be slightly dis- 
placed to A' and if'. Let Aa and Bb 
he the projections of the displacemcnta 
AA' and SB" on the original portions 
of the string {Fig. 76). Then 
= B6. 

For Pa = PA' . cos aPA' ^ Pj', 
in the last Article, 
" \ \ . Also P6 = PS. Hence, since Pi 
*H^ +PB'^PA + P]i, Pa + Pb=PA 
Fig. 76. PB, therefore Aa = Bl. 

If in the last Article I = the length 
of AB, and in the present, I = length of the string, both resolti 
are expressed in the equation 

6/ = 0. 
71.] Virtual Work of the Tension of an Inelaatio Etb 
In Fig. 76 suppose the peg to be smooth. Jjet A and B ho twtf 
particles which are acted on by any forces which beep the 
system in equilibrium m the position indicated by the figure. 
Then if we consider the equilibriam of A alone, we may replao 
the string by a force — T (the tension) acting in AP. Ctm 
sideling then a virtual displacement AA!, the tension woulil 

ftimish the term ,„ . „ ^ 

I . Aa, or —T. br, 

to A's equation of virtual work, the length PA being denoted by 
r. Similarly, considering the equilibrium of B, the tei 
would furnish to its equation of virhial work, for the \'irtual 
displacement BB', the term 

-T. B/>,oT-T.h/, 
/ denoting the length of PB. 

If we combine the two equations by addition, the term con- 
tributed by the tension will be 

-r(8r + B/), or ~T.6l, 



ho 
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which =. 0, since the particles A and 5 are imagined to be 
simultaneoosly displaced in snch a manner that the length of 
the connecting etiin^ is constant. Hence — 

For any small virtual displacement in which the length of a 
string is unaltered, the virtual work of its tension = 0. 

In the same way, if, in Fig. 74, the rod AB, connecting two 
particles A and B, be subject to a tension, T, in the direction 
of its length, the virtual work of this tension for the displace- 
ment A'j^ will be 

T.{Aa-Bl), or -T.hAB, 
which = 0, because the length of AB is constant. 

Hence — Tie virtual tcork of the tension of a rod connecttng two 
points whose mutual distance ii unaltererl in the virinal displace- 
ment is zero. 

72.] TypioBl liXpresHion for the Tirtoal Work of a Force. 

Example. — We have seen (Art 6fi) that if a force, P, act on 

a particle, 0, whose virtual displacement, OA, has a projection 

*= tp on the line of action of P in the direcfinn in which P aetg, 

^■be virtual work of P is ^ , 

^^ r.tp. 

GenersUy, if p denote the co-ordinate, referred to some fixed 

awi», of the point of application of a force, P, whose direction is 

perpendicular to the axis, the virtual work of the force is P.hp, bp 

being supposed to be a positive increment, and the co-ordinate being 

^^ffeasured in the sense in which P acts. 

^H' As an example, let us determine the relation l>etween the 

Htvo conaected masses, q 

P .„d P (Fig. 77), 

which rest on two 

smooth inclined planes, 

of inclinations i and i'. 

Let y and y denote 

the co-ordinat«s of the F'& 1'- 

centres of gravity of the masses, referred to a horizontal plane 

through 0. Then the equation of virtual work for the system, 

the displacements being imagined to be along the planes, is 

"" P.hy + P'.h/=0. (1) 

[en it will be observed that the normal reactions do not 

iter, because the virtual displacements take place at right 

tngles to them {see Art. 66) ; and the tension does not enter, 
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since the virtual displacement doea not alter the lengi^h of 6 
string (aee Art. 71)]. 

To this must he added the geometrical 
y and y'. If I be the length 



ion connecting 
the string-, we have, clearly. 



/. 



Differentiating this equation, we 

JZ_ ^'^' — n 
sin ( sin %' 
Hence, from (I) and (2), 

P sin J = -P' sin %', 
an equation which is, of course, otherwise evident. 

If the masses are connected as in example 16, p. 63, we ba 
atill the equation of virtual work, 

i'8j.+ <26/ = 0, (3) 

y and y* denoting the vertical distances of P and Q in the figure 
of that example Irom a horizontal plane through C. 

From (3) we can detluee the relation between P and Q i 
terms of the angles & and i^ given in example 16, p. 63. Pcwj 
^ = ^ coa a (sin a cot 6 + cos o), with a similar value of y' ; thereftM 



6^ = 



4 sin d ens ^ 



dn^ 






^ -'P- 


c^_ 
sini^ 


h 

1' ■ 


, by differentiating 


this, we ha 


C09^ 


C0S<f. 


8* = 0,60 that ^,= 


Binacos^ 




sin ^ cos 4 



and thif? = —■%; by (3). Hence the i-elation between 
masses before obtained. 

73,] Forces of Constraint. When a particle is compelled 1 
satisfy some geometrical condition — as, for instance, to rest on 
given smooth surface, or to preserve a constant distance froai 
some other particle — this condition is equivalent to the action n 
a certain force on the particle. If the particle is compelled t 
rest under given forces on a smooth inclined plane, we have si 
that this condition may be removed if we produce, by anj 
means, a force exactly equal to the normal reaction of the pla 
on the particle. In the same way, the connexion of the pari' 
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with another by means of a rigid rod may be severed if we 
produce oil tlie particle the force which is actually impressed 
upon it by the rod. 

Forces proceeding' from geometrical connexions are HOmetimes 
called geometrical forces, or forces of constraint, and if these forces 
are actually produced on the particle by other means, the 
conditions may be violated, and the parl.iele conyidered absolutely 
free from constraint. 

74.] Choice of Virtual Displacoments. When two or more 
particles constituting a system are connected by rods or string*, 
and constrained to rest on given smooth curves or surfaces, 
there is an advantage, when seelcing for tlie position of equi- 
librium, in choosing suck virtual displacements as do not violate 
any of these conditions ; because, as we have seen, the tensions of 
the connecting rods or strings, and the reactions of the smooth 
carves or surfaces, will, for such virtual displacements, contribute 
nothing to the equation of virtual work of the system. Thus 
we get rid at once of all such unknown forces. Of course, any 
geometrical condition may be violated in a virtual displacement 
at the expense of bringing into the equation of virtual work the 
corresponding force of constraint. 

For example, if a particle, 
(Fig. 78), is placed on a smooth 
plane whose inclination is /', and 
we wish to find the horizontal 
force, P, which will sustain it, 
the best displacement to choose 
is one along the plane, i. c. one 
which does not violate the geome- 
trical condition, because, if this is Fig. 78. 
chosen, the unknown reaction, R, 

will not appear in the equation of virtual work. But we shall 
still get a valid equation if we choose a virtual displacement. 
iDA, which does violate the condition. This equation is 




R.Or-P. Op-W. Ow 



- 0, 



fr, Op, and Ow being the projections of OA on the directions of 
^ P, and IF, respectively. 

1 On the other hand, if we wish to determine R, without 
ling P, the best virtual displacement to choose is one 
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at rig-ht angles to P. i. e. a vertical displacement, which doM 
violate the geometrical condition. 

In the typical expression, Pbp, for the virtual work of a fore^ 
the letter 8 has been used to signify that the small displacement) 
is any whatever ; hut it is usual in the DifTerential Calcnlas tfl> 
denote small increments of the co-ordinates of a point on a cun 
or surface by the letter d, when we pass from the point to i 
adjacent one leAk/i alioUes on Ike curve or surface. Hence in tbf 
followinfT examples, in which such passage alone is contemplated 
we shall denote small displacements on the curves conBider 
by this letter. 

Examples. 

1. Two heavy particles, P and P" (Fig. 79), rest on the concaTI 
side of a smooth vertical circle, and are connected by a string p 

over a smooth peg, A, at tl 
extremity of the vertical di 
meter. If the particles w 
acted upon by two horizont 
forces, /"and F", proportion 
to the distances, PQ U 
P'Q', of the particles fro 
the vertical diameter, fii 
the position of equilibrioD 
by the principle of 1 ' ' 

Let 6 and 9' he the 
which the radii to P and 2* 
make with the vertical; 
the weights of the partiola 
be W and W ; the radio 
of the circle = a, the length of the string ^ I, and the foto 
F and F' = \i..PQ nnd /.T'V, respectively. Finally, let tl 
distances PQ and P"^ be X and a/, and let the vertical distano 
of P and P" below the horizontal diameter of the circle he y and y'. 
Tiien, choosing virtual displacements of P and P' along the circ 
in such a manner that the length of the connecting string remaii 
nualtered, we have 

W(iy+ W'd/+Pdx+rdiC' = 0, 

or Wdy+W'dt/'+iJ.x.dx+i/x'.dx' =0. {1 

Now y = aeosd, / = a cos 6', a; = a sin d, af=a sin 9'. 




Fig. 79, 



Henee ( 1 ) becomes 

{ r-fxa cos 9) sin 5(Zii + ( H"-/a 



e the geometrical equatio: 



Differentiating this, ' 



From (2) and (4), a 



lave, therefoi-e, 



The Bolution of tlie problem is contained ii 

2. Two heavy particles, F and F't rest on 
vertical plane, find are connected by an 
inextensible atring wliich pnspes over a 
smooth peg, A (Fig. 80), in the same 
plane. Prove that in the position tif 
equilibrium, the centre of gravity of the 
particles is at the greatest or least height 
above the horizon that it can occupy con- 
siBtently with the given conditions. 

Let y and y* denote the vertical dis- 
tances of P and P" from a horizontal line 
through A (or through any other fixed 
point). Then, the displacenient being 
made coneiatenlly wiili the geometrical conditions, we have 

»%+ffV/= 0, 
W anti W' being the weights of P and P". 

Now, the depth of the centre of gravity is y, where 




Fig. 80. 



Wdy+W'di/ = 



(3) 



Hence, differentiating (2), 

{W-^W')dy = 
and y 'is therefore a maximuni o 

If equation (3) holds in all positions of the particles, they will rest 
in all positions, and their cen^ of gravity ia at a constant height, 

3. Solve example 12, p. 19, by Virtual "Work. 

(Choose a displacement of along the diameter of the circle.) 

4. If the normals at P and P" {Fig. 80) meet the vertical line 
through A ia n and vf, prove that in the position of equilibrium 

.,AP' 



a result which is at o 



e evident from the (; 



mjfc «//«■, 
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5. If the particle P hang freely, find the curve on which P^ will 
rest in all positions of the system. 

Ans. A conic having A for focus. 

6. If P and P' rest in all positions, and if the curve on which P^ 
rests is given, find that on which P rests. 

Ans, Let the horizontal line through A be taken as axis of x, 
I = the length of the string, y^ = f[A P^) be the equation of the given 
curve, and TTy + W^j/ = A;; then the equation of the other curve will be 

Wy = h-W'f{l--r\ or rz=<t>(y), 
where r = AP. 

7. A particle is attracted towards two fixed points by two constant 
forces : find the curve on which it will rest in all positions. 

Ans. A Cartesian oval. 

8. A particle is acted upon by forces emanating from a given 
number of fixed points and proportional, respectively, to the distances 
of the particle from the fixed points; find (by Virtual Work) the 
surface on which the particle will rest in all positions. 

Ans, A Sphere. [See also p. 22.] 

9. Show from p. 94 that the two systems of curves obtained by 
varying C and C^ in the equations 

m^'\ogr^-\-m.^\ogr^-\-m^logrj^+ ,,, = C, 

cut each other orthogonally. 

10. A small ring is carried on a smooth wire bent into the shape 
of the magnetic curve ; what is the relation between two forces 
directed towards the poles if they keep the ring in equilibrium 1 

Ans. If the forces towards iVand S are P and P\ both attractive 
or both repulsive, and if /.NPS = o), while NP = r, 8P = r^, 

p (r2-/a cos co)4-i^ {/'— r» cos co) = 0.' 

[The student is recommended to solve some of the examples in 
pp. 64-66 by the Principle of Virtual Work.] 
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COMPOSITION AND RESOLUTIOK OP FORCES AC 
PLABE ON A BIQID BODY. 



75.] Besultant of two Parallel Forces. Let two parallel 
forces, P and Q (Fig. 8i), act at points A and B, in the same 
sense, on a rigid body. It is required to find the resultant 
of the forces P and Q. 

At A and B introduce any two eqnal and opposite forces, F. 
The introduction of these forces will 
not disturb the action of P and Q, 
pince, the body being indeformable 
(see Art. 22), the force P a,t A may 
be supposed to be transferred to B, 
at which point it would i>e directly 
opposed to the other force, P. Com- 
pound P and P at A into a single 
force, R, and compound Q and Pa.iB 
into a single force, 5. Then let R 
and S he supposed to act at 0, the 
point of intersection of their lines 

of action, which is to be considered as rigidly attached to 
the body. At this point let them be resolved into their com- 
ponents, P, P, and Q, F, respectively. The forces P at destroy 
each other, and the components P and Q are superposed in 
a right line, OG, parallel to their lines of action at A and B. 
The mat/nilv4e of the resultant is, therefore, P + Q. To find 
the point, ft, in which its line of action intersects AB, let the 
extremities of P and R (acting at A) be joined. Then the 
..triangle PAR is evidently similar to the triangle GOA ; there- 
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OG 



OG 



therefore, by divieioi 



Hence — 



>■ 
P _ ff 

Q ~ a 

The remltant of two parallel forees acting in tie tame ten 
at the extremities of a given line dicidei this line internally into ti 
"SffmeTi/i i?t tuck a way that each tegment is inversely proportion 
to /he force acting at'iis extremily. 

Suppose, now, that the parallel forces, P and Q, act ; 
opposite Genses. At A and S (Figt 
82), leb two equal and opposite force^ 
F, be introduced, as befoje ; and 
R, the resultant of 7-* and F, acd S^ 
/P-Q the resultant of Q and /', bo trans- 
ferred to 0, their point of interseo 
tion, supposed to be rigidly attacbo 
to the body. If at the forces ~ 
and S are decomposed into their on- 
ginal componenta. It is clear that 
^^8- "'■ the system will reduce to a foi-oe, P, 

acting- in the direction GO, parallel 
to the direction of P and Q, and a force, Q, acting in the direction 
OG, Hence the resultant is a force =i'— Q acting in the line QO. 
To determine the point G, we have, from the similar triangles, 
PAR and OGA, 




also we have -, 



OG 



therefore - 



' G~A' 



H- 



!enc€ — 

The resiiUani of two parallel force* acting en a rigid body itt 
sense* at tie extremities of a given line cuts this line 
externally into two segments, in such a leay that each segment 
is inversely proportional to tie force acting at its extremity. 

Dep. — The segments of a right line, A£, made by a point G in 
it or its production, are the distances, GA and GS, of the point 
G, from the extremities A and B of the given line, whether G is 
on AM, or on AB produced. 

In both cases we have the equation 

PxGA= QxGB. 
Hence we have, evidently, the theorem— 
If from a point on the resullaid of two parallel forces a right- 
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line ie dratoa meeting the forces, ichetker jterpettdiBularlg or not, 
fie products ohtained by multiplying each force by it» dislanee front 
the resvlf-ant, measured alony the arbitrary linf, are equal. 

76.] Composition of Parallel Forces deduced directly 
&om that of Concurrent Forces. Let two foiccH, i* und Q 
(Fi^. 8^), act, in inclined directions, at 
two points, A and B, of a rigid body. 
Let be the point in which their lines 
of action meet, and measure off Om and 
On proportional to P and Q respectively. 
Then, completing- the parallelogram Omrn, 
the diagonal, Or, representa the resaltant 
of P and Q in magnitude and direction. 
Let G be the point in which Or meets 
JP. Then we have ^ 

P _ Om _ ain r Oti Fig. 83. 

Q~ ^~ ain r Om ' 
From G let fall perpendiculars, Gp and ff§, on P and Q. Then 




i, and sin rOm ■■ 



therefore 



P_Gq 

Q- Up' 

Again, if Ji is the ret=ultant of P and Q, we have 

Jt Or sin w Om 

T^ Om"^ sin n Or ' 

R perp. from B on P 

P ~ perp. from B oa R' 

Now, if P and Q are parallel, R becomes parallel to P and Q, 



(1) 



(2) 



Gq_ GB 



parallel forces 



e aj' 



a»d (2) gl™ 


, ainoe 


Mia 


parallel to P and 


«, 








E 


BA 
^ BG 


-BO+G.-I q 
BO^ '+P' 












. E = P+q. 








A similar 


demonBtmtion holda when F 


and? 


act 


in opposite 



IM 
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77.] Constmctioa fbr the BesoUant of two Parallel 
Forces. IT tbe lines AP and BQ (figs- 84 and 85) represent 
in magiiitndes and lines of action two faiallel forces, the Btndent ■ 
will easily prove the ftdlowin^ constniction for the resultant :— >■ 





fie. Si- 



Fig. 85. 



Draw BQ' eqaal and opposite to BQ, and draw PQ', mee 
AB in ff. Then measure off AG = £^. G is a point ( 
resaltant. Through G draw an indefinite rig^ht line parallel t? 
P and Q, and from A and P draw parallels to PQ' and AB, 
refi])ectively. These lines will intercept on the line throagh C a 
length = P+Q = resultant 

7S.] Moment of a Force witb respect to a Point. Let a 
force, P {¥ig. 86), act on a ligid body in the plane of the pappr, 
and let an axis perpendienliir to this 
plane pass through the body at any 
point, 0. It is clear, then, that thu 
effect of the force will be to turn the 
body round this axis, (the axis beinjt 
BU|iposed to be fixed,) and the rotator)' 
effect will depend on two things— J 
firstly, the magnitude of the force, P,'S 
Mod, secondly, the perpendicular distance, p, of P from 0. If £ 
passes through 0, it is ei'ident that no rotation of the )jOi 
round can take place, whatever be the magnitude of P ; 
if P vanishes, no rotation will take place, however great p c 
be. The product p ~ 

is called the Moment of the force about the axis through J 
Ita precise connection with the rotational motion which v 
he produced in the body, if this body were free to revolve roni 
the axis through 0, cannot he seen by the student nntil I 
studies Kinetics ; but it iu not at all necessary to enquire itdm 
this matter here. Even if a Moment had no such kinet' 
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rel'ercnce, its discussion in the theory of the composition, &c. of 
forces would be necessaiy — ns will be at once seen. 

When all the forces under consideration act in one plane, we 
may speak of the point, 0, in which the axis of Momeiils meets 
this plane, instead of the asia itself. We shall therefore define 
the Moment, with respect to a point, of a force acting on a, body 
to be the product of the force and the perpendicular let fall on it^ 
tine of action from the point. 

If the unit of force is & pound weig-ht and the unit of length 
a foot, the unit of Moment will obviously bea^oi! pound weight. 

79.] Homeots of diS^rent Signs If two forces tend to 
produce roiatione of a body in opposite »en»e» Tounii a point, 
their momenta with respect to this pomt are affeded leitk oppotite 
iigtig. Thus (Fig. 87), the force JP 
tends to turn the body round in a 
sense opposite to that of watch- 
hand rotation, while Q tends to turn 
it in the opposite sense. If, then, 
the former rotation is considered 
positive, the algebraic sum of the 
moments of P and Q round is 

p and q being the perpendiculars from o 

Round the point 0' both forces would produce rotation in the 
same sense, and therefore the algebraic sum of their moments 
with respect to this point ia 

I I +Q 9' 
p' and g' being the peijendie iJars from (/ ou P and Q, re- 
spectively. 

In future we shall usuallj speak of the sum of the momenta, 
instead of the alffebrai si of the moments, of forces with 
respect to a point, as we shall suf pose the moment of each force 
to be affected with its proper sign in accordance with the rule 
given at the beginning of thi \rticle. 

80.] Case of two Equal and Opposite Parallel Foroes. If 
the forces F and Q in Art. 75, Fig. 8a, arc equal, the equation 
PxGA = QxGI} 

gives GA = GB, or j^ = I, an equation which is true only 




Fig. 87. 



1 P and Q. 
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wben. is at infiniLy on AB. Also the reEultant of t1 
being equal to thi-ir difference, is equal to zero. Two equal k 
oppositfl parallel forces acting on a rigid body constitute what is 
tailed a Couple. 

Hence, r^arded in one way, a couple is equivalent to a zero 
force acting along a line at infinity, its point of application 
being, however, supposed to be rigidly connected with the body. 
Observe, then, that, though the force is of zero magnitude, 
it has an infinitely long ' lever-arm ' with respect to any point 
at a finite distance ; so that it must not be rejected as something 
without meaning, 

^^ e now proceed to show that, regarding couples in a different 
way, they possess remarkable properties. 

THEOitiiM I. Two equal and oppotite parallel forces have a 
constant moment irilh respect to all jioinit 
in their pla/ie.—het (Fig. «8) be any 
point in the plane of two equal and 
opposit* parallel forces, /", and let &11 
the perpendiculars Om and On on thar 
lines of action. Then, if is inside 
the lines of action of the forces, these 
forces tend to produce rotation roand 
in the same sense, and therefore the 
Fig. 88. sum of their moments is equal to 

P{Om+Qn), or P xmn. 
If the point chosen is (/, the sum of the moments is evidently 
PiC/jn-ffn), or Pxmi, 
which is the same as before. 

The perpendicular distance between the two forces of a couple 
is called the Arm of the couple. 

The Moment of a couple is the product of the arra and one of 
the forces. 

The Axis of a cou])]e is a right line drawn anywhere perpen- 
dicular to the plane of the couple, and in a particular sense, its 
length being proportional to the moment of the eouide. The 
sense of the axis is determined thus : — imagine a wateh placed 
in the plane in which several coui)le8 act. Then let the axes 
of those couples which tend to produce rotation in the direction 
opposed to that of the rotation of the hands be drawn upwards 
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through the face of the watch, and the axes of those which tend 
to produce the contrary rotation be drawn downwards. The 
extremities of these axes may very properly be marked with 
arrow-headK as in the ease of lines representing forces. 

Theoeem II. The effect of a couple on a r'igi<l ho(ly u not altered 
if the arm is tvrned through any angle round one exi/remity. 

Let AC and Bli {Kg-. 89} be a 
couple whose arm is AB, and let the 
arm turn round B into the position 
B£. At A' introduce two equal and 
opposite forces, ^'C and A'C", each 
of which is equal to one of the 
forces, -/*, of the given couple, and 
]«rpendicular to BA'. At B intro- 
duce two equal and opposite forces, 
Biy and Blf, perpendicular to 
BA', each force being equal to 
AC or P. The effect of the given couple is, o 
liv the introduction of these forces. Noi 




Fig. S9. 



nurse, unaltered 

the forces BD 

DBJf' 



and Blf' may be replaced by their resultant, 2i*cos 

or 2 P sin — - — ) which acts in the bisector, BO, of the angle 

J)BI/' \ and the forces AC and A'C" may be replaced by their 

COC" ABA' 

resultiant, 2Pcos — ^ — 1 or 2Psin — — - . which also acts in the 

line BO in a sense opposed to the previous resultant. Hence 
the forces BI), BIf', AC, and A'C", are a null system. There 
remain, then, the forces BI/ and jfC which form a couple 
whose arm is BA' . Hence the couple of forces P acting at A 
and B may be replaced by a couple of forces P acting at the 
extremities of an arm of length equal to AB having one ex- 
tremity common with AB. 

Theoubm III. The effect of a couple on a rigid iody it not 
altered if the arm, is moved parallel to it»elf anywhere in tie plane 
of the Couple. 

Let two forces, AC tLud BD, each equal to P(Fig. 9o),actwith 
arm AB, and draw A'B' equal and parallel to AB in the plane 
of the couple, this line A'B" being supposed to be rigidly con- 
nected with the body. At A' and B' introduce, perpendicularly 
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B' 



D 



B 



to A'jr, four forces A'C, A'C'\ B'lT, and j5'i/', each equal to P. 
This does not alter the effect of the given couple. Now since AB 

and A!B^ are equal and parallel, 
d' c"; the lines AB' and BA\ being the 

diagonals of the parallelogram 
^ ABB^A\ bisect each other in the 
point 0, suppose. Replace the 
forces BB and A^Cf^ by their 
resultant, 2 P, which acts at 
parallel to BB ; and replace 
Fig. 90. the forces AC and B'BT' by 

their resultant, 2 P, which also 
acts at in a sense opposite to the previous resultant. These 
two resultants destroy each other, and therefore the forces 
BB, AC, B^B^\ and A^C\ constituting a null system, may be re- 
moved. There remain the forces, A'C and B^B^y which con- 
stitute a couple whose arm is A^B^. Therefore, &c. 

Theorem IV. The effect of a Couple on a rigid body is not 
altered if the Couple is changed into another having the same 
moment y the arms of the Couples being in the same line an4 
having a common extremity. 

Let the given couple be AC and BB (Fig. 91), each equal to 

P. Produce BA to A' so that ^-^ = ~ , and at A' and B in- 
troduce equal and opposite forces A'C^ and A'C\ Bl/ and 

BB^\ the magnitude of each of 
C| these forces being Q, Now the 
forces AC and A^C^ give a re- 
sultant = P - Q at ^ (Art. 75) 
C^* along the line Pi/' ; and this force 
added to BB^^ gives a force = P 
which destroys BB. Hence there 
remain the forces A'C and Pi/, which form a couple whose 
moment is equal to that of A.C and BB, since (by construction) 

P.BA= q.BA\ 
Therefore, &c. 

Theorem V. A Couple acting on a rigid body may be replaced 
by any other Couple in the same plane if the moments of the Couples 
are the same in magnitude and sigyi. 



1 



B 



D 
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Fig. 91. 
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Fig. 52- 



Let, (P, P) and {q, Q) (Fig. 9a) b 
plane, having the same moment, 
and tending to produce rotation in 
the same sense ; then (P, P) may be 
tranaformed into (Q, Q). For, we 
can first turn the arm AB round B 
until it is parallel to B' A' (Theorem 
II) ; then we can lengthen it until 
it hecomes equal to B'A', changing, 
at the same time, the forceg P into 
forces <2 (Theorem IV} ; and finally, 
we can move it into the position B'A' (Theorem III}. 

The sign of the moment of a couple is indicated hy the sense 
in which the axis is drawn, as has been already explained. 
Axes drawn upwards through the face of the watch are then 
considered positive, and axes drawn downwards are negative. 

Theorem V can l>e proved directly, without the aid of the 
previous propositions. 

From the foregoing Theorems it ia clear that the addition of 
coplanar couples is effected Ly adding their axes, regard heing 
had to the signs of the axes. 

Theokem VI. A force and a couple acting in the same plane 011 
a rigid iody are equivalent to a single force. 

Let the force be F and the couple (P, a) — that is, P is the 
magnitude of each force in the couple whose arm is a. Then 

{Theorem IV} the couple (P, a) = the couple (P, ^) . Ijet 
the latter he moved until one of its forces acts in the same line 
as the given force F, hot in the opposite sense. The given 
force Pwill then be destroyed, and there will remain a force F 
acting in the same direction as the given one and at a perpen- 



This Theorem is equivalent to the statement — A force and a 
couple aciing in the same plane cannot produce equilibriitm, 

Theoeem VII. A force acting on a rigid body at any point A 
may be replaced by a» equal force acl-ing i» ihe same direction at 
any other point B together with a couple lekose moment i« the 
moment of the original force about B. 
^^ This important proposition is easily demonstrated. 
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Theooem VIII. The retuliattl of any uamber of Coplaimr Couplet 
is a couple whose moment 3t equal to the mm (teiti the proper tigni 
if the moments of the given eoiiplt 

For, let the component couples have momentB L,M,N, ... and. 
let each of them be changed into a conple, having the same righl 
line AB (whose length is x) foi' arm. Then (Theorem IV), tl 

conple i will give rise to a force — at A, and an equal force i] 

opposite sense at B. Hence at A we shall have the force 



1 eqnal and opposite force at B. Thus ■ 






tuple whose moment is the product of this force by tha 
arm x; i.e., its moment is i + 3f+jV+ ..., or the sum of tht: 
given momentti. 

81.] Qeometrioal represeatation of the Moment of a Foroo 
with respect to a Point. Let the line AB (Fig. 93) represotb 
a force in magnitude and direction, and let it 
be required to represent its moment with respect 
to a point 0. K p = the perpendicular fwaa > 
on AB, the moment is ABxp. Now thisii 
double the area of the triangle AOB. Hence 
the moment of a force leith respect to a point k- 
geometrically represented hy double the area <f\ 
the triangle uhose base is the line repreaadiag' 
the force in magnitude and line of action, . 
■ given point. 
Draw AO, and from the other extremity, B, of the given foit 
draw an indefinite right line, BC, parallel to AO. Join J to a 
point, C, of this line. Then the area of the triangle AOB = tM 
area of the triangle AOC, since these triangles have the same 
base and are between the same parallels. Consequently the 
moment of a force represented by AB about = the moment of 
a force represented by AC about 0, wherever C be taken on the 
indefinite line through B. 

82.] Varignon's Theorem of Momenta. The svm cf tit 
moments of ttco forces vrith respect to any point in their plane ii 
equal to the moment of their resultant icith respect (0 tic 
point. 

Let AP and AQ(Y\^. 94) represent two forces whose resultant 
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is Alt, and let be the poiiit alwut which moments are tuken. 
Draw j^O, and draw PC and Q7J parallel 
to it. 

By the last Article the moment of 
AP about = the moment of AC 
about 0, and the moment of AQ ^ 
the moment of AD ; therefore the sum 
of the momenta of AP and AQ about j-ig_ ^^ 

= the sum of the moments of ^C and 

AS about = the moment of the sum of AC and AS (since AC 
and AS are forces act.infj in the same line) ; but, by equal tri- 
angles AC is evidently — SR ; therefore the sum of the moments 
= the moment of Ali = the moment of the resultant. Q.E.D. 

This result can also be very simply obtained by expressing the 
fact that the sum of the components of AP and AQ along a 
perpendicular to AO = the component of AR in this direction, 
and multiplying both sides of the equation by the length OA. 

The student will find no difficulty in considering the case in 
which is between AP and AQ, observing that in this ease 
their moments are opposed, and that in the new figure AR will 
be equal to AS^AC. 

Of course it follows that the sum of the moments (with their 
proper signs) of any number of coplanar forces with respect to 
any point in their plane is equal to the moment of their resultant 
with respect to this point ; for the forces may be replaced in 
pairs by their resultants, &c. It also follow b that the sum of 
the moments of the forces about any point on the line of action 
of the resultant is equal to zero. 

83/] Tarignon'B Theorem of Moments for Parallel 
Foreea. T/ie turn of the momenh of Iwo j.aralM forcen akmf 
any point is eqval to the moment of their resuHant about the 
),ohd. 

Let the forces be P and Q (Fig, 95) 
and let be the point aboot which 
moments are to be taken. Prom 
let fall perpendicnlars OA, OB, and 
OG on the lines of action of P, Q, 
and their resultant, if, and let the 
forces be applied at the points A, B, 
and G, respectively. 



114 coicpjsinox jam rzsolutiox of forces. [84. 

Thau moiiLmt of 

Pmboot O = P. OJ = P{OG^GA); 

xad uyoauait o( Q whtmt 0=iQ.OB=^ Q{OG^G£); 
thefcCoie, bj jdditioii, the sam of the momentB 

= (P+ Q) . OG-hP. GJ- Q . G£. 

But P. 6J = Q . (x^ : thcTC&ce the sum crf'the moments 

A simibur pioof holds when P and Q act in opposite 
senses, and ako whai is between the lines of action of P 
and Q. 

It follows that iAe tttm of tie wumeu/t (wM iieir proper signs) 
of any numher of coplamar pmrallel forctt wM resped to a point in 
tkeir plane is equal to tie moment of tieir retmUaut wUk respect to 
tie point, 

84.] Determination of the Besoltant of Ckyplanar Forces. 
Any system of coplanar forces, P^y P^, ^zy -" ^^sting on a rigid 
body must either haye a single resultant or rednce to a couple; 
for, since their lines of action all lie in one plane, we can produce 
the lines of action of P^ and P^ to meet, and replace them by 
their resultant, iS,^; and in the same way we can com- 
pound this force and P3 into a force i^i23> ^^^ ^^ again 
with P4 ; and so on ; so that finally we must obtain a single 
force, Hf with finite magnitude and position, unless the last 
two to be compounded happen to be two equal parallel forces 
in opposite senses, in which case the system is equiyalent to 
a couple. 

Now the magnitude and direction (but not actual line of action) 
of the resultant, 72, are at once obtained &om the fi^^t that its 
component along any line must be equal to the sum of the 
components of all the given forces along the line. Suppose then 
that we take any two rectangular directions, Qa?, Oy, in the 
plane of the forces ; let R make the angle with Ox^ and let the 
components of P^, Pg, P3, ... along Ox be Jfj, Xg, Jfg, ... and 
along Oy be J|, Y^, J^, ... ; then 

Rcosd = Xi-f J2 + X3+ ... ,or= 2X, (l) 

ItBme= 7^+72+^3+ ...,or= 27. (2) 
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Hence H is repreeented iu ma^itude and direction by the 
diagonal of the rectangle whose sides are 2Z and 27; i.e., 

n = •(M)"+(2;rj», 






2J- 



(3) 
(4) 



Theae equations do not, of eouiBe, determine the actual line of 
sctdon of B. \ this latter is to be determined by the principle 
of momenta. Tnke, then, any point whatever. A, in the plane 
of the forces, and calculate the algebraic sum of the moments of 
the forces about this point. Suppose this to be M. 

By what has been proved in the last two articles, M is the 
moment of the resultant, E, about A ; so that we have merely 
to draw from A a line perpendicular to the already determined 
direction of R and take such a length, p, on this perpendicular at 
one side or the other of A, according as M is clockwise or counter- 



clockwise, that 



lixp=M. 



(5) 



This completes the determination of the resultant — sometimes 
called the TesuUant of iTaHnlaiion of the forces. 

In any specified system of forces we are to be guided in our 
choice of the point, A, round which to take moments by special 
considerations of simplicity — for example, if several of the forces 
act in lines passing through A. 

SJ.] Particular case in which the Besultant of TraoHla- 
tioQ Taniahes. When forces applied to a particle have no 
resultant of translation, their whole effect is null. It is not 
necessarily so, however, if they are applied to a body of finite 
dimensions. For example— 

If the force* acting upon a rigid 
bo^y form hy their magnitudes and 
lines of action the side* of a eloggd 
polygon taken in order, their resttUaut 
of iranflation vanishes, and they have 
a constant moment with re»pect to all 
points in their plane — i. e., they re- 
duce to a couple. 

Let forces Pj, P^, P^, ... (Fig. 
96) act at points, Ai, A.^,A^,,..in 
a body in one plane, and let these forces be represented : 




116 



COMPOSITION AND BE8OLUTI0N OF FOBCKS. 



[85- 



magnitudes and lines of action by the sides of the polygon formed 
by their points of application. 

Now since the sum of the projections of the sides of this 
polygon on any arbitrary line = 0, the forces have no resultant 
of translation. 

Let be any point inside the polygon, and take the sum of 
the moments of the forces round it. If the perpendiculars from 
on the sides A^A^^ A^d^, ... , be j^i, j)2> ■•• » ^^^ ^'^^^ ^^ ^® 
moments will be 

^iPi"^ ^zPs"^ ^3 Pz"^ ••• » ^^ ^' suppose. 
And since Pj, Pg* ••• *^® equal to the sides of the polygon, G is 
evidently = 2 . area of polygon. This is constant for all points 
inside the polygon. 

Now if we take the sum of the moments round any external 
point, Cy, we shall have 

PiPi-^P2P2 + P3Pz-^^P^ + P6P5^ 
since P^ turns the body round C in a sense opposite to that 
in which the other forces turn it. But this sum is equal to 

2 (A,(yA^^A^(rA,-hA,(/A^-A^(/A,-^A,(yA,), 

and this is again equal to 2 . area of polygon. 

Hence for all points in the plane, the sum of the moments, G, 
is constant. 

Example of the determination op R. 

ABCD is a rectangle ; AB = 60 inches, ^Z> = 45 inches; in DC 

are taken two points, P, Q, such 
that DP = 20, QC = 20 ; and 
M is the middle point of AB. 
Find the resultant of the follow- 
ing forces (all measured in 
pounds' weight, suppose) repre- 
sented by arrows in the figure: 
10 in CD, 10 in DB, 18 at M 
perpendicular to AB, 20 at P 
making 45° with DC, 12 at $ 
making 30° with DC, and 16 
at A making 30" with AD, 

Here, taking the components 
parallel to AB, we have 

2X = 14 . 534 in sense AB, 

and ihe components parallel to 
AD give 
>:y= G.286 in sense .4 2>. 



]o< 
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Hence the rcaultant Ji =^15 . 835, and its dii'ectinu is thiit of u liue 
niakiug tau"'- — '- 1 or tan"'. 432, witli AB. 

Again, J) is the eimplest point for moments, aud we find 
M^ = 222 . 84 inch-pounds' weight, 
the arrow indicating that the moment is counter-clockwise. Hence 
the line of action of E cuib AD between A and D, and the length 
of the perpendicular from If on it is 14 . 07 inches. 

Spectiil conditions for the partial or complete detennination of the 
resultant of a system of coplanar fortes may sometimes he given. 

The system of forces being unspecified, if we aie merely given that 
ibe sum of their moments about a given point A in their plane is L 
— in a clockwise sense, suppose — we can infer nothing as to the 
magnitude and lli^e of action of Ji ; hut if we are given tbut the 
sum of the niomtuts about ft given point A is L, aud about another 
given point, £, is M, both in the same sense, we infer a point on 
the lino of action of £, viz., the point which- divides the line AB 
produced into two segmeuls in the ratio L:M; for if p and q are 
tbe perpend irulars ft om A Hud B on Ji, we have 

li.j, = L, n.q = M, 
therefore^ :q =■ L: M, and it is obvious that R must pass through the 
point above named. If, in addition, we are given that the Eum of 
the momenta about a point C is N, in tlie same sense, suppose, S is 
completely determined, since its line of action must now also paes 
through the point dividing AC externally in the ratio L: N ; and the 
perpendicular a on it from A, B, C are all known, and therefore the 
m^nitude of R itself. 

If L and A[ are of oppoeite senses, R passes through the point 
dividing AB internally in the ratio L ; M. 

EXAUPLEE. 

1. If the sums of the moments of a system of coplanar forces 
vanish fur three points which are not in a right line, the system is in 
equilibrium. 

2. If the eimis of the moments round three points which are not 
iu a right line are equal, and not each zero, the system is equivalent 
to a couple. 

3. If the sums of the moments of a coplanar system round three 
points A, B, C are, respectively, proportional to the peipendicnlars 
from these points on the opposite sides of the triangle ^S6'and have 
all the same sense, find the line of action of the resultant. 

An», Tlie line joining the points of intersection of tbe hisectcirs 
of the eKtemul angles with the opposite sides. 
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4. If Z. Jf^ X are the earns of the moments of a system of coplanar 

forces about three points A, B, C, show that the equation of the line 

of action of the resultant in trilinear co-ordinates referred to the 

triamrle ABC is ^ , ,^ ,r ^ 

^ aZ«x+6i/iy + ciVi5 = 0, 

where a, 6, e are the lengths of the sides of the triangle. 

5. Find the magnitude of the resultant in terms of X, M, N» 

where A is the area of ABC, whose sides are a, 6, c. 

86.] Conditions of Equilibrium of a Rigid Body acted upon 
by Coplanar Forces. TV'hen a rigid body is acted upon by 
a system of coplanar forces, this system is reducible, generally, 
to a single force, but it may happen to reduce to a couple. 
The necessary and sufficient condition of equilibrium of the 
body evidently is that tAis resultant of the forces shall be of zero 
magnitude vnthout acting at infinitj/ ; and the latter part of this 
condition will be guaranteed by the vanishing of the sum 
of the moments of the forces round any one point in their plane. 
Indeed, if the forces have no moment round any three points 
which do not lie in one right line, they cannot reduce either 
to a single force or to a couple ; so that we may say that — 
the necessary and sufficient conditions of equilibrium of a system of 
coplanar forces acting on a rigid body are that they give zero 
momeiit round each of any three points which do not lie in one 
right line, (a) 

Their equilibrium will also be guaranteed — i.e., they must 
have a zero resultant without reducing to a couple — ^if the sums 
of their components^ rectangular or oblique^ vanish along any two 
particular lines in their plane^ and also the sum of their momenta 
about any one point vanishes, (j3) 

For, if they have no total component along any direction (L) 
and also no total component along any other direction {I/\ 
their resultant must be of zero magnitude, since its component 
along any direction is equal to the sum of the components 
of the forces in that direction ; and if, in addition, their total 
moment round any one point vanishes, they cannot reduce to a 
couple. 

When, therefore, a system of coplanar forces acting on a rigid 
body is in equilibrium we have the result that — 
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(1) the sum of their componeait along every line = ; 

(2) t/ie SUM <f their ■moments about every point = 0, 
The conditions which have just been ennnciated are both 

necessary and svffident for the equilibrium of any rigid material 
system to which the forces may be aj>plied ; but they are not 
sufficient for the equilibrium of a. material system whose parts 
lire not rigidly connected. The simplest way of seeing this is 
to remember that the whole process of compounding forces, two 
by twOj into a single resultant is invalid and, indeed, without 
any meaning, unless they are all applied to one and the same 
rigid bodv. This was pointed out at the very outset (see p. 17). 
If a force, P, is applied at a point to a bar which is freelj' 
jointed to another bar to which a force P.^ is applied, the process 
of finding the resultant of Pj and P^ consists in producing their 
lines of action to meet iu a point 0, and then assuming that 
both P^ and P^ can be applied at 0. But this assumes that 
is at once rigidly connected with both bars, i. e., that the 
two bars are rigidly connected with each other ; otherwise 
we cannot speak at all of the resultant of P^ and P^. 

Let us imagine, then, any non-rigid, or deformable, system — 
a deformable framework of freely jointed bars, an elastic string, 
a fluid, &c. — at rest, and suppose that wc are about to apply to 
this system a system offerees, P, , P^, P^, ... at specified points; 
what conditions must these forces satisfy in order that, when they 
are applied, the material system will continue to be at rest? 
Now, although wo cannot completely answer the question 
without regard to the special features and structure of the 
material system, this much we can say, that — if we imagine 
the whole system to be suddenly made rigid, and if the forces 
will not keep this rigidified system at rest, they will, a fortiori, 
not suffice to keep the given deformable system at rest ; for, 
rigidification always removes restrictions which hamper the 
action of the internal forces of the system, and renders these 
forces, therefore, more capable of preserving the equilibrium of 
the various connected parts against the action of external forces. 

Hence the conditions expressed in (a), (3), (y), though necessary 
for the equilibrium of forces applied to a deformable system, 
are not sufficient. 

Analytical expression may be given to any of the forms 
(a), (^), (y) which express the conditions of equilibrium. Thus, 



Fig 9»- 

— X^.y,, where k, and y^ s 
the axes Ox and Oy. 
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to express {ji), let (Fi^. 98) be the point about which we take 
momenta, and through draw any two rectangular lines, 03^ 
Of, which we may employ as asea of co-ordinates for the points 
of application of the varioue forces. Let P, act at A^ and 
resolve the force P, into two com- 
{^onente, Aj and }\, parallel to O9 
and Oy. Now (Art. 82), the moment 
of P, about iii e({ual to the eam 

/if -?tj of the moments of X, and }\ about 

0. £ut, if rotation ojiposite to that 
of a wat«h-hand ia considered poai- 
five, the moment of ¥^ about 
}\ . 2, ; and the moment of X, 
1 the co-ordinates of A^ referred ta 
Hence the moment of Pj about is 

Adding together the moments of Pj, P.^, ..-: we get the total 
'^O'^^^^ G = :£{n-Xy). (1] 

If the snm of the components of the forces along Ox a 
denoted by 2T, and the sum of the components along^ Ojf 
^Y, the resultant of the forces (Art, 84) is given by the 

ji« = piT+pr)'. (2] 

Now, since for equilibrium we must have Jt = 0, and 6' 
the conditions, analytically expressed, arc 

SX= 0,21^=0, (3 

v:(r..-X^) = 0. (4 

"When tlio student comes to the study of the kinetics of a materi 
aysteni, lie will see that if the external forcea applied to it are sndl 
tliat Ji = and G = 0, i. e., are such that if they acted on a 
system, their resultant force aud tutal moment round any axis 
vaiiisli, the centre of mass of the eystem is at rest (or in unifoi 
motion In a fixed right line) and there is no resultant moment 
uiasS'Rcceleratiou round any axis. This is true for all kinds 
mtiterial Bystems, whether they are gases, liquids, deformable frame' 
works, natural solids, or ngul bodies. 

Now the destruction of resaltant linear and angular acceleratiiiS 
will, except in the case of rigid bodies, be quite consistent with tl 
existence of motions of parts of the system among themselves, negatii 
momenta cancelling positive. Hence, whetiever a syelem rs eapahle 1 
altering the relalite positions of ils paria, lite comjilete e^ilibriv 




87-] REDUCTION OF A SYSTEM 01' FORCES. 121 

of the system will require mo-re than the vunisMng of the reaullants of 
trandaiioTt and rotation of t/te forces allied to it. In fuct, ite 
iut«nial forcea will have to be taken '\n\o account. In rigid bodies 
the destt'udion of the above-mentioned motions will necessitate the 
destruction of nil motion, and the conditions R ■= 0, G = are both 
ueceBEary and sufficient. In these bodies there is iio restriction 
placed on the internal forces, so that they are always capable of 
asaiiming such mugtiitiides utid directions as will enable them to 
destroy the action of the externa! forces. Ou the contrary, in 
deforraable bodies, there are restrictions placed on the internal forces 
so that they are not capable of preserving equilibrium against all 
syslema of external forces. For example, in a freely jointed frame- 
work, the action between bar and bar must consist of a single force 
rsHtricted to passing througli the joint. This is the reason why 
two equal forces applied in opposite senses in the same line to two 
opposite sides of a set of parallel rulers will not hold them in 
equilibrium, unless the rulers are phiced in a certain configuration; 
and it is also the reason why two equal and directly opposed forces 
applied to the ends of a string, elastic or inelastic, will not hold it In 
equilibrium, until it ha3 assumed a certain state. 

Hence also the necessity for considering the internal forces 
(pressures) in Hydrostalica, 

Nevertheless, tlie conditions of equilibrium of all material systems 
whatever — natural solids, liquids, and gases — are completely expressed 
by the single principle that — when the system has assumed its con- 
fiijuration of equilihriwm, then for all imafjinable small derangementt 
of its parts the whole work which would thereby he done by all tlie acting 
forces, external amd internal, is xero — which is Lagrange's great 
principle of Virtual Work. 

87, Beductiou of a system of Forces. We have seen that 
a system of co planar forcea ranst ultimately reduce either 
to a single force or to a couple. It can be reduced to a single 
force acting at atii/ point, 0, supposed rigidly connected with 
the body, accompanied by a conple. For, let the system reduce 
to a eingle force, H, acting in a line {L). At iiitrodnee two 
forces {R, —R) parallel and equal to R and acting in opposite 
senses. Take R acting in the line (L) and — R acting at 
to make a couple ; then, in addition to this couple, we have 
the force R at 0. If p is the perpendicular from A on {£), 
the moment of the couple is 

R.p, 
i.e., it is the sum of the moments of the given forces about 0. 
Thus the force at is constant in magnitude and direction 
whatever point, 0, is chosen, while the moment of the couple 
is variable. 
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Fig. 99. 



The same thing is easily seen, less directly, by replacing each 
separate force iPi, ... by a force Pj,... acting at 0, accompanied by 
a couple (see Theorem VII. p. 111). 

Thus, take the special case in which all the forces are parallel 

(Fig. 99). 

Take any point 0, and draw through it a right line, Oy, parallel to 

the forces. At introduce two forces, JP/ and P^\ each equal to 

Pj, these new forces being directly opposed to each other along Oy. 

Now, Pj and P/' form a couple whose moment is P^ -Pii^f Pi is the 

perpendicular from on the line A^P^. 
Introducing in the same way, two 
forces, P/and P/', equal to Pj, directly 
opposite to each other along Oy, we 
have Pg at A^ replaced by a force P^^ 
acting at along 0^/ and a couple 
whose moment is — Pj *2^2 9 V2 l^i^^g the 
perpendicular from on the line -^2^2- 
The — sign is attached to this couple 
because the couple (Pj', Pg) tends to 
produce rotation in a sense opposite to 
that in which the couple (P/^ Pj) tends 
to produce rotation. 
Proceeding in this way with all the forces in the above figure, 

we have the whole system of forces at A^, A^, -4j, -^4, ... equivalent 

to a single force, p^^2\-^P,--P,-h ..., 

acting at in the direction Oy, and a couple, 

tending to turn the body round in a sense opposite to that of 
watch-hand rotation. 

Denoting the resultant force by B, and the moment of the 
resultant couple by G, we have 

i? = 2P, (1) 

G^^iP.p). (2) 

Again, let the forces act in any directions. 

At (Fig. 100) introduce two 
opposite forces, P/ and P/', each 
equal and parallel to P^. Let 
Pj and Pj'' be considered as form- 
ing a couple. Then Pj at A^ is 
equivalent to Pj acting at 0, and 
a couple whose moment = ^1 . Pi • 
Eeplace Pgat A^in the &ame way 
by Pj'^ (or P.^) acting at 0, and 
a couple (Pg, Pj') whose moment 




Fig. 100. 



is -P« 



/J. 



Thus the whole 



system of forces will be replaced 
by forces Pi , Pj , P3 , P4 , • , acting at 0, and a number of couples 
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wliose momenta are F^.pj, —P^-Pi> P^-Pa, —PfPt,-- {^^ forces 
Hctiug as in the above fi^'ure). The furces acting at will have a 
single reenltaiit, E, ant! the couples wil! form a single coujije whose 
moment, 0, is (Theor. VIII, Art. 80) the sum of the moments of the 

88.] Equation of line of action of Resultant. The equation 
of the line of action of the resultant of a system of coplanai' 
forces is obtained with, reference to any assumed axes of co- 
ordinates, Cartesian or Trilinear, by expressing the fact that 
the sum of the moments of the given forces round any point 
on the line of action of R is zero, 

Thus, let Ox, Oi/ (Pig. 98) be any rectangular area with 
respect to which the co-ordinates of the points of application of 
P,, P^,... are («,, y^), (»,„ y^), ..., and let {x, y) be the co- 
ordinates of any point in the plane. Then the moment of P^ 
about {x, y) is evidently 

«r J,:c^-X,^j_fl,rj+j^X,. 

The moment of P^ about {x, y) is 

\\x^-X^y^-xy.-VyX^, 
and similarly for the other forces. Hence the total moment, G', 
of the forces about the point is given by the equation 

(?'= G-x^X-k-y'S.X, (1) 

where G is the sum of the moments of the forces about and 
stands for (J'l-Pi — -^1^1) + {T-r^i—^zy-i) + ■■■■ 

If {x, y) is any point on fl, C = 0, so that the equation of 
I J^ta line of action of P. is 

k .\1-,^^X=b (2) 

^" ' The interpretation of equation (1) Js obMOualy that — -The 
sum of He momenta oj a gyitem of coplanar forces ahoul any 
pom/, IS equal to the stim of fhetr womenfs about any other 
point, (/, phis tie moment about of their resnUant of frans 
latioft, supposed admi at (Y — a result which is e\ident from first 
principles 



1. ia any point inside a triangle ABC; 
pendicukrB from on the sides ; if forces act a 


J, 3, y are the per- 
ong the sides a, 6, c 


tqual to - . - . - J respectively, and all in the Ban 
ttie line of their resultant. 


oe cyclical order, find 
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Tolie auy point whose trilinear co-ordinates with reference to tbe 
rittiigle AJIC me x, y, z; then the sum of the moments of the forcee 

k k k 

.boot it is - a: + - y + - I, Henc« the equation of the line of li is 



I 



which ia tlic axis of homology of ABC and Ute triangle A'B'C formed 
hy the points in which AO, BO, CO inteisect the opposite sides. 



If two ol 
third ucts i 



the forces, -> y,i huvc the EOme cvclical order white the 
a ^ 

the reverse order, the equation of R is 



i.e., R ai:t8 in the 1 



^A'B'. 



A triangular plate, ABC (Fig. loi), ia noted upon at each 
by forces, along the two sides conts 
i(, repre^^entod in magnitudes and liuw 
of actiuu by the distunces hetween the 
aogle and the feet of the perpendicnlHra 
let fall fioni tlie other two angles on 
these sides. Find the lino of action of 
the resultant force. 

Let the perpendiculars let fall on the 
three sid. s, a, b, c, Iroin any jioii.t, P, 
on the resultant be x, y, z, respectively, 
feet of I he perpendiculais. Then the fotoe 
in dtf ui tne seuse Ali ia AC—BC, or 6eosJ— ocosfl. Heooe 
the moment (,f tlils foree about P is e{h cos A — a cob B), and since the 
sum of the montents of all the forces (estimated in cyclical order) 
round P is = (Art. 82), we have 

C- 




•1 



tndlet A', B',Ch 



3oa ^)+a(6 COB J-a cos -B) = 0. (1) 

and s, which will satisfy this equa- 

; the resultant passes throuj;h the 

idiculars from which on the sides are prupcirtional to 



x{c cos B-b cos C) + i/{< 

Now, one HOt of valu 
tion. If, evidently, 
puint the perp 

a, b, e. Thia point is thus found :— Let G be the centre of gravity of 
the triangle ; from A draw a line, A&', wliich makes tCAG' ■=. ABAG, 
and from B draw a line, BG', which makes ICBG' = lABG. Thet* 
lines intersect iii C, the required point which is called the iat^onal 
conjugate of 0, or the Symm'dian imiU. 

Again, another set of values of x, y, e, which will satisfy (]), is 
COB A , cos B, cos C ; and the resultant pusses throujfh the point whose 
perpei;dicularB on the sides are proportional to these quantities. This 
point is the centre of the circumecriheil circle. ~ 

Hence the line of action of the resultant is hi 




3. Show that the reinltant of the syBtem of forces i 
exainpla is ^ ^ 



where A is tlie urea of the triangle. 

4. Forcea P, Q, R, act along the aidea of a triangle, ABC, and 
their I'eBultaiit pasaea through the ceotres of the inacribed and circum- 
Boribed circles : piove that 

P _ Q _ -g 

C085-C03(7 C0sC~COS-i C0B^-CO9£ 

(Wolstenholme's Book of Matliematical Problems). 

5. If froin a point C on a circle there be drawn two clioids CA, CB, 
prove that two forcea iLiversely propnrlional to AC and BC acting 
along those lines both to, or both from, G, have a resultant parsing 
through the Symmedian point of A BC and inversely proportional to 
the chord through this point. 

6. HAD and BC (A, B, C. D being in cyclical order) are any two 
chords of a circle and two forces inversely proportional to them act 
along them in the Benses A D, BC, tiieir resultant parses tJirough the 
interset-tionof^f^ and £iJ ; but if tbey act in the eenses J/>, CB, it 
passes through the intersection of AB and BC. 

7. If forces inversely proportional to the trilinear co-ordinat«s 
of any point on tlie circle circumscribing a trinugle act, in cyclical 
order, along the corresponding sides, piove that their resultant 
will always pass through the isogonal conjugate of the centroid of 
the triangle. 

8. Find tlie relation between three forces such that if they act along 
the sidis of a triangle in cyclical order, their resultant will always 
touch the circumscribed circle. 

Ans. If the forces are P, Q, R, and a, ft, o are the sides, 

BO that the trilineai' co-ordinates of any point on the inscribed conic 
which touches the sides at tlieir middle points will represent all Buch 
force systems. 

9. Find the relation between ihe forces if their resultant always 
touches the inscribed circle. 



80 ihnt they can be repiesented by the trilinear co-ordinates of any 
point on a certiiin conic cinumscrihing the triangle. 

(These results can be obtained purely by the principle of moments, 
Art. 82.) 

10. Generally, if the resultant of forces acting in cyclical order 
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along the sides of a triangle touches anj assigned carve, the relation 
between the forces is expressed by the tangential equaticm of the 
curve in trilinear co-ordinates. 

89.] Centre of Parallel Forces. Theorem. If any number of 
parallel forces^ P^, P^, P3, ,,, P^, act in one plane at poinU A^^ 
^2) ^3) ••• ^H} ^^^^^ remM-ant passes through a fixed point if all 
the forces are turned in the same sense round their points of 
application through an arbitrary but common angle. 

The point, g^ (Pig. 102), of application of the resultant of Pj 
and P2 ^^^ ^^^^ determined (Art. 75) bj dividing the line 
A-i Aq so that I 7) 

on the supposition that the forces P^ and P2 are parallel, but no 

assumption has been made as to 
their common direction. Hence 
g^ will be a point on their resul- 
tant in whatever direction they 
act, and the force at this point 
is Pj^-j-P2. The point of applica- 
tion of the resultant of P^, P.^, 
and P3, is determined by join- 
ing ^1 to -^3, and dividing it in 
^2> so that 




Fig. 102. 



at ^2 



force at A 



3 _ 



force at g^ P^ + Pg 

and the force at ^2 ^^ ■Pi + -P2'^-^Z' Similarly, the point of 
application of the resultant of Pj, P2, P3, and P^, is a point, G, 

on ^2-^4» ^"^^ ^^^^ r v 

J.^-Pi+Pa + ^Pa' 

and the force at G = P1 + P2 + P34-P4. 

We thus see that the point, G, of application of the resultant 
of the system is determined by dividing the lines giA^, ^2-^4' ••• 
in certain ratios which depend simply on the magnitudes, and 
not on the common direction, of the forces at A^ A^, ^3, ... • 
The theorem is, therefore, evident. 

Of course no one point on the line of action of a force which 
acts on an indeformable body has a special right to be called tie 
point of application of the force ; and if we are given a parallel 
system, P^, Pg, Pg, ... with a fixed direction, a point on their 
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reenltant can be found by taking any points, B-,, B,^, S^, ,,. ov 
their reHpective lines of action and going throngh the above 
process ; but the point so determined on the reanltant is not one 
throngh which this resnltant would continue to pass if the 
common direction of the parallel system were changed in such a 
way that the forcM, respectively, revolved round a different system 
of points, -^1, -^j, J3, ... . If we contemplate such a revolution 
round these points, the point G is appropriately termed M« 
centre of the s)'ptem. 

90.] Centre of Mean Position. Let there be any number 
of points, Aj, A^, J^, ... {Fig. 103), in one plane, and let the 
line, Af A^, be divided at ^j so that 

gjA.^_ mj 

ff,A, m,' 
let ^j A^ be dii-ided at ^^ , so that 



let ff.^Af be divided at ^g, so that 



and so on, until by a final eonstructii 
It is required to express the dis- 
tance of G from an arbitrary line, 
L, in the plane of the points in 
terms of the distances, t^, 1^,2^, ... 
, A^i A^, ... from this line.* 
Draw J-yMn parallel to L. Then 

Am A,A„ 



we arrive at a point f, 
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Calling this distance z^, we have the distance of ff^ from L 
equal to 

since ^^/ig is divided at g^ in the ratio — — — • Continuing the 

application of this method, we have evidently, if ^ is the 
distance of G from i, 

or i = -—— , (2) 

where S is the sign of summation. 

The point G thus arrived at is called The Centre of Mean Pm- 
Hon of the given points for the system of multiples tn^^ ^2' ^3' •••^w 

The points A^^A^^A^^,,, remaining the same, and the system 
of multiples being altered io p^y p^, p^^ , , . the point G arrived at 
would, of course, be different. The distance of the new point 

would be-;^. 
^p 

In particular, the distance, ^, from any plane, of the centre 

of parallel forces, P^^, P^y ^3^ ••• ajiplied, respectively, at points 

whose distances from the plane are ^'i, Tg, -2^3, ... is given by the 

- -^1 * ^1 "^ -^2 ' ^ 2 "^" -^3 • ^3 + • • • 

-^1 "r •*^2 ' "^3 "!"••• 

or ' = YP' 

The construction given in this Article for the Centre of Mean 
Position of the points A-^, A^, A^, ... holds evidently when the 
points do not all lie in one plane, as previously remarked, so 
that if ^'x, ^2> ^3> ••• denote the distances of the points from an 
arbitrary plane, the distance, z, of the centre of mean position 
from this plane, for the system of multiples m^^, m^, m^, ..., 
is given by the equation y^mz 



z — 



^m 

Centre of Mean Posilio?i is a generic term which comprises 
under it particular points which must be specially noticed. One, 
fhe Centre of Parallel Forces, has been already mentioned. 
Another is the Centre of Mass, called also the Centre of Inertia, 
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t at the points considered, J,, A2, A^, ... there lie placed 

ttterial particles whose masses are respectively ot, , w^, m^, ... 

B find the centre of mean position of these points for thu 

1 of multiples m^. n^, m^, ... we shall arrive at the Centre 

WJilasg of this system of particles. Nothing is here assumed 

rat the closeness of the pointa A^, J,^, A^,..., or the particles 

Iced at them, and the process of arriving at the point G will 

I nnaltered if these particles constitute a continuous body. 

" race the Cenire of Mast of any hody is ike Centre of Mean 

miion of all the poiitU within it for a ti/stem of mwitipleg pro- 

iional to the maue» of the infinit^:ly *m.all particles placed at 

te points respectively. 

A hody ivhose points do not sutTer any relative ehang'es of 

position will therefore continue to possess the same centre of 

maaa no matter intc what part of the universe the body may be 

taken. A different arrangement of its particles, would, of course, 

in general alter its centre of mass. The centre of mass of a 

rigid hody is, then, something which it poasesBes absolutely, 

or apart from all contingency of position in space or relation to 

other bodies. 

The distance of this point from any plane is given by the 
equation last written, in which the sign i is to be replaced by 
the integral sign f, and the element of mass at a distance ; from 
the ])lane denoted by dm. Thus 

. _ fzdw 
' ~ /dm 
Again, if at the poiuts A^, A^, A^,... there be placed particles 
whose iceiff/i/g are w^, Wg, W3, ... these weights conatitnting a 
system of parallel forces, the centre of these parallel forces is 
called the Centre of Gravity of the given particles. 

The effect of altering the position of the body in the most 
general manner possible is merely to turn the forces, Wf, w^, ""j,... 
round their fixed points of application A^, J^'--- through the 
same angle, and by the last article we see that the resultant of 
the weights of the particles will, in all positions of the hody, 
pass through a fixed point, G, in the body. The resultant of 
all the elementary weights is equal to their sum, and is called 
the weiff/d of tlie body. We may, therefore, define the centre of 
gravity of a body thus — The centre of gravity of a hody ig that 
unique point in it through irhich passes, ia all ^^ossiile ijositioxs 
VOL. 1. K 
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uf tiif bodg, tie resultant of the *y*te» of parallel forces formed bf 
the Keiffkfa of the iitdejinitely great number of indefimf^lg taaU 
pariifles into vhiek the boiJg ea» be divided. 

The centre of grarity of a body is, then, the centre of 
particular set of parallel forces which act on its variona elei 
in vittne of the attraction of the Earth. The existence of sncli 
a point dejiends on the jiarallolisoi of the forces produced by the 
ilarth on the elements of the body, and tbis parallelism, a^in, 
depends on the niinut^eness of the volume of the body in coDi* 
parison with that of the Earth. If the body were cam' 
surface of the Sun, or any other such large attracting 
individual weights of its infinitesimal elements, and therefore it*' 
total weight, would be greater than they are at the Earth'* 
surface, but the position of the centre of gravity in the body 
would remain the same. On the other hand, if the dimensit 
of the body were comparable «-ith those of the attracting 
the forces of attraction on its elementary portions would not 
a parallel system, and the resultant attraction would not, 
general, pass through any fixed point in the body independent 
of the relative positions of the two masses. This resnlt 
attraction on the body would not, except for very special posil 
of the body, pass through its centre of mast. The term ToeiffI 
a boily is used to signify the resultant attraction produced 
body by the Earth, or other planet, on whose surface the 
exists, and it is therefore, unlike mass, a mere contingent 
pro]>erty of the body. If we imagine the body taken out into 
space and removed (if possible) from the attractions of all bodiex, 
the terms ireighf and centre of' gravity would cease to have any 
meaning with reference to the body in that ponition ; while, on 
the contrary, it has both its mast and centre of magg perfectly 
unaltered. Hence the centre of gravity is eggentially distin- 
guished from the centre of mass ; although, since the force witli 
which any body. A, attracts each molecule of another body, B, m 
proportional to the raaas of the molecule, if these forces form » 
parallel system — as they do in the case of a planet and any 
comparatively small body on its surface — the centre of this 
gravitation system coincides with the centre of mass of the 
attracted body. 

mler\ng the equilibrium of a rigid lieavp body we repreteni ii' 

ight at a tingle force acting rerticallg through itt centre ofgravilg. 
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For the actual process of calculating the distance of the centre 
of mass of a given Bystem of masses, or the centre of a given 
system of parallel forces, from any plane of reference, the student 
will often find it useful to make a table of the masses or the 
forces and the distances of their corresponding points from the 
plane, as in the following scheme : 



Mb^bs. 


from plane. 


ProduotB. 




^ 





In the first coUinm are placed successively the constituent 
maeses of the system ; opposite each mass is placed, in the second 
column, the distance of its centre of mass from the reference 
plane; and in the third column are placed the products of the 
corresponding elements of the first and second columns. If the 
sum of the third column is P and that of the first M, 



M 

is the distance of the centre of mass of the system &om the 
reference plane. We shall subsequently refer to this result as the 
tlieoTem of niagg-momenh with resjiect to a plane. 

If instead of a system of masses we have a system of parallel 
forces, the heading of the first column will be Forces. 

If some of the centres of mass of the bodies %, Wg, ... are at 
one side of the plane and others at the other side, the corre- 
sponding distances in the second column mast be marked positive 
and negative. In the case of a system of parallel forces if 
those in the same sense are taken as positive, those in the 
opposite sense must be marked negative in the first eoKinm, 

A single typical example will suifice. 

ABC is a triangle whose sides a, S, e are, respectively, 13, 15, 
14 inches long. At the vertices A, B, C act like parallel 
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forces of 12, 4, and 10 ponnds' weight, respectively; and at the 
middle points of the opposite sides act forces of 6, 8, and 2 

pounds' weight, parallel to 
the first system and all 
having a sense opposite to 
that of the first system. 

It is required to find the 
distance of the centre of 
this whole system fSromthe 
perpendicular, CP, drawn 
from C to AB. 

We find CP=12, AP 
= 9, BP = 5, and, setting 
^^- ^^^ down in a table the mag- 

nitudes of the forces and the distances of their points of appli- 
cation from CP (i.e., in reality, from a plane through CP 
perpendicular to the plane of the figure) we have : 




Forces. 


Distances 
from CP. 


Products. 


12 


9 


108 


-8 


9 


-36 


10 








-6 


-1 


15 


4 


-5 


-20 


-2 


2 


-4 



10 



63 



so that 6.3 is the distance of the centre from CP, distances from 
CP towards the left of the figure having been taken as positive. 
If we wish to find the distance of the centre from AB, we 
join a column of distances from AB to the above table and a 
corresponding column of products, the sum of which products we 
find to be 36, so that the centre is 3.6 from AB, 



Examples. 

1. The centre of mean position of three points, A, B, C, for a 
system of equal multiples, is the intersection of the bisectors of the 
sides of the triangle ABC drawn from the opposite angles. 
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2. The centre of mean position of three poiatp, A, 3, C, for a 
system of multiples sin 2^, mi2£, ain2f, is the centre of the drcle 
ci re urn scribed about the triangle ABC. 

3. The Bides of the triangle being a, h, e, the centre of mean 
position of A, B, C, for the system of mnltiples a, b, c, is the centre 
of the inscribed circle, and if any one of these mnltiples is taken 
negatively, the mean centre is the centre of the circle exscribed at the 
corresponding side. 

4. For the aystem of multiples tan^l, tan 5, tan (7, the centre of 
mean position is the intersection of perpendicuIarB. 

5. For the system of multiples a', b', c* the mean centre of A, B, C 
IB the isogonal conjugate of G, i.e., the Symmedian point, 

6. is any point inside or outside a triangle ABC. Show that 
if a system of multiples of any kind propottional to the areas 
BOO, COA, and AOB ho placed at the vertices J, B, C, respectively, 
the point is the mean centre of the tysfem. {If is outside, one 
of the areas above ninst be considered as negative.) 

7. is any point, and P, Q, H are the feet of the perpen- 
diculars from it on the aides a, 6, c of a triangle ABC. Show 
that if a system of multiples proportional to the areas QOR, BOP, 
POQ be placed at A, B, C, respectively, the mean centre is the 
isogonal conjugate of with respect to the triangle, (If 0' is this 
point, its definition is that IBA0'= LCAO, LGB(y= lABO, &c.) 

8. Hence show that the feet of the perpendiculars from any point 
on the circumscribed circle lie in a right line. 

(The isogonal conjugate of any point on this circle is at infinity.) 

9. ia any point inside a triungle ABC, and the lines AO, BO, GO 
meet the opposite sides in A', B\ C', respectively. Show that it is 
possible to determine masses wi, , m,, OTj at J, 5, C, so that if they 
are, respectively, moved to P, Q, R along AA', BB", CC such that 
AP BQ CR ^, . , , . . , . 

—— =: -j-^ =: -^pr. their centre ot mass rtmains nncnanged in position, 

A A BB C C 

and that QA . OA' OB . OB' OC . OC 



:m,:wi,= 



AA'' 



10. Show that m^ ; m^ : OTj will have the following values if — 
is the centroid o! ABC . . . 1:1:1, 
„ „ isogonal conjugate of centroid of ABC 

.■(J'+c'):4'(.^+.'):.'(.' + S'), 

„ „ 01-thocentre o° ; 6' : c', 

., „ centre of inscribed circle . a{b-\-e) : b{c+a):c{a + h'), 
., „ isogonal conjugate of any point, F, 

a/b C\ b /c a-, c /ti h\ 

where a, fi, y are the perpendiculars from P on the sides. 
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11. If at given points, A^, A^, A^y ... there be placed a system of 
multiples, tn^, m^, m,, ... whose mean centre is P; and if when 
multiples /u^, fi,, fts»... are placed at the same points « the mean 
centre is Q; prove that for a system of multiples m^+iS^fH, fn^-^-hii^, 
m, + A;/!,, ... at the points the mean centre lies on the line PQ^ dividing 
it in the ratio Dm : k^yi. 

Hence, with the aid of examples 5 and 6, prove that the centroid 
of a triangle lies on the line joining the orthocentre to the centre of 
the circumscribed circle, cutting it in a poinit of trisection. (Observe 
that the orthocentre and centre of the circumscribed circle are isogonal 
conjugates.) 

91.] Force Polygon and Fonioular Polygon. The previons 




methods of this chapter for the 
determination of the magnitude 
and line of action of the resultant 
of a system of coplanar forces 
have been analytical. We now 
proceed to show how the re- 
sultant can be determined by 
a graphic method which is 
constantly employed in calcu- 
lations relating to various en- 
gineering structures. Let there 
^^' ^°^' be any system of forces, P^ , jPg, 

P3, P^, P5, (Pig. 105) aeting in one plane on a body. Starting 
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with any point, 01, draw lines, (01, 12), {12, 23), (23, 34), 
(34, 45), (45, 56), parallel to the lines of action of the foicea 
and respectively proportional to them. The figure formed by 
these lines, (01, 12), (12, 23}, ... , is called the Force Polggm of 
the given system of forces. Now take any point, 0, and from 
it draw lines, 01, 12, 23, ... , to the vertices of the force 
polygon. From any point,/,, on the line of action of P, draw 
two lines, y'j/^ and/, /a, parallel to the lines OOl and 012; 
from the point f.. in which /^ f^ meets P^ drawy^ f^ parallel to 
023 and meeting i'a in /a; from /g draw /j /^ parallel to 34; 
and so on. 

The system of lines foAf-zfsftfbfa parallel to the radii 
drawn to the vertices of the force polygon from any point, 0, is 
calEed a Funicular Polygon of the given sysrtem of forces. 

The point the radii from which to the vertices of the force 
polygon determine the funicular is called the Pole corresponding 
to the funicular. 

Let any other pole, 0*, be chosen, and from an arbitrary 
point,//, on P,, Ict/'/j' and /i'// be draWQ parallel to 0' 01 j 
end 0*12, respectively; and let a new funicular, f^ f\---ft, 
be constructed. 

Then the sides (such as /^/j and f^f^) of these polygons 
which i-each between the lines of action of the same two forces 
are called corresponding sides. 

Since the point /^ may he taken anywhere on P^ it is clear 
that for a given pole, O, we may construct an infinite number of 
funiculars of the system, but the corresponding sides of them are 
of course parallel. 

Now observe particularly tbat^if the force at each vertex of a 
funicular of the system is resolved into two components directed 
along the two sides of the funicular which meet at this vertex, 
the components at the extremihiea of each side of the funicular 
are equal and opposite. For, suppose P^ resolved into two 
components in /j/g and/g/^; then these components are 
represented by the lines 23 and 34 ; also if P^ is resolved 
into components in/j/g and/^/;, these will he represented by 
23 and 12 0, respectively: thus the components in the side 
/•ifi are equal and opposite. 

Hence we may base the definition of a funicular on thiu 

coperty, thus : — A funicular polygon (rf a giten system of forces is 
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a polls'"* "'^o*' vertices lie one Iff ome on tAe lineg of aciiott of t 
given ft^ce», and it also lueA thai, if the force acting at each verU 
it retolted into ttro {oilique) rompantHtt along the tides of the jiali/gM 
meeting in that terlei, the forces at the extremities of each tide ^ 
the polygon, are equal and opposite. 

It follows therefore that if the tidet of any fuuieular a 
xi/tlem of bars f reel g pointed to each other at the vertices, at vhia 
the forces are ap/dird, Ihe polygon of hart mil he kept in eqvUibnitm 
by the forces, the ends of the first and last bars at which i 
forces are applied being pivoted. A polyiron of strings instead 
of bare would not be held in equilibrium, unless the compoaenU 
in the sides were all tensions, not pressures. (The primary signi* 
fication oi funicuLir polygon— derived Srom fuuiculas, a litU* 
rope — has reference to string, and has been extended in i' 
application.) 

92.] Theorem. The corresponding tides of any tioojiimeulars ^ 
a given system of forces intersect on a right line, which is paralh 
to that joining the poles of the lirofumoilars. 

At the points f^ and // let two equal forces (each Pj) 1; 
applied in opposite senses along the line f^ // ; suppoM 
them to act away from both of these points, aa i^ois repregent«(t 
in Fig. 105. Considered as acting on a rigid body, these force* 
are in eqiiilibrinm. Now let P^ at/j be resolved into its com^ 
])ODents along /j/, and f^fz- These comiwnents will he i 
presented in magnitndes and senses by \2 and 23 C^ 
respectively. Similarly, resolve P^ at f^ along f^f^ and 
fifs ! ^^^ these components will be represented by 120* 
and 0' 23. These four components are therefore in equilibriunu 
Take the sum of their moments about the point of intersectioiV 
of the lineay^/s ^^^fifx- Then, since this sum is zero, ; 
follows that the resultant of the two components (0 12 and 12 0' 
in the lines f^f-i and f^'f^ must pass throngh the point c 
intersection of y^ys ^id /j'y^' ; but it also passes through the 
point of intersection of /^/i and/„'yj'; therefore its line 
uction is the line joining these two intersections. Now this lis 
of action is parallel to the line Off ; for, two forces represented 
by 12 and 12 0" give a resultant represented by 0(/ i 
magnitude and sense. 

Hence the corresponding sides f\f^ and f( f^t ftfz 
flf' intersect on a line parallel to 00'; similarly the sidi 
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fnfs and/j'/j', /g/j and/g'/^' inteieect on a line parallel to 
0(/j which, of course, must be the same line an before. This 
line is LM in the figure. 

Favaro {Lezioni di Slaiica Grofica, p. 409) gives a purely 
geometrical proof of this, depending on the property that if in 
two complete quadrangles five pairs of eorreeponding sides 
intersect in five points which all lie on a right line {which may 
be a line at iafinity), the point of intersection of the sixth pair 
will aleo lie on this line. 

In Fig. 105 produce /j/j and fj/2' to meet — in N, suppose; 
and consider the quadrangle formed hy the points M,f^^f^, N, 
and also that formed by the points 01, 12, 0, 0'. The five pairs 
of corresponding sides {]H/\, 01 0), {Mf{, 01(7), (/,//, 1201), 
{f\ N, 120), and [Nf-^', 0' 12) intersect in points which lie on 
the line at infinity; therefore the remaining pair of sides (i/A, 
OC) are parallel. 

The general proposition — which holds equally for two quad- 
rangles in different planes — is easily proved from the property 
of two triangles in perspective which will presently be given, 
and which is not resti'icted to two coplanar triangles. 

93.] Problem. Given one funieular of a ffiven »ygtem of coplanar 
foreen, to comtract aU funiculars of the system. 

Let the given funicular he^fafif^fi ... ■ Draw any line LM 
in the plane of the forces ; produce the a\A.es,f^f, f f^, ... , of 
the given funicalar to meet I/M; from the point of intersection 
ofJjMandffifj drawthe arbitrary line _/J,'/,', which meets P^ in 
/,'; join /i' to the point of intersection of LM and/^yij ; this 
joining line will meet P^ '"/u'l which ia the second vertex of 
the new funicular ; join/2' 'o the point of intersection of LM 
andy^/H ; this will give/3' ; and so on. Hence a new funicular 
is formed, and since the lines LM and fa fi were drawn at 
random, an infinite number of fnniculars of the system can be 
described in this way. 

94.] Problem. To construct the Begultant of a given gygfeni of 
cojitanar fo-rcee. 

On any scale construct a force polygon 01, 12, 23, ... of the 
given system ; then the line of action of the resultant must be 
parallel to the side (01, 56) which closes the force polygon. 
Take any pole, 0, and construct a funicular /'o//j ... of the 
eystem. Then the resultant must pass through the point of 
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interaection of the extreme sides, Xg/i ^'^'^/s/e' of the funical 
For, by resolving eacb force into components along the twi 
sides of the funicular which start from the vertex at which t 
force may be supposed to act, these components will be mutuall]^ 
destroyed, with the exception of those in the extreme sides, /d^ 
and^/j /"( . Hence the whole syatem of forces is equivalent to ty 
forces acting in these sides, and represented in magnitudes o 
the scale adopted by the lines 1 and 56. The line of a> 
of the rosultant therefore passes through the intersection of t 
extreme sides and is parallel to the line joining 01 to 56, i 
the magnitude is represented by the length of this joining liM 
its sense being of course from 01 to 56. 

The student will do well to determine by this method t 
resultant of the forces in Fig. 9^, and also that of the para 
system in Fig, 104, verifying the result-a of calculation. 

Cor, 1. Whatever be the path described by the pole, the 
point of intersection of the extreme sides of the funiculi 
describes a fixed right line. This is the line of action of tha* 
resultant of the given system of forces. 

Cor. 2. The point of intersection of any two sides of i 
funicular describes a fixed right line, when the pole varies in a 
manner. Thus the sidesyj/j andy4y5 will always intersect a 
the line of action of the resultant of the forces P„, P^, P^. 

95.] Graphic Conditions of Equilibrinm. When a systeBJ 
of coplanar forces acting on a rigid body ia in equilibrini 
the forces when compounded two and two must finally redui 
to two equal forces of opposite senses acting in the same 1 
line. Since the resultant is proportional to the line required fa 
close the force polygon, this line must be zero ; hence the forci 
polygon of the system must close up of itself. Again, since th< 
system is finally reducible to two forces acting in the ( 
and last sides, y^yi and f^f^, of any funicular, these side 
must coincide ; or, in other words, the funicular must 1 
closed. 

Hence the conditions of equilibrium are — 

1. The force Polygon of the system must be closed. 

3. Any Funicular Polygon of the system must be closed. 

CoK. 1. If any one funicular of the system is closed, evei^fl 
fnnicnlar of the system is closed. 

Con. 2. If the system is equivalent to a couple, the f 



96.] 



139 



icuJai 



polygon is closed, and the first and last sides of all fui 
are parallel. (Applj to the case of Art. 85.) 

96,] Froblem. For a giveti system of coplanar forces find the 
locug of the pole of a funicular polygon two of whole side* pass 
each through a given point. 

It is obvious from Art. 92 that the locus is a right line 
parallel to that joining the two assigned points througli which 
the two sides pass, and the Jine will be determined by finding 
the pole of any one funicular satisfying the given condition ; 
and such a pole is easily found. 

Suppose, for example, that the sides y^/i ^iid /,/s pass each 
through a given point. Now these sides intersect on a given 
line (Art. 94), LS {Fig. 106), viz., the resultant, H^^^, of jP,, 
P„, Pa, and P^^ parallel to the line joining 01 to 45. If, then, 
fofi passes through the given point D, andy^/g through G, 
take any point, S, on -^1^34 and join it to .0 and G. 'fhen fi-om 
the vertices 01 and 45 of the force polygon draw two lines 
]»arallel, respectively, to SI) and SG. These lines intersect in a 
point 0, which is the pole of a funicular satisfying the given 
conditions; hence we have the locua OM which was sought. 
If the line joining 01 to 45 were not parallel to LS, the point 
S being varied, the locus of the corresponding point would he 
a hyperbola. For if 5,, 5^, S^, S^ are any four positions of S 
on the right line R-y^n' '^^ anharmonic ratios of the pencils 
B (5, S, .% S,) and G {S, 5, S^ S^) are equal ; and therefore the 
pencils 01 (Oj 0^ 0^ 0^) and 45 {0^ 0.^ 0^ 0,) are also equal, 
which, by awell-known pro- 
perty, shows that the points 

lie on a conic (which is a 
hyperbola) passing through 
both the points 01 and 45, 
its asy m ptotesheingparallel 
to the hnes ItG and -SJ234. 
The hyperbola becomes two 
right lines in the particular 
case of our problem, in which 
the line joining the points 

01 and 45 is parallel to XS — 
these lines being that joining 




to GD. [Deduce the locus also from Art. 36.] 



01 to 45, and a line, OM, parallel 
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97.] Problem. To represent the moment of a force about a point. 

Let it be required to re-^ 
present the mag^itade of the 
moment of a force P about a 
point (Fig. 107). Drawoi 
parallel to P and representing 
it on any scale. 

Let (7 be a point taken at 
a unit distance from ah ; draw 
oa and ob. Assume any point, 
Q, on the line of action of P, 
and draw QM and QZ parallel 
to oa and ob^ respectively. 
From draw a line, ZJ/, 
parallel to P. Then the 
length LM represents the 
moment of P about 0, For, the triangles oab and QML are 
similar ; therefore if p is the length of the perpendicular irom 




Fig. 107. 



since ab re- 



Q on LM. we have = -— » .'.LM = P.p, 

p \ 

presents P. 

Hence LM is the moment on the scale adopted. 

If the pole is at a distance k units from ab^ we shall have 
F.p •= LM X k. 

If the unit force is -bj, and the unit length A, the moment 

k 



of the force P about will be LM x «r x 



for ab will ob- 



viously be — A. 

-^ 'ST 

98. J Problem. To represent the sum of the moments of any system 
of coplanar forces about a point. 

Let A (Fig. 105) be the point about which the sum of the 
moments of the forces is required. 

The sum of their moments = the moment of their resultant 
about the point. Let this resultant be constructed by Art. 94. 
and let the moment of the resultant be constructed by last Art. 
Now the resultant is represented by the line joining 01 to 56 
(Mg. 105), and if is a pole assumed at any distance, k^ from 
this line, we are to draw from any point on the resultant two 
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lines parallel to 01 and 5G, and through A a line parallol to 
the reeultantj S. 

Now the extreme sideBj/p/j and /n/g, of the funicular intersect 
in a point on A, and are parallel to the lines OpiandOJ36. Hence 
fAe intercept made (Sy the extreme tides of the funicular on a line 
drawn through the given point A parallel to the reguUoMt mil 
represent the sum of the moments of the forces about the point. 

This intercept multiplied bj k will be the sum of momeDte. 

99.] Property of Ferspective Triangles. Two triangles, ABC 
and A'ffdf, are said to be in perspective when their vertices can 
be joined in pairs bj three right linen which meet in a point. If 
the lines joining A to A', £ to £", and C to C meet in a point, 
A and A' are called corresponding vertices, as are also B and ff, 
C and C ; and the sides, AS and A'Ji', &e., which join corre- 
aponding vertices in the triangles are called corresponding sides. 

The fundamental property of triangles in perspective is that 
/he points of intersection ^corresponding sides lie in one right line. 

To prove this projective property it is sufficient to prove it for 
the simpletft figare into which the two triangles can be projected. 
Let the line CC be projected to infinity. Tlien AA' and SB" 
will become parallel lines ; also the sides AC and BC of the first 
triangle will become parallel, as will A'C and B'C of the second. 
For the simple figure thus obtained there is no difficulty in 
proving the proposition. 

To construct a triangle whose three sides shall pass each through 
a given point, and whose three vertices 
shall each lie on one of three coneurrenf. 
lines. 

Let it be required to construct a 
triangle whose verticea. A, B, C, shall 
lie on three concurrent lines, A 0, 
BO, CO, and whose sides shall pass 
through the points a, b, c, (Fig. io8). 
Suppose it done, and let ABC be the 
tiiangle. Take any point, C, on CO, 
and draw C'a and Cfb meeting BO 
and AO in B' and ji' respectively. 

Then the triangles ABC and A' B'C 
are in perspective, therefore the sides AB and A'B" intersect in 
P, a point on the line ah. Hence P is known, since it is the 
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intersection of ah with the line A'B' which is constructs 1 
arhitraiily assuming C P being known, join it to c, and t 
vertices A and H are determined, and C follows at once. Q.E.P,1 



Examples on I'l 



Polygons. 

, I. "When three forces are in equilibrium, any triangle whoaal 
vertices lie on their lines of action is a funicular of the syatem. 

(Imagine lis sides to be a system of freely jointed bars. They n 
be in equilibrium. See eud of Art. 91.) 

2. A heavy rod, or beam, is supported horizontally on two EnnooUL 
props at its extremities, and loaded with given weights at given points 
in its length ; find the pressures ou the props. 

Suppose the line a^a^ (Fig. 35, p. 60) to be horizontal and i 
represent the loaded beam, the loads, P,, P,, ...(including its n 
among them) being applied at the points, d^, d^,..., aud let thsl 
pressiires at the props a^ and a^ be P„ and P^. Starting from any* 
point 01 draw a vertical downward line to represent on any scale the 
force Pj, and let this hue terminate at the point 12; from 12 draw a 
vertical downward line representing Pj on the same Beale, and let this 
line terminate at the point 23 ; from this point draw a vertical down- ■ 
ward line to the point 34 to represent P, ; from 34 draw a vertical^ 
downward Jine to the point 45 to represent P.. 

Then from 34 we must di-aw a vertical upward line to represent! 
the pressure P^, and this line will terminate at the point 56, which^f 
however, is at pi^eseut unknown. The pressure P„ will, of coorse, befl 
represented by the upward line between 56 and 01. 

To determine 56, assume any pole, 0, and join this pole to thafl 

points 01, 12, Across the lines of action of the forces acting on tl 

beam draw the lines A^A^, A^A^, ... parallel to the lines 001, 012, . 
and draw the closing line, A^A^, of the funicular polygon, 
the line through parallel to this closing line is that joining to tl 
required point, 66. 

3. A beam is supported horizontally at its extremities on two| 
vertical props and loaded with given weights at given points 
length ; it is required to represent the Betiding Moment at any point 
of the beam. 

Be/. Wben a beam is in equilibrium under the action of any force 
the Bending Moment at any point means the sum (with their proper! 
signs) of the moments about this point of all those forces which act atf 
one side (either side will do) of the point. 

Suppose a^a^ (Fig- 3,'), p- 50) to represent the beam, as in last e 
ample, and let P be the point about which the bending moment ii 
required. The pressure on the prop a^ being P^, the bending moment 
at P is the sum of t!:e momenta of P„, Pj, and P, ; and if we con- 
struct any funicular of the system this moment will, by Art. 98, be _ 
the intercept on a vertical Jine through P made by the extreme a 
of the funicular of the forces P. , P, , and P, . But these extreme s 
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are obviouely A^A^ and A^A^. Hence the bending moment at any 
point P is represented by tie vertical ordinate, mn, drnwn through F, 
of any funicular polygon of the Byatem. 

Of course, if k is the distance of the pole of the asaumed funicular 
from the vertical lice which serves ae the Ibrce diagram, the hentling 

moment will he mn x^X :-■ (See end of Art. 97.) 

4. Of five coplanar forces in equi!ihrium, given the lioes of action of 
all, the magnitude of one, and the ratio of the magnitudes of two 
others ; find the magnitudes of all. 

Let Pj {Fig. log) be the force wliich is completely given, and let 
the ratio of P^ to Pj be given. 




11 1 and proportional to P, ; 
11 1 to the given directions 
rat o, the line hd is given, 
let <Ie and ae he drawn 



Starting with any point a, d b i 

then if we draw any two lines b / j. 
Pj, Pj, and hearing to each oth the 
Suppose 5c and cd to represent / and I 
parallel to i", and F^. It thus appears that everything would he 
known if any one of the points e, d, e were known. 

Now, in order to get a funicular with as many known aides as 
possible, choose 5 for pole ; and for further si mplifi cation start the 
funicular from the (given) point, m, of meeting of F^ and F^ . "We see, 
then, that we have to draw itp parallel to the given line bd ; and ^>q, 
which is parallel to he, must pass through the point of meeting of P, 
and Pj, since (for the closure of the funicular) the last side, which is 
parallel to a6, must be parallel to P,, and pass tlirough m. Now the 
points irt and re, and therefore y, are known; hence jig is known, i.e., 
6e is known in direction, .'. the point e is known, and hence the force 
polygon is completely known. 

5. Of four coplanar forces in equilibrium, given the magnitude ol' 
one and the lines of action of all ; find the magnitudes of all. 

6. Show how to resolve a force acting along a given line into tlvree 
mponents acting each along an assigned line. 
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[Let the given force act iu the Itue L, and let the otlier astt(;ned 
lines be A, B, C. Join the point of intersection of L and A to that of 
B aiid C, and reaotve the given force nlong tlie joining line and aloi;g 
A. Then resolve the first component along B and C] 

7. To eonstrnct for any S3'steTn of coplanar forces a funicular poly- 
gon three of whose sides BimU pass each tlirough a given ])uint. 

Let tlie given system of forces be P,, P„ P„ P„ P^ (Fig. 105, Art. 
91). and let it be lequired to construct a funicular polygon which shall 
pass through the pointa £>, E, F, 

Consider tlie triangle formed by the sides /,/,, /j/, , and_^/(, of the 
funicular which jiasa through the thi'ee given points. 

The vertex formed by the intererction of/,/, and/j/, lies on a given 
line, ^,j (not drawn in figure), which is the resultant of P^ and P. 
(Cor. 2, Art. 94) ; the vertex formed by the intereection of f,^f^ and 
fsf, lies o" 1 given line, ^5„, which is the resultant of/*,, P^, aodi'j; 
and the vertex formed by the intersection of /,/ and /^, lies ou » 
given line, .«,„„, which is the resultant of P„ P^, i*,, /*., and 7",. 

Moreover the three lines A,,, H,,^, and /j,j^5 obviously meet in a 
point: for the resultant of /*,, ... P^ may, if we please, be constructed 
by first finding (he resultant of /*,, /*,, and then finding the resultmil 
of/*,, P„P^. 

Hence tlie triangle formed by the fides of the funicular which are 
to psBS through the assigned points is one whose vertices lie on three 
concurrent lines and whose sides pasa each through a fixed point. 

Let this triangle be constructed by Art. 99. Then knowing the 
force diagram of the forces and drawing two lines, 01 and 23 Osay. 
parallel to the two sides/,/, and/j/, the pole is known, and thence 
the whole figure. 

8. Conetruct a funicular polygon which shall pass through three 
given points, two of which lie on one side of the jiolygon. 

Ang. Tilts side of the polygon is knovm, and it intersects the side 
passing through the remaining point in a point lying on a given line. 
Hence the side pa.ising through the remaining point is known, toA 
hence tiie pole of the funicular, 

9. For a given pystem of vertical downward forces, P, , i*,,...P,_,, 
equilibrated by two extreme vertical upward forces, /"„, P^, let any 
funicular polygon he coustructed. Prove that the area of this 

polygon ^ -— , where C is constant and k the distance of its pole from 

the vertical line which is the force diagram of the forces. 

(The value of C is obtained by multiplying each force of the eysteoi 
by half the product of the distances between its line of action and ibe 
lilies of action of the extreme forces, and adding all euch prodoeta ' 

X I 

together, and multiplying the result by — • See end of Art. 97.) | 

10. A uniform beam is supported at its extremities on two vertical 
jiropa ; find the bi-nding moment at any point in it. 
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Ant. If ^ is the distance of the point from one extremity, the 



bending moment is W 



21 ' 



where W is the weight of the heam. 



11, In the last example what in the curve of bending moment ? 
Ans. A parabola passing thi'ough the ends of the beam, its vertex 

lying on the vertical line through the middle of the beam at a distance 

— from the beam, (The bending moment at any point is the product 
of W and the vertical distance of the point from the parabola.) 

12. For any assigned pystem of forces, construct a funicular 
polygon Buch that if it wtre actually a string or a system of jointed 
bars kept in equilibrium (its two extremities being fixed) by the given 
forces, the siim of the squnres of the tengions or pressures in its sides 
woald he a minimum. 

[Choose for pole the centroid of the vertices of the force-polygon.] 
100.] Application of Statics to Geometry. Theorems in 
geometry are often deducible from simple eonBiderations with 
regard to the circumstances of given systems of forces. Thus, 
Ptolemy's theorem that He rectangle under the diagonals of a 
qvadrilateralinscribed in a circle t* equal tothe miH of the reeianglet 
under the oppotite pairs of fides follows (see example 1 3, p. 1 9} h'om 
the fact that, if ABCD is such a quadrilateral, two forces acting 
in AB and AD respectively proportional to the opposite sides, 
DC and BC, give a resultant in AC proportional to the other 
diagonal, BD. Expressing the fact that along the diameter 
of the circle the component of this resultant is equal to 
the snm of the components of the forees in AB and AD, we 
have the theorem in question. 

Again, the well-known result that the feet of ike perpendiciilars 
on the sides cfa triangle from any point 
on the circumscribing circle are coUinear 
follows from example 7, p. 133, be- 
cause, since the isogonal conjugate of 
any point on this circle is at infinity, 
the algebraic sum of the three mul- 
tiples placed at A, B, C is zero, i.e., 
the area of the triangle PQR = 0. 

Also the theorem that the middle 
points of the diagmwU of any complete 
quadTilal.eral all He on a right line 
follows by tailing the following system of foict 
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on K rigid body; two foroea represented by DA and DC 
magTutndes and senses, and two represented by SA and , 
(Fig. no). 

Now the reeoltant of tbe first pair passes tbrough a, ' 
middle point of AC ; so does the resultant of the second pair, 
therefore the resultant of the four forces passes throng^h 
the resultant of T)A and BA passes through ^, the middle poin 
of BD ; so does the resultant of BC and BC ; hence the 
uultant of the four forces also passes through ^, We shall n 
show that it passes through y, the middle point of EF. I 
this purpose introduce a force Kl) and a force BE which, i 
stroying each other, do not alter the given system. Introdi 
also" forces CE, EC; CF, FC\ FB, BF. Hence the given systi 
is equivalent to forces EA, FA : BF, BE ; BE, BF ; EC, FC ; a 
it is obvious that the resnltant of each of these pairs passes throq 
y: hence the resultant of the whole system passes throng-h y. 
Now as the resultant of the given erystem acts in a right lij 
and as a, fi, y have been jn( 
pendently shown to be poinl 
on this resultant, these point 
are collinear. — Q. E. D. 

The method of this exampi 
ought to be kept in view I 
application to similar cases. ' 
course the whole difficulty i 
such cases consists in discovfll 
ing the appropriate force a; 

Another example is the i 
lowing: j^a quadrilateral U 
fvribed ia a circle, the tan^Ok 
at the opposite veriices iniersect on ike third diagonal. Imagine 
system of forces acting in cycKcal order along the sides, ei 
force being invereely proportional to the length of the side 
which it acts (Fig. in). 

Now, esiimple 1 2, p. 19, theresoltant t)f-=-j and -j^aeteinl 

k h 

tangent at A ; the resultant of -=-7 and -^ acts in the tangei 

at C ; and if these tangents intersect in L, the resultant of t 
whole system paeees through L. Similarly if the ttuigento 
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B and D intersect in M, the resnitant paseee tbrougfa M. But 

the resnitant acts in the line EF: for the resultant of —- and 

^-^ passes through E, and it also passes through I', because 

these forces are easily seen to have equal and opposite 

moments abont Fx and as the resultant of the forcea— ^- and 

-=^ passes through F, the resultant of the whole system passes 

through F; and similarly through F. Henee EF is the line 
of action of the resultant of the system and must contain the 
points i and M. 

The jiToperty of perspective triangles (Art. 99) can also be 
deduced either from the theorem of Art. 92, or from the verj- 
elements of Statics, For, along the three concurrent lines OA, 
OB, OC, (Fig. io8) let three equilibrating forces act. Then 
since (example 1, Art. 99) each of the two triangles .^5 (7, A'B'C 
is a funicular, their corresponding sides intersect in thre? 
eollinear points. The result may also be deduced thus : let 
the system of equilibrating forces in OA, OB, OC be P, , Pj, P^ ; 
let Pj be applied at A and - P^ at A'; P^ at B and - P^ at fi" ; 
Pg at C and — Pg at C; resolve each force into two components. 
along the two sides which meet in the vertex at which the force 
is applied ; let the components of Pg be a, ^ in CB, CA, re- 
spectively ; let those of -P^ at C be a', p' along CB', CA', 
respectively; those of P2 being —a, y; etc. Then since the 
forces Pj, — Pg, Pj, — P3 are in equilibrium, their components 
— a, y, —a, y', a, /3, a, /3' are equilibrium, that is, y. y\ ^, ^ 
are in equilibrium, .■. the resultant of y, y is equal and opposite 
to that of /3, p', .'. each must act in the line Bh. Similarly by 
taking the forces P^, -P^, i,, -P^ we find that a, a', ^, j9' 
must, be in equilibrium ; but the resultant of a, a' acte through 
the point a, .■. aBb must be a right line. 

Finally, Pascal's Theorem, that ike iniersecttons of the ojipodte 
sides of a hexagon inseribed in a circle lie in a right line is easily 
exhibited as a case of the funicular property in Art, 92. 

Let the lines I)A, HB, PC (Fig. 112) be lines of action of three 
forces, P, Q, R such that if P is reeohed at A into two com- 
jionents along AB, AF, or into two at B along DC, DE ; if Q is 
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resolved into two at B along: BA, BC, or into two at H alor 
ED, BF; and if S ia resolved at C along- CB, CD, or at f aloi 
FE, FA, the two comjionents thus obtained along any side a 
equal and opposite. 
>^ viousiy euch eonditiona an 

conaiBtent, on account ■ 
the eqnality of angles in tbj 
same segment of a circla 
Now if -P. Q, It are ap^ 
plied at A. B, C, by ■ 
nature of the case a polyg) 
FABGD of jointed 
pivoted at F and J) wot 
lie kept in equilibrinni 
ihis h a funicular iif I 
forces. 

Again, let P, Q, R \ 
applied at B, E, F, to a 
polygon CUFjFA of jointed 
bars pivoted at C and A- i 
This polygon would be in 
equilibrium, and a funicnlt 
of the forces. The two polygons, therefore, are two funioulai 
of the same forces, and therefore the intersectiona, a, j3, y, 
their corresponding sides {AB, BE), {BG, EF), [CD, FA) t 
collinear. — Q, E. D. 

The ratios P:q:R = s\aA sin O: sin5 sin ^: sin Csin /". 

Example. 

If a circle he described about any triangle, ABC, and the Symmedin 
chords of the circle through A, B, nnd C be drawn, prove that t' 
length of each clicird ia inversely proporfiouHl to the sine of ^ 
angle between the other two. (Mr. M-^Cay, F.T.C.D.) (St 
5, Art. 88.) 

101.] Astatic Equilibrium. When any number of forces, i^ 
-Pgi ■■■' acting at points, A-^, A^, ..,, in a body keep thU body H 
equilibrium, these forces will not, in general, continue to preserra 
equilibrium when the body is displaced in any manner, eac 
force still retaining its magnitude, direction, and point < 
application in the body. If for all displacements of the bo(l 
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the forces continue to preserve equilibrium, the body is said 
to be iu astatic equilibrium. 

The simplest example of astatic equilibrium is furnished by a 
heavy body suspended by a vertical string attached at its centre 
of gravity. Here the system of forces consists of the weights 
of the particles of the body and the tension of the string ; and 
however the body may be displaced about its centre of gravity, 
iJl these forces will retain their individual magnitudes, direc- 
tions, aud points of application, and the body will remain at 
rest. 

Again, a system of two equal reversed magnets rigidly con- 
nected by an axis through their centres is astatic for displace- 
ments round this axis. 

When a sj'sfem of forces applied to a body is not in equi- 
librium, it happens that in certain cases this system can be 
astatieally equilibrated by a single applied force ; i, e., in all 
displacements which the body cnn receive, each force acting on 
it with invariable magnitude, direction, and point of application, 
it may be possible to equilibrate the system by one force of 
constiSJit magnitude, direction, and point of ap]>lication. 

It is evident that this is always the case for a system of- 
jiarallel forces. A single force equal and opposite to their re- 
sultant, applied at their centre, will astatieally equilibrate them. 

Into the general discussion of astatic equilibrium we do not 
at present enter. Suffice it to say that a system of (non-coplanar) 
forces must iu general be astatieally equilibrated by three forces ; 
and if the forces are all parallel to one plane, by tico. When (as 
in the present chapter) the forces are all coplanar we shall prove 
that for displacements of iheir points of application in their 
plane the system can be astatieally equilibrated by a single force. 

In this case it is clear that instead of considering the body to 
which they are applied as displaced, we may consider the body 
lixed and each force rotated in a fixed sense round its point of 
application through a constant angle- — a motion of translation 
of the body or points having obviously no effect on the system 
of forces. 

We shall now prove that — if all the force* in a coplanar sygtent 
are rotated in lie same sense, through the same angle, iit their 
plane, round their points of application, their resultant (unaltered 
in magnitude, of course) passes Ihrovgh afxed point in (he body. 
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Q'. 



Let two forces, P and Q, act at two fixed points, A and] 
(Fig. 113) in the directions OA and OB, being: the point I 
interiiection of their Itnee of action ; and let the forces be fe 
in the game sense round A and B through the eame ang^Ie, so 1 
that the point of intersection of their new lines of action is (f. \ 
Now, Binee LOA(/ = LOSff, a circle described throng-h A, B. 
and will pass throngh 0', and the anglt 
" AffB, between P and Q when thej ai^ 

turned round, is equal to the original angle, 1 
.-/ OJi, lietween them. Also, the forces beings 
unaltered in magnitade, it follows that tiaM 
angles which the resultant at O' ra 
with them are the same as the ang^les n 
it makes with P and Q at 0. If, then, 
p. I is the direction of the rcBultant at 0, (/(r 

must be the direction of this resultant at 

Hence, the resultant of P and Q passes through the 

lixed point C. In exactly the same way it is proved tW 

the resultant of (hreo forces passes through a fixed point 

when the forces are turned round their fixed points of applica- 

'tion through a constant angle; and so on for any number of 

This jioint may be called the asiatie centre of the system of 
forces*. 

102.] To Ond the Astatic Centre of a System of Coplanar 
Forces. Taking an arbitrary origin and arbitrarj- axes, the 
point required lies on the resultant whose equation is (Art. 88) 

ai;r-^sjr-& = o, (it 

(a, 0) being the running co-ordinates. 

Now, if the force Pj acting at the point (ic, , ^,) is toniL-d 
round in the plane of xy through an angle u>, its componeni 
.V, becomes p „„^ /-, , , 

where S, is the original angle made with the axis of « ly 
i*, , or X| cos 0) — J'l sin w ; 1\ becomes Xj sin a>+ Yj cob a> ; and 
I'ja-, — X,^j Iwcomes (Y^x, — X,^,) cos ^ll + {X-^lt^+ Y^y^) sin u. 



* Of course it U undeFstood throaghout thia dbuiisaioD aod in the exampla 
nt the end of this chapter that the dUplaoementB of the body or forces »ir 
Hlway* mipposed to toko plaoo in the plane of the forces. 
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I Hence, IX becomea cos cu . SX— simo .S.¥,\ 

2 J „ sin <u .SZ+eoaoj.sr, t (A) 

ff „ Gcosw + rsi-ao, ) 

Bhere r = S (Xx + ly). This quantity is called the Virial oi' 
Be forces. 
I The equation of the new resultant is, therefore, 

(aiy^^SX-G) COB uj + (aSl' + /3Sr-r)Einoi = 0, (2) 
hd the aetatic centre of the eystem of forces is the intersection 
f the lines given by eqaations (1) and (2). This point may 
ridently be determined by (l) and by the equation 

a2X+^2r-r^0. (3) 

[ence for the co-ordinates of the astatic centre we have 

= -^p — ■ ^= — w — ^- t') 

f the astatic centre were the origin, a and /3 would be each = 0, 
^d G would = 0, sines the point is on the resultant (Art. 82). 
pence for the centre of the forces we have 

(? = 0, r = 0. (5) 

If the co-ordinates of A, the point of application of a force. 



(, Oj: and Oy, are 



V^ 




Fig. I 



P, (Pig, 114), with respect to rectangular a 
X and y, the quantity Xa!+ Yy is equal to 
P {x cos 6 +y sin S), 6 being the angle 
which P makes with Ox. Now if 0,V is 
a-, and AM is y, ib is evident that xcoa0 
+y sin = AN, N being the foot of the 
perpendicalar from on the line of action 
of P. Denoting AN by q, we have, theu, 
fortheViikl r = J(P,). 

Hence, if any number of eoplanar forceg he turned each round 
a fxed point of application thrmgk an arbitrary but common angle, 
there exists a point in the plane of ike forces such that hoth the 
Virial and the ium, of the moments of the forces aioid it coittinue 
to vanish for all displacements. 

It is easy to see that if AN be the sense in which P acts, the 
sign of the product Pq will be changed. 

The value of P with respect to axes through a point (a, &) 
parallel t-o Ox and Oy is evidently 2(X(:b — a)+ Y^y — ^)), or 
F— o2A — ^2 F, Hence the locus of jioints for which this quantity 
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vaniahea is given by equation (3), which denotes a rig-ht line 
passing through the astatic centre, and evidently perpendicular 
to the resultant. 

103.] Theorem. If any numher of coplanar forces are iii equill- 
briitm, anil if the Jorce» he turned, each round a fixed point, in the~ 
tame gense (Aronffi any common angle, the new »y»tem i» equivalent- 



For, from equations (A) of Art, 102, it appears that if 2X 
and ST= before the rotation, they will he zero after it; hence 
the new system has no rei;ultant of translation, and it must, 
therefore, be a couple. Now, since by hypothesis <? — 0, the 
axis of the new couple is by equations (A) equal to 
rsin&i. 

We see, then, that the system of forces will remain in equi- 
librium, whatever be the angle through which they are turned, if 



Exam pi.es. 

1. If a system of cuplanar forces appUed at fiied points is in eqoi- 
Hbrium, the co-ordinates of the astatic centre become iiideterminate. 
Explain this. 

Ans. In this case the system muat be aataticaily equilibrated by 
two equal and opposite piirallel forces. 

2. In the lust case show how to fiud an aataticaily equilibrating 
couple for the ayatera. 

Atis. Take the astatic centre of any number of the forces, and 
also the astiitic centre of the remaining forces. These will be the 
points of application of the forces of the required couple (whose 
moment, of courte, varies with the displacement of the body i 
forcea), and the forces of the couples are equal to the resultants 
the two partial sets. 

3. Three forcea are applied at the middle points of the sides of 
a triangle, ABO, perpendicular to tbe sides and proportional to them 
respectively; find a couple which will astatiijilly equilibrate then 

Ana. A couple one of whose forces is Applied at the middle point 
of any one side, AB, and the other applied at the ]Joint of intersection 
of a parallel to AB drawn through C with the perpendicular to AB 
at its middle point. 

4. When a syatera of coplanar forcea in equilibrium continues in 
equilibrium for all displacements in tbe plane of the forces, sliovr 
that the astatic ceutre of any number of (hem must be ooincldent 
with that of tbe remainder. 
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I AMPLICATION 01' THE CONDITIONS OF EyUILIBRIDSI OV A. BODY. 

I 104.] CoDdition of Equilibrium of a Body under the 

tion of two Forces in a Plane. 7^' iwo forces maintain a 
'ody in equilibrium, ikey mu»t be equal and oppo»ite in the tame 
riffit line. 

For, take momenta round any point on the line of action of 
one of them, P. The sum of the momenta muat (Art. 86) be 
= 0. Hence the other force, Q, must pass through the assumed 
point. Again, take any other point on I', and take moments 
round it. The sum must be = 0, and Q must, therefore, pass 
through this point. Hence P and Q act in the same line. Now 
their sura muat = (Art. 86). Therefore i* and Q are equal 
and opposite .^(1. 111. D. 

105.] Condition of Equilibrium of a Body under the 
Action of three Forces in one Plane, If three forcex viain/aiu 
a body in equilibrium., their linet of action rrmtt meet in a point, 
or be parallel. 

For, take moments round the point of intersection of two of 
them, P and Q. The sum muat (Art. 86) = ; therefore, either 
the third force, li, is zero, or it pasaea through the interaection 
of P and Q. If It ia not = 0, it must pass through this point. 

The three forces may then be supposed to act at this point, 
and to keep it at rest. Hence, each force must be equal and 
opposite to the resultant of the other two ; and if the angles 
between thenL in pairs be p, q, r, the forcea must satisfy the 
eonditiona P : Q ; fi = sin j3 : sin 5 : sin r. (/J) 

If two of them are parallel, the third must be jiurallel to them 
and equal and directly opposed to their roaulttfnt. 
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A <}. ' v'V- "SX "^ •* K^ Buddle points of tha 
br yih«i^a«tfc Sm* ben^ pefpeudtcalar and pro- 
ftJMl te tbc side mt aliich it seta. B 
li« fc>a» sH act nwmids, or aU outwards, 

■KtM^ A* finC eoafition of eqnilibriiim 

^ tkm fatcci, aMBclj, that of meeting 

" tAxt 103); Md (^) they an 

As RDee of the uiglec 

ipkin, since 

PzQzJt ^m-.h:t^ mA : sin B:mi 

= BMQOXianS0P : sin fOQ. 



lla7.aBdhn,nt»^batk<tftfeeaB&iauflf Art. 105. 

Is esacdj- tlw aiMe ««f il u fa«««4 thai if three forces set per- 
yiMliiiliilj to tte ndas of ■ triiii g if, *h1 ha pcoportiona! to them, 
Atj «nB b* IB equElnHK, |nmdad thrt thej pasa through any 
esHHOB paut, aad afl aet a«tni^ or aQ iawwds. 

L Ihna icRBK acting alwiff the pvpmdienlan uf a triangle keep 
iiMiwt; tad ^ wlatiMM hetwwf tfam. 

n^ wti^ tW fint »wHilifM of eqiutibriitm, namely, that of 
liliiij^ IB % point. Then if the fcnes perpntdicular to the eidw 
*. I, c,ht P,Q,It, Mgp ec ti i dy . Ac iAAms (3) of Art. 103 give 

/>: (} : £ = ab J :bb A: Bin C = » : 6 : e. 

as mi^t have been eonchtded fnm die ranark at the end of the last 
example. 

3. Three forces acting along the bisectors of the angles of a triangle, 
alleither&Dmortowards the vertices, keep it at rest; find therelatuitt 
between tbem. 

The forces evidently satisfy the condition of meeting in a point. 
Let P, Q, R, be the forces in ihe bisectors of A, B, C. respectivelj- 

A+ " 
Then the angle between f and ^ ia easily see- '" ' 

Hence P:Q: S = eos — :<:i»—:ci 

4. Three forces acting in the bisectors of the sides of a trianglt, 
drawn from the opposite vertices maintain equilibrium; find tlw 

relatioDB between them. 

They satisfy the first condition. 

Let the len;,'th3 of the bisectors of the sides a, 6, e (Fig. 116) b« 
^,, y3,, anil /3,, and let p and q he the perpendiculars from C on 
P nud Q. 

Tnkc tnomerits round f fi.r the equilibrium of the forces. Then 
Pp=Qg. (1) 



a to be n 



"•OS-] 

(T!ie momentB of P and Q with respect to C have opposite signs. 



Lid C in the sense of watch-hand 




since Q tends to turn the body ri 
rotation, while 7" tends to turn 
it in the opposite Bense.) 

Again, y/3, = 5/3„ (2) 

each side of this equation being 
the area of the tiiangle. Bividti 
tlieBideBof(l) by the correspond- 
ing sides of (2). 

Then ^- = 9.. 

/^. ^, 
Henee P:Q: R = ^,: ^^i ji^. 
or the forces are proportional to 
the bieectors. 

5. At the middle points of the sides of any iTidp/ormahle polygon 
(Fig. 117) forces act perpendicularly to the sides, each force being 
proportional to the side at wliich it 
acts. If the forces all act inwards 
or outwards, they form a system in 
equilihriura. 

For (example 1) the resultant of 
P, and 7'j is a force actirg at the 
middle point of .iC, perpendicular and 
proportional to A C. Afniiii, this force 
and i*, may be replaced by a. force 
acting at the middle point of AD, per- 
pendicular and proportional to AD. 

Replacing the given forces in this 
manner, the result follows by ex- 
ample I. ' 

6. If from any point perpendiculars * "''' 
be drawn to the sides of a polygon, and forces act along these perpen- 
diculiir8,either all inwards or all outwards, each force being proportional 
to the side to which it is perpendicular, the system is in equilihrinm. 

This follows, exactly as in the last example, by dividing the polygon 
to triangles, and attending to the remark at the end of example 1. 

7. From any point, 0, iuBide {or outside) a triangle, ABC (Fig. 1 18), 
e let fall perpendiculars, Oa, Oj3, Oy, on the three sides. At the 

points a, ff, y, are ajiplied forces F, Q, R, each of which is proportional 
and perpendicular to the side at which it acts. The forces are then 
all turned round their points of application in the same sense, so 
as to make equal angles with the perpendiculars Oa, 0^, and Oy. 
Hhow thiit in this latter case the resultant of the system of forces is 
a couple whose moment is proportional to the square root of the area 

I of the triangle A'B'(f, enclosed by their lines of action, 

^V (The forces act all outwards or all inwards.) 
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Let the Hides of ABf ' be a, &. <r, and let P = in, ^ = 16, J? = ic, 
k being a constant coefficient. 

Lei ^ be the angle, OaW, 
between P and the perpen- 
dicular OcL Then 

e^0fiCr^0yA\ 

Beplaoe P by two com- 
ponents, one along BC and 
the other perpendicular to it 
Similarly, lepLice Q and R, 
Then the perpendicular com- 
ponents are i(a cos 0, i;6 coed, 
and hcco%6\ and since they 
meet in a point, 0, and are 
proportional to the sides at 
which they act, they are 
in equilibrium (example 1). 
Hence the forcts are equi- 
valent to three, ka sin d, kb siu 6, and kcbin 0, acting along the sides 
of ABC in cyclical order, and therefore, their equivalent is a 
couple = 2Ar A sin ^, A denoting the area of the triangle ABC. (See 
Art. 103, p. 1 52.) Now the triangle A'B'C is similar to ABC. For, 
since the angles OaB and OyB are right, and the angles OaB^ and 
OyB' are equal, a circle will go round the points OB^aBy. Hence 
LyOa'=. LyB^ a\ therefore their supplements, B and ^, aie equal. 
Similarly, ^ = ^', and (7 = ^. 

Again, the side A'B^ ■=■ AB .^\slQ. For, in the circle round 
yOB' aB, yB^ is & chord making an angle with a chord yO, and au 

angle -—0 with the perpendicular chord, yB. Therefore 

y]f -=. yO . cosO-\-yB .^mO. 
Sinnhirly, in the circle round yA' O^A, we have 

y^' = yO .cosd—yA .sin^. 
Suht meting (2) from (1) we have 

-4'^ = (y^+y^).sin^ = ^i?.sin^. 
Now if A' l>e the area oi A'B^C, 



0) 



(2) 



ABJ 



iva.6 



V 



\s\\k\ tht*n*fort> the moment of the forces = 2itv^AA'. 

8. If tho triangle be replaced by a polygon of any number of sides, 
jM>ikV<» that the equivalent of the forces is a couple whose moment is- 
|HV|H»rtiiuml to the square ixwt of tlie area of the (similar) polygon 
i*Hok»«KHl by their lines of action. 
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9. A lieavy beam, AB {J'ig. iitj), lesta againet a Biiiooth liorizontiil 
plune, C'A, and a smooth vertical wall, CB, the lower extremity, jJ, 



J attached to a cord Avhich pai 
and Bustains a given weight, 1'. 
Find the position of equilibrium, 
and the preSBures on the plane 
and wall. 

Let 6 be the incliaatioii of the 
beam to the horizon in the posi- 
tion of equilibrium ; let IT = 
weight of the beam ; and let the 
centre of gravity, G, divide the 
beam into two portions, AG = a, 
and SG = b. 

■ the reactions, R and S, 



I Bmooth pulley lit C, 




of the wall and ph 
to theee surfaces ; and 
are both nnltnown, w 
contain neitiier of the 
intersection. Hence, 
and tends to turn it 



; normal 
:uce they 
shaH obtaii 



Fig. 1 



F{a + b)m 



equation for which will 
by taking moments about 0, their point of 
ee the foree P acta on the beam along AG, 
opposite to that in which W tends to 



-Wa 



tanfl - 



(0 



■ P(a + 0) 
Again, rCEolviug forces vertically, we have 

S=W. (2) 

And resolving horizontally, S = F. (3) 

10. If the beam rest, as in the last exjmplp, against a smooth 
vertical and a smooth horizontal plane, and a cord be attached 
firmly to the point C, and to a point in the beam, find the limit to 
the position of this latter point eonsittent with equili 



l*t Fig, lio represent 
middle point of the beam. 
Suppose the cord attached to 
C, and to a point, n, in the 
upper half of the beam. Then 
the force-: acting on the beam 
are W, T (the tension of the 
cord ihC), R, and S. Let f fae 
the point of intersection of IT 
and T. Now, the resultant of 
W and T must, for equilibrium, 
be equal and opposite \a the 
resultant of Jf and .?; henc«the 
resultant of R and H must act 
in the line O'p; but this line is 



beam in any position, and let tn be the 





Q 

A 



not between the lines of actio 



I 
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and W, that is, inside the angle ITpT; therefore the resultant of<] 
and S cannot be e^ual and opposite to that of W and T with e 
jioaition of the coni, and, therefore, equilibrium is impossible, n 
matter what the iucltnation of the beam maf be. Hence, in oi ' 
that equilibrium maj be possible, the cord must be attached to si 
[Kiint, such as P, between A and m. 

11. In the last example, given the point of attachment of t 
cord, find the tension in it. 

It is euey lo eee that if F, the point of attachment, be given, i 
iileo I, the length of the cord, CP. the position of the beani, ii 
For, if ff = JiBAC, we have 

P = BP*.cos'0 + Ar'.a\n*0, 
an equation which determines 8. 

The angle PCA is also known. Deoote it by <t>. To determine i 

the tension of the cord, without bringing R and S into our ei^uatit 

take momenta round 0, their intersection. Hence, a and 6 being tl 

segments of the beam made by the centre of gravity, we have 

irocoafl = T.OCmnOCP = 



. 2'.(a+fc)sin(0-0), 



7"= H"- 



^B forces 

^B &eque 

^H tween 

^H foice 



S).m(»-*) 

It will be a good exercise for the student to find R, S, and Tl^ 
graphic statics. [See example 5, p. 143. J 

Note. If 6 = ^, T='x.. In this case the cord is attachefl tc" 
n», the middle point of the beam, and therefore its direction always 
pasaes through 0, the intersection of R and S. Now, it is easy to see 
that ill this case the conditions of equilibrium are theoretically satia- 
fied, because the resultant of T and W acte along T, whose directioa-B 
pusses through 0. But if ^>fl, no value of T ciin even theoretics" 
satisfy the conditions (see last example). 

12. ABC is any triangle, of which C is the vertex. It is act 
by the forces GA, CB, and AB. Prove that it will be kept in 
librium by a force equal to 2 BC, acting parallel to BC, at the n: 
point of AB, 

13. In example 12, it is clear that two positions of equilibrium a 
the beam are a vertical and a horizontal position ; explain why thwc 
positions are not given by the equation (1) which determines the 
position of equilibrium. _ 

14. Explain why the proof in example 5 would not hold ii 
polygon formed of bars freely jointed together and therefore ci 
of turning about the joints. 

106.] Action of a Hinge or Joint. Among- the in! 
forces of a system, the action of a cylindrical s 
frequent occurrence. If the axis is smooth, the reaction 1 
tween two bars or beams connected by it consists of a e 
force passings through its centre. For, let PQ,S (Pig. 




io6.] 



ACTION OP A HINGE OE JOINT. 
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represent a section of the joint connecting two bear 
Eince their snrfacea are in contact, either 
throughout the whole of the circumference 
or a part of it, there will be {since the joint 
ia smooth) normal reactions at the points of 
contact, P, Q, ,,,. Now, since all these 
pass through the centre of the circle, they 
have a single resultant through this point. 
Consequently, the action in this case con- 
sists of a single force through the centre of the joint. 

But, if the joint he rough, the reactions at the points of con- 
tact will not be normal, that is, their lines of action will not 
meet in a point, and, therefore, they may 
reduce to a couple, or to a single force. 
When slipping is about to ensue at the 
joint, it is easy to see that the total resist- 
ances at the points of contact envelop a 
circle (or rather a cylinder). For, at any 
jMjint, P, of contact (Fig- 122), draw PR, 
making the angle of friction, A, with the ^'6- "«■ 

normal, PC, to the surface of contact. The perpendicular from 
C, the centre of the joint, is equal to PC . sin A, and is, therefore, 
constant. Hence PR envelops a circle whose radius = PC . sin A. 

If PC = a, and ds is the element of the surface of contact at 
P, it ia evident that the sum of the moments of the reactions 
about C is [R being the reaction per unit of surface) 
a aia k/Riln, 

As an example, let ua con- 
sider the equilibrium of two 
equal bars which are con- 
nected by a joint, C, and rest 
on a smooth horizontal cylinder, 
in a vertical plane at right 
angles to the axis of thecyKnder. 

Firstly, let the joint be rough, 
and suppose the contact to be 
complete all over its surface ; 
then it is clear that such a posi- 
tion as that represented in Fig. 
1 33 is a possible position of equilibrium if thi 
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rough. Let Fig. 1 24 represent an enlarged view of the ciid^^l 
which ia enveloped by the total reBtstancea at the varions poini 
of the Burfuee of contact at the hing^, C. Then, if the ( 
reBietances at the lower portion of the joint be considerably! 
greater than those at the upper portion, it ie possible that ths J 
resnltftnt of the whole eet may be a horizontal force, R, actin 
through a point, P, below the joint. 

Tn the position of equilibrinm of ti 
bars represented in Fig. 133 
weight, Jf', of the bar Ci>, , and thai 
normal reaction, S, of the smootd'' 
cylinder, meet in a point A^, through 
which point the force produced by the 
action of the other bar must paas. 
B In the same way the action of the 
bar CD^ on CJ)^ mnet paaa throogh 
the point J.^. Hence the resultant 
action of each bar on the other must be directed in the line 
^j A^ ; and we have seen that if the contact along the joint 
extend over its surface, this is a possible line of action, thongb 
it does not interseefc the joint. 

Secondly, let the joint be rough, and let the contact take 
place at only one point, N (Vig. 125). Snppose the joint to 
consist of a pin, BA', which fomw | 
part of the bar CR^ {Pig. isj)^! 
and let this fit loosely into t 
bar CD J . It is clear, then, that 1 
the action I>etween the htm ] 
consists of a single force, S, acti 
at N, and making the angle ^ 
friction, A, with the radius CA^,{ 
slipping is about to take place. As before, this force must j 
through the points A-^, A^. 

In this case, then, the point of contact of the bars is ( 
stnicted by drawing a radius, CN, of the cylindrical axis conf 
tuting the joint, inclined to the horizon (since A^ A.^ is horizonta 
at the angle of friction. 

Thirdly, let the joint be smooth. Tn this case the bara mutil 
assume such a position that the line AiA.-^ passes through the 
centre of the joint ; and this position is practically the same oa 




F 
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tbat in the last case, because since the (limenBions of the joint 
are negligible compared with those of the bare, the line of 
resistance .SiV (Kg. 125} may be supposed to pass through 
the centre, C, of the joint. 

A Eimilar explanation is to be given in the case of two equal 
beams rigidly connected, and forming one piece, the system resting, 
as in the previous example, on a 
smooth cylinder. In this ease the 
beams can take only one position, 
which must be a position of equili- 
brium, and the action between them 
most accommodate itself to the 
geometrical necessity of the figure. 
(In the following figure the 
cylinder is not drawn.) If we con- 
sider the equilibrium of one of the 
beams, CD (Fig. 1 26), by itself, we 
shall have to supply to it whatever force is actually produced upon 
it by the other beam. Now, if JiC is the section along which 
the system is considered as divided by the removal of the second 
beam, it is clear that the internal forces in the neighbourhood of 
S tend to tiear the beams apart, if A is below the section BC, 
while those about C tend to press the beams more closely 
togethei'. Hence the action of the second beam on CD consists 
of a number of forces whose horizontal components near S act 
from left to right, as the force BF, and whose horizontal com- 
ponents near C act from right to left, as the force CF'. If, 
therefore, the forces near B are greater than those near C, the 
resultant of the whole system will consist of a horizontal force, 
jLR, acting outside the section CB, so as to pass through the 
point, A, of intersection of the weight and the normal reaction 
of the cylinder. In this ease, then, the action, over a section BC, 
between two rigidly connected pieces consists of a force outside 
the section ; which force may, of course, be replaced by one at 
any point in the section, together with an accompanying coople 
(see Art. 8OJ. 

In all eases in which contact over a finite surface takes place 
between two bodies, the student must be careful io examine the 
nature of the forces exerted between them at the im/iridual potu/g 
of cojtfael with a view to Mcertahiing irhetfier the remltant action of 

VOL. I, M 
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om on tie other cotuutt of a tingle force at ali; or, if to, wMlut 
it can be aisumed to act at any point in He turface of coiAiA 
nr mutt he ateumed t-o act wholly ou/^le it. 

107.] Gtoometrico - statical Problems. In many staticil 
problems whicli relate to the positions of eqailibriiim of bodiei 
the result is independent of the ma^itnde of some givea foro^ 
and 8Hch independence can be perceived a priori. Thus, anppoa 
the question to be — What is the limiting inclination to tliii 
horizon of a heavy tinifovm beam which rests a^iost a roagl 
vertical and a rough horizontal plane ? In this problem we mxj 
if we please, assume W, the weight of the beam, and 2a, ia 
length ; but it is evident a priori that the result cannot involw 
either of these quantities. For, if the angle which the bean 
makes with the ground be 0, the position of equilibrium will h 
defined by some of the trigonometrical funetiona of 0, suet a 
sin 6 or tan 6. Now, the trigonometrical functions of an angls 
are mere numbers, or ratios of quantities of the tame Hiui. Hence, 
if the expression for tan 6 (suppose) involve /oriw, it mast involve 
the ratio of one force io anolher force, and if there is only ont 
force given in the problem, we have no other force to combine 
with it in the form of a ratio or a mere number. Consequently, 
the weight of the beam can in no way influence its limiting iiH 
clination. Precisely similar remarks hold with regard to thtf 
only linear magnitude in the question, viz., the length of th< 
beam. There is no other quantity of the same kind with whidi 
to compare it. Therefore, we are enabled to state h priori th^ 
the inclination of the beam to the horizon in its limiting position 
of equilibrium depends simply on the coeflficients of friction f<ff 
the beam and tbe two rough planes, or that 

fi and /:i' being these coefficients, and /' denoting some (as yet), 
unknown function. 

Again, suppose the question to be^What force applied to 
of the handles of a table drawer will pull the drawer out?* If 
is evident that the answer must be either — no force, howevo 
great, will pull it out, or — any force, however small, will pull it 
out. And the resalt will depend simply upon the relatiM 



* The friotion of the bottom ia iiegleoted. 



I07.J 



168 



between the coefficient of friction for the drawer and the 
table, and the ratio of the side of the drawer to the distance 
between the handier This is evident, hecauee there ia no 
given force in terras of which the required force could be es- 



NumeroQs examples of this elaes of questionB will be g^ven in 
the sequel. Such problems, then, in which the result is in- 
dependent of a force magnitude, we shall classify as Geometrico- 
statical Problems, because, though they involve principles con- 
cerning the direclioni of forces, they do not involve their 
magnituUtt, In all such problems, once the requisite theorems 
concerning the directions of forces are made use of, the resnit 
follows at ouce from the geometry of the figure ; and a solution 
by the method of resolving forces and taking moments is, in 
reality, an illogical process. 

In connexion with the class of geometrico -statical problems, 
the theorem of Art. 36 will be found extremely useful. 



Examples. 

1. A lieavy bar rests on two Braooth inclined plai 
section is a horizontal line, the bar 
lying in a vertical plane perpendicular 
to this line of iiitersection ; find the 
position of equilibrium and the pree- 
8urfs on the plimes. 

Let a and h be the segments, AG 
and BG, of the bar, made by its centre 
of gravity, ff ; & the inclination of the 
bar to the horizon, a and /3 the 
inclinations of the planes, R and Bf 
I he pressures on these planes, re- 
apeotively, and W the weight of the 

Then, tince the bur is in equilibrium 
under the action of only three forces, (hey must meet 
Now the angles GOA and GOB are equal to a and 

andB(?O = |-0. Hence 

(a +6) cot BGO = a cot GOA - 
or (a + 6)tanfl = a cot a — 6 

which det^nnines the posifion of equilibriuir 




b cot GOB, 

cot A 
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Again, liy the rolatioiiB I>etwoen three forces in equilibrium, 



1^ = 



I the bur will rest in a borizonta] poaitioi 



w 



Heiice, if -7 = - 

6 taii/i 

Buppoee that acota — bcatff i» positive, &nd that {a + b) tsnj3<^ 
a oottt— fccot (}. Then, Afirtiori (a+fi) taiitf<ocot a— icot^, since 
6, the angle made with the horizon by the bar in any gucb poution as 
.( B, is necessarily < /3. 

Hence, the only iioaitioii of equilibrium poeaible is either one of 
ooiitinuoua coiititct with the plane iji), or one of continuous contact 
witji the pl&ne (a). Suppose the first, as 
in Fig. ii8. Tufuid in this case thepcout 
through which the resultant pressure of 
the plane Hi) on tlie bar acts, draw AO 
perpendicular to the plane (a) ; then J.0 
is the line of action of tlie pressure on this 
plane. 

Let AO meet the vtrtical through G in 
0, ami from draw OP peqiendicabr 
to the piano (ji). Evidently, F is the 
point at wbioh the resultant pressure of 
the plane iJi) acts, 
be shown that, with the two inequalities supposed. 
possible. For if AF>a+b, it will be impossible; _ 




But it may n 
this position is 



that is, if a 



'-^>a + b: 



I 



astn/3cos(3(cota— tan;3)>6; or atnn/3(cota— tan,'3)>6 + 6tdu'^; or ' 
o{eoto— tan^)>6eot/3 + 6tan^; or a cot a— Scot /J>(a + 6)t»n^. 
" ■ ' ■ ■ 6oot^ is positive and >(o+ft') tanfJ, 

manifestly impossible. Hence the only 
positiou of equilibrium in this case is 
one of continuous contact with the 
plane (a). [We have supposed alt 
through that the end A of the )»r 
is to rest on the plane (a),] The 
least inclination of the plane (a) which 
will allow of a position of continuous 
contact with (0) ia found by drawii^ 
at B a perpendicular to the p' — 
and joining its point of i 
with the vertical through G \ 
lal to the plane of least inclination (a] 
2. A uniform heavy bar, AB (Pig. 129), rests 




The joining li 
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A, against the internal eurface of a emooth fixed hemiKphere while it 
18 8U|)ported at some point to its length by the rim of tlie hemiBpliere ; 
find the position of equilibrium, the plaue of the rim being horizonlal. 

It is i^iHori eyident thst tlie result must be independent of force, 
since the weight of the bar is the only force that may be euppoeed to 
be given ; and it is also evident that the result depends on the only 
two linear magnitudes which may be supposed to he given — vis, the 
length of the bar, 2a, and the radius, r, of the sphere. 

Draw the three forces which keep tlie bar in equilibrium. They 
are the weight, a reaction at A perpendicular to the swrfitce of contact, 
and therefoie perpendicular to the apherf, and a reaction at C which 
for the same reason ie perpendicular to the bar. The^e uiuel meet iu 
a point, 0. Let & ^ the inclination of the bar to the horizon ■=- 
LACD. Let the line OG meet the semicircle DAC in the point Q. 
Then AQ ia a horizontal line. Also IQAG = IDCA = 6, therefow 
/.0AQ = 2e. Hence ^Q = ^Oco82fl, and alto AQ = Aeeose; 
therefore 2 r cos 2 fl = o cos 0, 
or 4rco8'e-aco80-2r= 0. 

This equation gives two values of cos 0, one of wliich supposes the 
hemisphere to be completed into a sphere, the end A of the bar to 
rest against the upper portion of the sphere, and the action of the 
sphere on ^i to consist of a jntU. The student will have no difGculty 
in repreeenting this position, or in proving that the reaction at 

3. Find the position of equilibrium of a uniform heavy bar, one 
end of which rests against a smootli 
vertical plane, and the other against 
the internal surface of a given fixed 
smooth Eplieie. 

Let the length of the bar, AB. = 2a, 
r = the radius of the sphere, c ^^ the 
distance of the centre, C, of the sphere 
from tlie vertical wall, DB ; also let 
B ^ the required inclination of the bar 
to the horizon, and i^ := the inclination Fig. 130. 

of (be radiua CA to the horizon. 

The statics of the problem is exhausted in drawing the figure so 
that the weight of the bar and the two reactions at A and B shall 
meet in a point, 0- Geometry then gives 

2cotOeS= catA0G~c^otGOB= cotAOG, 
or 3tanfl = tan^. (I) 

Again, the perpendicular distance between A and DB is 2a cos 0; 
but it is also evidently equal to the horizontal jirojection of Ci +the 
dietance of C from BD ; that is, 

2«cosfl = j-cOB./.+ e. (2) 
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From (1) and (2) a value of $ can be obtained, and hence the 
position of equilibrium. These equations give $ and ^ by the inter- 
section of a right line with a quasi>magnetic curve (see p. 55). Thos: 
draw a right line AB-=:c\ produce AB to C so that BC = e\ 
round A as centre describe a circle of radius 2a; round B describe 
one of radius r ; draw any line perpendicular to AC catting the first 
circle in P and the second in Q; as this line varies, trace the lociiB 
of the point of intersection of AP and BQ (a small portion of it will 
suffice) ; if this locus cuts the perpendicular to AC drawn at (7 in the 
point Mf the angles $ and <f> are MAC and MBC. 

If the bar rest on the convex surface, the only change in the 
equations will be a change of the sign of r in (2). 

4. Tlie extremities of a bar rest at two given points against two 
given smooth curves in the same vertical plane; the bar is to be 
sustained by a cord attached to its centre of gravity and to a fixed 
point. Determine the position of this point so that the cord may be 
the weakest possible. 

Let AB (Fig. 131) be the bar, G its centre of gravity, the point 
of intersection of the normal reactions of the curves A and ^ ; ^ the 

length of the perpendicular from on 
.the line of action of the weight, fT, of 
the bar ; p the perpendicular from 
on the direction, GP, of the cord, and 
T the tension of the cord. 

Then, taking moments about 0, 

T.p= W, k, 

r= TT-. 

P 
Hence, since W and k are given, T 
will be a minimum when ^ is a maximum. But the maximum value 

of the perpendicular from on a right line 
through G is OG ; hence the cord must assume 
a direction perpendicular to OG. 

5. A heavy uniform trap-door, AB (Fig. 
132), is moveable about a hinge-line repre- 
sented by A ; and to the middle point, By 
of the opposite edge is attached a rope, £C, 
the extremity C of the rope being fastened to 
the point occupied by B when the door is 
horizontal. Given the length of the rope, 
find the magnitude and direction of the pres- 
sure on the hinge-line, and the tension of the 
rope. 

Produce the line of the rope to meet the 
line of action of the weight in a point, 0. 
Then, since the door is in equilibrium under 
the iurtueuce of only three forces, they must meet in a point. Hence 
the pressure on the hinge-line must pass through 0, and since the plane 




or 



Fig. 131. 
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of the teneion, T, and the weigiit, If', intersecta the hinge-liue ut A, 
the pressure, H, must act through A (the hinge being smooth). 

To determine T, take momeiits about A. Then, if ^ = f he per- 
pendicular from A on £C, 

T.}>= W.A/J. 



AD 



Let the angle BAG = 2a, and let A£ = 2a. Then p = 2aa 
" " 2a, therefore 



z l-W- 



>s2a 



Again, by the triangle of forces we have 

it*= W^ + T'^—2TWiioaa; 

and Bubstitiiting the above value of T, this gives 

n = i Wv^iein'a+ma'a. 

The valnes of T and M can be at once found in terms of tie lengths 

^Band^C. Denoting the latterly 21, we have sin a = ^ , there- 
fore, &c. ^° 

6. If in the laEt example the rope, instead of being attached to (', 
passes over a smooth pulley at that point, and sustains a given weight, 
find tlie position of equilibrium, and tlie pressure on the hinge-line- 

Let i* be the weight of the suspended mass, and ^ LGAB ; then 
tlie position of equilibrium is defined by the equation 



e 1 



^=0, 



(1) 



Equation (l) gives two poBitions of equilibria 

that one of the values of cos — is negative, one p 



corresponds to 
>urae, suppoees 



Ml value of 9 greater than 180^. Such a jiosition, of 
the door capable of revolving freely 
about its hinge-liue through four right 
•ngle,. 

The student will have no difficulty 
in representing the position of the door 
in this case, or in explaining why no 
linear magnitude enters into the equations. 

7. A uniform heavy bar, AB, rests 
against a smooth peg, P, and against a 
smooth vertical wall, AD ; find the 
poeition of equilibrium and the pressures 
on the wall and peg. 

This, so far as it relates simply to the position of equilibrium, 
another geometrico-alatical problem. We have merely to draw A Jl 



Fig. 133. 



1 
i 



r 
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>tuth u inauner that the vertical tlirough G bimI the perpendiculars it 
.1 and P to the wall and bar sJitill iiiterseet in a common point, 0. 

Iiet 2a ^= the length of the bar, and o ^ tlie per^iendiciilur distance 
ofthe peg from the wall. Then the position must evidently be expi 

as ft function of - ■ Let = the ioclination of the bar to the vt'rtical. 



Vnt AO = AG .b\ 



=©'■ 



Refolving vertically, 



Itesolving horiEontally, 




(»>J 



8. A triangular board, BCA (Fig. 134), of uniform thickneas, rests 
1 two smooth pegs, P and Q, at a given distance from each other, in 
the same horizootal line. 
Find its position of equili- 
brium. 

The position of equilibrium 
will evidently be known if 
the inclination of AB to the 
horizon is known. 

Let this inclination be fl; 

let the angles of the triangle 

be denoted byvl, B, C; leta 

= ^1^(?, which the bisector, 

'- CM, of the bass makes with 

^R-"34- the base; let CM =1, and 

let PQ = k. 

Then, since no force is given except the weight of the board, will 

depend Bimply o\i A, B, C, I, and k, and the problem is geometrical. 

The reactions of the pegs P and Q are perpendicular to AC and £C, 

respectively, and they must meet the weight of the board acting 

through its centre of gravity, G, in a point 0. The geometry whi(£ 

gives the solution wiU express that 

jj^^ CO .sin COV= CG.sinCGO. 

ICGO = 1 




(1) 



L ind" 



J, and COV= COQ~VOQ; but COQ = QPC 
(since the quadrilateral QOPC is inscribable in a circle) = J +fl; 
and rOQ evideiilly = 7*— 9 : therefore C'Or= .^ —i7+20. Also 



T 
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CO IB the diameter of the circle round QOPG, 11 circlo in wliicli tlie 
chord PQ aubtenda at the circumference nn angle ^ C ; 






) = |!.m0.co.(a-«), (2) 

, and which is easily solved graphically 



an equation which determines d, 
by the method of example 30, ; 

0. Two heavy uniform rods, AB and BC (Fig. 135), are connected 
by a smooth joint at B^ and, by means of i-in<.'s at A and C, are alBO 
connected with two smooth rods, AD and CD, fixed in a. vertical 
plane. Find the reaction at the joint, the pressurea at the rings, and 
the iucliuatioiiB of the reds to the vertical in the poHitiou of equi' 
librium. 





Starting from any point, (Fig. 136), draw a force diagram of tlio 
Let Oa be parallel and proportional to the reaction, R, at 



I 



A ; let ah represent P, the weight oi AB: 
reaction at B. In the same way let 60 
weight of BC, and S the reaction at C. 
clinations oi AD and DC to the horizon, d 
AB and BC to the vertical. 
Then we have (from Fig. 136) 



bO represents T, the 
id cO represent Q, the 
a and /3 be the in- 
1 the inclinations of 



Let 



= {P+Q)- 



= (^ + ^)Ti 



i(a + /3}' 



Also T- = I"-2rScOBa + ii', which, by the substitution of the 
value of R from (1), becomes 
r'BioMa+/3) = i«ain=a-2PQslnaEin^cos(a + ;3) + (?'si..^^. (3) 
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Again, = HGB, and evidently (Art 36), 

2 cot d = cot AEG - cot GIIB 

= cota— cota60 (Fig. 136). 

^- ,^ P—B COB a F cot ft— Q cot a , . , ^ 

Now, cot aoO = — „ . — = p ^ 1 by equation (1)* 



i^sina 



p+(? 



Hence 



(4) 



P (cot o — cot /3) + 2 Q cot a 

•''»*^ = WTQ) ' 

and we find a similar expression for cot <^. 

10. A board, ABC, ...(Fig. 137), in the shape of a regular polygon 

of n sides, rests at one comer, A^ against a smooth vertical wall, 

APf the adjacent comer, B, being attached 
to Hie wall by a string whose length is equal 
to the side of the polygon. Find the position 
of equilibrium. 

Let be the inclination, BAP^ of the side 
ilj^ to the vertical ; and let be the point 
in which the lines of action of the normal 
pressure at A, the weight of the board, and 
the tension of the string meet. Then, to 
determine 0, we have 

OA =ilPtand, 
and OA=AG cos OAG - AG sin GA P, 




Fig. 137- 



.-. APiAxve^AG^vaGAP, 

Now, GAP^GAB-^Qz=.\---i^Q; and 

6 n 



if a = the side ABy AP = 2acos ; AG = 



a 



2 COB GAB' 



therefore 



or 



4 sin 6 sin - = cos ( ^ Y 

n \n ^ 



tan d := — cot — • 
3 n 



This equation determines the position of equilibrium. 

W n 
The pressure at A is evidently equal to — -cot-j W being the 

3 71 

weight of the board. 

1 1. A heavy plane body, ABC (Fig. 138), of any shape, is suspended 
from a smooth peg, fixed in a vertical wall, by means of a string of 
given length, the extremities of which are attached to two fixed points, 
F and F\ in the body. Determine the positions of equilibrium. 

Let the ellipse P^P^P^ be described with foci F and F\ and axis 
major equal to the length of the string. The peg will then be some- 
where on this ellipse, suppose at P^. Now, when the body is sus- 



o?.] 
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Fig. 138. 



pended from the peg, it is kept iti equilibrium by ita own weight 
acting vertically through the centre of gravity, and the two tensions 
in P^F and P^F'. But since the peg is smooth, tlicse teusiona are 
equal, aod their resultant must bisect the angle FP^F" ; its line of 
action is, therefore, normal to the 
ellipse. And if G is the centre of 
jtravity of the body, the reKultant 
teuaion must pasa through O, and 
be equal and opposite to the 
weight of the body. Hence the 
problem is solved by drawing 
normals from G to the ellipse, and 
then hanging the figure from the 
peg in tuch a manner that any 
one of these nomula ib vertical. 
Now, if G ia inside the evolute, four normals can be drawn to the 
ellipse ; but it is easy to see that only three are relevant to the 
solution if G is inside the lower half of the evolute (as in Fig. 138), 
or only one if G is inside the upper half. For, the tangenls drawn to 
the lower half of the evolute belong to the upper half of the ellipse ; 
and in order that the Etrings should be stretched, it is necessary 
that the peg should lie somewhere in tiie upper half of Ibe ellipse. 
If 0P„ GP.^, and GP„ are the normals drawn from G, the figure must 
be placed in a positiou in which auy one of these lines is vertical. 

12. A rod, whose centre of gravity divides it into two aegments 
a and b, is placed inside a smooth sphere ; find the position of equi- 
librium. 

Ana. Let 6 be the inelination of the rod to the horizon, and 2<z 
the angle subtended by the rod at the centre of the sphere ; then 

tan = — , tan a. 

a + h 

13. A heavy carriage wheel is to be dragged over an obstacle on a. 
horiuontal plane by a horizontal force applied to the centre of the 
wheel ; find the magnitude of the required force. 

Ana. Let IT be the weight and r the radius of the wheel, A the 
height of the obstante, and F the requisite force ; then 



-- W 



V2rk-h^ 



14. K it be attempted to drag the wheel over a araooth obstacle by 
means of a force whose line of action does not pass through the centre, 
what happens ! Is the result in last csaujple modified if there is 
friction between the wheel aud the obstacle 1 

15. A heavy uniform beam, AB, rests with one end, B, against a 
amooth inclined plane, while the other end. A, is connected with a 
rope which passes over a pulley and supports a given mass ; find the 
position of equilibrium. 
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Am. If a, 6, and <p, are the inclinations of tlie pl&ue, beam, ui.il 
rope to the horizon, W and P the weights of the beam and the 
■nspended masa, respectively, the position of equilibrium is defi&''il 
by the equations Pcos(<t,-a)= IFdna, 

2 tan 6 =: taaip—cota. 
The student will eaEily explain why no linear magDitude enttrs 
into the result. 

16. A rectangular board (or paralleloi>iped) is eustnined on « 
flraooth inclined plane by a string attached to its upper comer; the 
string patsea over a smooth pulk-y and sustaina a weight. Find the 
magnitude of this weight ccrres ponding to a given direction of the 
string, and find also the presbure on the plane. 

Ang. Let t be the inclinafion of the plane, & the angle mode by 
the string with tlie plane, H'the weight of the board, P the weight 
of the suspended mass, and A' the pressure ; then 

F = (K^ ; Ji = 'f'^^^-J^*- 

17. Show that a rectangular hoard (or parallelopiped) cannot be 
suBtained on a smooth inclined plane by a string attached to its upper 
corner, if the inclination of the plane is greater than the angle made by 
the diagonal of the board with one of the aides perpeodicalar to the plane. 

18. A heavy uniform beam, moveable in a vertical plane iibout a 
smooth hinge fixed at oi;e extremity, is to be suHtoIned in a given 
position by means of a rope attached to the other extremity; 
geometrically, the least value of the pressure on the hinge, and tl 
corresponding direction of the rope. 

Ans. The least pressure on the liinge = \ Wsiii a, W being tl 

weight of the beam and a its inclinution to the vertical. Also if 

the angle made by the rope with the vertical when the pressut« is ]t» 

cot fl ^ 2 cot a + tan a. 

19. A vertical post, loosely fitted into the ground, is exposed to&l 
uniform gale of wind ; a rope of given length is to be attached t 
post and to the ground; find how the attachment ia to be made, infl 
order that the rope may be least likely to break. 

Atis. If A is the height of the post and if the length of the ropftV 
is <h\^2, the rope must make an angle of 45° with the 
if the length is >h-/2, the rope must he attached to the top of tl 
jmat. {See example 4.) 

20. A heavy uniform bar, AB, is moveable in a vertical plane r 
a smooth horizontal axis fixed at J j to the end B ia attached a 
which, passing over a pulley fixed at C vertically c 
mass of weight, P; find the position of equilibrium. 

Ans. lt'AB= 2a,AC = b, weight of bar = If, e = h 
to the vertical, ^ i^^P ^-W^)}^~iW*,f 

""" AabW 
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21. A ladder, moveaUe in a vertical i)lanp about one extremity, A, 
ia to be lowered into & vertipal position by mpan"? of a rope attached 
to a given point, P, of the ladder tlie rope pan-nig ovtr a pulley, C, 
which ie Tertically above A ; find the teuBion of this rope in any 
poaition, and supposing that the rope will juat sustain a tension Q 
without breaking, find whether or not it will break in the operation 
of lowering ihe ladder. 

Ans. It W is the weight of the ladder, whose centre of gravity ia 
distant a from A ; AC ■= e; AP ■= b; CP ^rr r in any position of the 
ladder ; T ^ tension of rope in this position. 



be 



and the rope will break if (? < 



be 

22. A heavy bar, AB, rents with one extremity, A, placed at the 
line of intersection of a smooth liorizonta! and a smooth inclined plane, 
a given point, C, in tlie bar being attached to a rope wliich, passing 
over a smooth pulley at a given point, D, in the inclined plane, 
sustains a given mass, P; find the position of equilibrimii. 

Ana. Let Q \m the inclination of the bar, a the inclination of 
the plane, and the inclination of the rope, to the vertical ; a the 
dJHtance of the centre of gravity of bar, h the distance of the pidley, 
from A; c ^ AC ; ]¥=^ mass of bar. Then the position of equi- 
librium is defined fay the equations 

Wa%\nB = Pbiin{-p--a). 

csiii(0-<(.) = 6sin(0-a), 

which may be solved graphically thus : draw a line LM =: 6; aX M 

draw the line MN making the angle LMN = a; round L aa centre 

describe a circle of radius e ; round M as centre describe one of radius 

-t:— ■ e ; tnke a point R on this circle such that if RL meets the 

first ciicle in Q, the perpendicular from R on MN = the perpen- 
dicirior from Q on ML; then RML = (ft and RLM = d. 

23. If the two inclined planes w 
ftxiB substituted ut A, round which 
prafalem be in all respects the same 

24. A bar, AB, whose weight is negligible, passes through two fixed 
rings, C, D, which fit it tightly and presses at its end B against a 
fixed surface, a given forre, P, being apjilied to the bar at its end A 
in the direction AB; find the pressures on the rings and on the 
surface at B. 

Ans. If BC =a, BD = b. i = angle between AB and surface 
I, S ■= pressure a,tB,S-= pressure at C, Tf = pressure at D, 

„ . „ T. ficott , „a cot i 

= /'co8eci; S = 



removed, a smooth horizontal 
the bar could turn, would the 
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vertical plane round a horizontal axis fixed at a point on its cir- 
cumference ; from two given points A and B on its circamfereDce 
two masEes, P and Qy respectively, are suspended ; find the position 
of equilibrium. 

Ana, If (7 is the centre, OCC/ the diameter through O, and if 
lAC(y=L a, IBCff— A ^ the required inclination of OC to the 
vertical, and ir= mass of board, 

Psina— Qsin/S 



tand = 



2Pco8«^ + 2Qcos«^4->r 



26. A rectangular board, ABCD^ of uniform thickness, is moveable 
in a vertical plane about a smooth hinge, P, in the side AD ; the side 
AB \s to rest, at a given inclination to the horizon, against a smooth 
peg, Q : find the position of this peg when the pressure on the hinge 
is equal to the weight of the board. 

Ana, Let be the point of meeting of the forces which keep 
the board in equilibrium, and G the centre of gravity of the board. 
Then QO must bisect the angle POG, Hence from P draw a line, 
PO^ making the same angle with the side AB as AB makes with the 
vertical ; and from the point, 0, of intersection of this line with the 
vertical through G draw a perpendicular, OQ, on AB, This det^r- 
mines Q, 

27. Find the position of the peg when the pressure on it is equal 
to the weight of the board, the inclination being fixed. 

Ans, Let PII be the horizontal line through P meeting AB 
in H; produce AH to K so that HK = HP ; then KP is the direc- 
tion of pressure on hinge ; therefore, &c. 

28. A heavy body of any form is moveable round a smooth axis 
perpendicular to the vertical plane passing through the centre of 
gravity, and is sustained in a given position by a rope whose weight 
may be neglected. If the pressure on the axis bears a constant ratio 
to the weight of the body, prove that the direction of the rope must 
be a tangent to a conic who^e directrix is the vertical line through the 
centre of gravity, and focus the point in which the axis of suspension 
cuts the above-mentioned vertical plane. 

If, in the last example, QO be the direction of the rope, the ratio 

-; — -TTFr^ is ffivon, and the envelope of QO, as the direction PO varies, 
sm QOG 

is a conic whose focus is jP, directrix GO^ and eccentricity the given ratio. 

29. In example 26, if the hinge is at the corner A, and the position 
of the peg is given, find the magnitude of the pressure on the hinge. 

Ans. Let c = half the length of the diagonal, a = angle between 
the diagonal and the side AB^ x = the distance of i>eg from A, P ^ 
inclination of -45 to the vertical ; then the pressure on the hinge is 



Var^ — 2cx sin fSsin (a-\- fJ) ■^c^fim^(a-\- fi) 

\Y . . — ■ — ' 

X 
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30. In the last example, find the position of the peg when the 
preBsure on the hinge is a. minimum, and the minimum value. 

Aim. At the point in AB verticaliy uiider the centre of gravity 
on the hoard. The minimum pressure = JTcns^. 

It ia easily seen that if the binge is anywhere along the side AD, 
the pressure on it will he least when the direction of this pressure is 
parallel to AB. [By tiiangle of foi-ces.] 
Hence the position of tlie peg. 

31. A rectangular board of uniform 
thickness rests in a vertical plane, 
with two of its adjacent sides in contact 
with two Bmoolh pegs in the same 
horizontal line ; find the position of 
equilibrium. 

Ant. If P and Q (si* Fig. 134) be 
the two pegs. CA and CB the sides in 
contact with F and Q, respectively, a 
the angle made by the diagonal CD Fig. 139. 

with CB, 6 the inclination of this 

diagonal to the horizon, e half the length of the diagonal, and I the 
distance PQ, the position of equilihrium is given by the equation 

ccos5 = ico8 2(a-o), 
which is Bolved graphically by the aid of two circles, as in example 
30, p, 83. 

32. A triangular hoard (or prism), ABO (Fig. 139), of uniform 
thickness, ia placed with its base on a smooth inclined plane, its 
vertex being connected with a string which passes over a smooth 
pulley and Bustains a weight. Find the conditions of equilibrium. 

Ana. Asbuniing the inclination of the plane to be fixed, the 
string must take such a direction that the perpendicular let fall on 
the plane from the point of intersection of the string with the vertical 
line, Gm, through the centre of gravity of the board, falls inside the 
base. Hence, if Bp be the perpendicular at the extreme point of the 
base, and if the string cannot cross the surface of the board, all 
possible directions of tlie string are included between Cm and Cj). 
Again, supposing the string to have a direction, Cn, consistent with 
tbe poEsihility of equilibrium, the weight P and the reaction of the 
plane are thus found : From n let fall a perpendicular on AB, meeting 
it in a point, q, suppose. Then qn is the line of action of the reaction 
on the plane: and, resolving along the plane, we have irKin* = Pcosfl, 
t being the inclination of the plane, and $ the angle which the string 
Cn makes with the ]]lane. This equation determines tbe magnitude 
of P corresponding to the direction, Cn, of the string. If P is a little 
greater than the value thus found, the hoard will begin to slip up, and 
if J* is less than this value, the board will begin to slip down the plane. 

33. If in the last example the string is parallel to the plane, find 
tiie greatest inclination of the plane consistent with equilibrium. 

~ 'm. Tan'' (1 cot J + cot 5). 
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34. If in the same example tlie string, instead of passing over* 
pulley and Buetaining a weight, ia knotted to a fixed peg, how «re th« 
previous conditioDS of equilibrium modified 1 

Am. The only condition to be aatisfied ia that which hu 
reference to the direction of the Btring. This directiwi must be 
Koniewhere between Cm and Cp. 

35. If a rectangular picture be hung ^m a smooth p^ hy nieaui 
of a string, of length 2a, attached to two points syro metrically phiced 
at a di.-ttauce 2e from each other on the upper eiie of the &ame, show 
that the only position of equilibrium is one in which this side ii 
lioriaontal iif the adjacent side of the frame is greater 

_ 2e' 



I 
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36, A rod whose centre of gravity is not its middle point is hodg'^ 
liom a smooth peg by means of a string attached to its extremities: 
find the positions of equilibrium. 

Arts. There are two positions in which the rod hangs vertically, 
and there is a third thus defined : let F be the extremity of the rod 
remote from the centre of gravity, k the distance of the centre of 
gravity from the middle poiut of the rod, 2a the length of the string, 
and 2e the length of the rod ; then measure on the string a length FP 

from f equal to a(l + -V and place the point Po 

will deiine a third position of equilibrium. 

37, A bar, BC, moveable round a smooth horizontal axis at a pdnt I 
A in it, has a curd attached to its upper end B, the other end of IJie.'l 
L'ord being fixed at a point D in the horizontal line through A J 
the cord carries a small ring, capable of sliding freely along it, froni'l 
which a given mass, P, is suspended ; find the position of eqid- I 
librium. 

Ans. Ijet = inclination ofBC, and ^ = inclination of cord at i^, J 
to the horizon ; W = weight of bar whose centre of gravity is distant fl 
a from A; BA =b; DA =c; 1 = total length of cord. Then 



,a6 + lmg<f> = 



tanfl _ 



2Wa-Fb 



which at once give and ^ by the intersection of a right line witij| 
quasi-magnetic curve (see p. 55). 

38. A heavy regular polygon of any number of sides is attached 1 
to a smootli vertical wall by a i-tring which is fastened to the middle | 
point of one of its sides ; the plane of the polygon is vertical a 
perpendicular to the wall, and one end of the side to which the etxiflf 1 
is attaclied rests against the wall, For a given position of the polf- | 
gon, find the requisite direction of the string, and show that in >U J 
positions of equilibrium the tension of the string and the pressure o 
the wall are constant. 
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Ans. Let A be ihe vertex of the polygon in contact witli tbe 
wall, G the centre of {gravity, tbe point in which the weight and 
the reaction of the wall meet, and. M the middle point of the side to 
which the string is attached. Tlien the direction of the string is 0]^, 
and, the quadrilateral GOMA being inBcribahle in a circle, the angle 
between the string and the vertical is constant and equal to half the 
angle of the polygon. 

39. A square board rests with one corner against a smooth vertical 
wall, the aiijacent comer lieing attached to the wall by a string whose 
length is equal to the side of the board ; prove geometrically that the 
distancPS of the corners from the wall are proportional to 1, 3, and 4. 

40. One end, A, oi a. heavy uniform bar rests against a smooth 
horizontal plane, and tbe other end, B, rests against a smooth inclined 
plane ; a cord attached to B passes over a smooth pulley sitnatod 
in tbe inclined plane, and sustains a given mass ; find the position 
of equilibrium. 

!Let 6 be the inclination of the bar to the horizon, a the inclination 
of the inclined plane, W the weight of the bar, and 1' the weight 
of tbe suppended mass ; then the position of equilibrium is defined by 
theeqn.tio). co.» (IT.ii, a-2i>) = 0. (1) 

Hence we draw two conclusions : — 

(a) If the given quantities satisfy- the equation Waaa — 2P =Q, 
the bar will rest in all positions, 

(fe) There is one position of equilibrium, namely, that in Mhich 
the bar is vertical ; but this position will be impossible unless 



This position requires that both planes be conceived as prolonged 
through their line of intersection. 

41. A uniform beam, AB, moveable in a vertical plane about a 
smooth horizontal aiis fixed at one extremity, A^ is attached by 
means of a rope BC, whose weight is negligible, to a fixed point, C, 
in the horizontal line through A ; show that as tbe point C varies. 
the position of the beam being always the same, the magnitudes and 
lines of action of the pressure on the axis will be represented by lines 
drawn from A to a certain right line parallel to AB; and if the 
position of the benm varies, while AC is always equal to AB, find tbe 
curve whose radii vectores will represent the pressure on the axis. 

42. A thin hemispherical bowl of uniform thickness rests on a 
horizontal plane, and a uniform bar rests partly inside and partly 
outside the bowl, being entirely supported by it ; find the position of 
equilibrium. (College Examination, Cambridge, 1887.) 

Ans, li W ^ weight of bowl, w = weight of bar, r = radius of 
bowl, 2a =^ length of h&r, 6 ^= inclination of bar, and ^ ^ inclination 
of the plane of tbe rim of the bowl to the horizon, 

acos9 = 2rcoB(2fl + .^) = -rsin.^, (n) 
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which give the following construction for 0: on JJS (=z2a) as 
diameter describe a circle, centre C ; on the diameter, CD, perpen- 
dicular to AB take D such that CD = -^ • a ; then if P ia the point 

on the circle such that DP. cob = 2r, where 6 = Z.PAB, this is 
the required angle. It is obvious that 

AF.DP = 4ar, 

which shows that P is a point of intersection of the circle with a 

Cassinian Oval whose foci are A and D, its equation referred to 

them beinir / . 

^ . pp = 4ar. 

Obtain by the aid of circles alone a graphic representation of both 
the unknown angles in equations (a). 



CHAPTER VTI. 

t EQTJILIBHIUM OF SYSTEMS DEDUCED FROM THE PRINCIPLE 
OF VIETTAL WORK, [COPLANAR FORCES.] 

|108.] Theorem. If a, particle in equilibriiini under the action 
fany forces be constrained to maintain a fixed dietanee from a 
given fixed point, the force due to the constraint (if any) is 
directed towards the fixed point. 

Let S be the particle, and A the fixed point. Then the 
string or rigid rod which connects B with A may be removed if 
we enclose the particle in a smooth circular tube whiMe centre 
is A ; for evidently the preservation of the constancy of the 
distance A£ receives sufficient expression in this manner. Now, 
in order that B may he in equilibrium inside the tube, it is 
necessary that the resultant of the forces acting upon it should 
be normal to the tube, i. e., directed towards A. 

Cor, 1. If ^ and £ be two particles in equilibrium, con- 
nected by a rigid rod whose weight is neglected, the reaetiona of 
A and £ on the i-od are two forces equal in magnitude and 
opposite in direction. 

Cor. 2, If any body be in equilibrium under the action of two 
forces only, these forces must be equal and opposite in the same 
right line. 

CoR. 3. If a particle in equilibrium under the action of any 
forces is constrained to maintain a fixed distance from each of 
a number of other particles or points, the forces corresponding to 
these constraints are directed in the right lines joining the 
particle to each of the other particles or points. 

This is evidently true whether the invariable distances are 
maintained by straight rigid bars or by crooked bars. 

109.] System of Particles rigidly connected. Let there be 
any number of particles, nt,, m.^, m.^, ... (Fig. 140), each acted on 
by any forces, and connected with the others in such a way that 
the figure of the system is invariable. 
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Then, by the last Article, the force proceeding from the 
connection of m^ and m^ is in the line 114 #4, which we may 
imagine to be a rigid bar. Let this force be denoted by T^^ 
Similarly, let the forces in the bars m^ m^ and m, #4 be denoted 
by T^ and T^^ respectiYely. These internal forces may tend 
either to increase the distances between the particles or to 



Fig. 140. 

diminish them. In the figure we have supposed the latter to 
be the case, bat the resalt will be the same if the former sap- 
I)Osition is made. 

Imagine that the system is slightly displaced so as to 
(xjcupy the position abc. Now, it has been already proved 
(Art. 71) that the equation of virtual work for two particles 
rigidly connected will not involve the force due to the connection ; 
but, for clearness, we reproduce the proof here. 

Let fall the perpendiculars aa^ and aa^ on the lines fn^w.^ 

and wZjWg 5 ^^1 ^^'^ ^^3» ^^ ^2^3 *^^ w/jWg 5 ^^1 ai^d cc^ on ^w-j 
and m^my Let the sum of the virtual works of the external 
forces (not including T^^ *^^ ^la) acting on m^ be denoted bv 
^Pbp, and let 2 Qhq and ^Rbr denote similar quantities for /^2 
and m^. Then the equation of virtual work for m-j^ is evidently 

iPbj) -\- Ty^.m^a^-{- Tj^. m^a^ == 0; (1) 

that for m.^ is 

2Qfi^-^i2- ^2*3 + ^23 -^2^1= 0; (2) 

and that for m^ is 

lBbr — Ti^.m^c^^T^,m^Cj^= 0. (3) 

Now (Art. 69) m^ a^ ^ m^h.^'^ m^ a^ = ^3 ^2 > ^2 ^i = '^H ^v 
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Hence, by addition, the internal forces disappear, and the 
equation of virtual work for the whole Bystem is 

^Pbp + ^Qtq + SS6r = 0, 
or ^{-Pbji+Qiq + Rbr)^ 0. (4) 

The same reanlt is evidently trae, whatever he the number of 
particles forming the system ; and it is well to note that we 
have been enabled to obtain equation (4) connecting the external 
forces acting on the system, by choosing a virfual displacement 
compatille with the geometrical eoiiiHiiong of the system, that is, 
in the present case, a virtual displacement which allows the 
mntual distances of the particles to remain imaltered ; or, again, 
jtHcA a virtual disjilacemeni as might iie an aetwal one ; for the 
system could actually occupy the position ahc. 

110.] Elimination of the Internal Forces of a System. By 
the Internal Forces of a system it iu already sufficiently clear 
that we mean forcea proceeding from the internal connections of 
the parts of the system among themselves. Snch forces ai-e 
directed from particle to particle, and will contribute nothing to 
the equation of virtual work of the system, if in the virtnal 
displacement the distance between every two partieleB remains 
the same as before. 

It ia evident that if the virtual displacement violates any 
geometrical condition of the system, the corresponding internal 
force will appear in the equation of virtual work. Thus, if in 
tig. 140 the distance ah is not equal to the distance between m, 
and Wj, we shall have by addition the term 
T,,.{fn,a,-m.A), 
or -ri,.6(m,M,), 

where B {hi, m^) denotes the change or variation of the distant 
between m.^ and m.-,. 

] 11.] General Equation of Virtual Work for Foroes acting 
in one Plane on aHigid Body*. If tbeparticles i»], m^.n^, ... 



* We fonoslly confine the discuHeion for the present tu Rigid B<Mlie)i, 
although it is clear from liwt Article that what follows ia applicable to 
syHtcms such as freely artjculated bars which, without being rigid ajBtems. 
satisJfy oertain geometrical conditiona that are not violated in the virtual 
displaeeineat ; and it ia equally clear that these conditions may bt- violnted 
it we include in our equations the vvork of internal forces. 




Pig. H'. 



tht cowdii^M nece»>iarff and tvfficient for the equi^iMum of fie 
fifttem u that the sum of the virtnalwoTh of tke given forcen U equal 
to zero for every virtual dtiplacement which violatea none <^ tit 
geometrical conditions of the system. 

For we have eeen (Art. 67) that the condition necessary and 
sufficient for the equilibrium of any one particle of the srstem 
is the vanishing of the virtual work of all the forces acting 
upon it, the internal forces proceeding- from the connection v 
the other particles of the system being, of course, included 
as in equations (l), (2), (3) of Art. 109. Expressing thos t 
conditions for the equilibrium of all particles of the Bystcm, » 
adding the results, there remains for the condition of eqmlihrii 
the eqaation -^ .„ „ 



into which no internal force enters. 

Conversely, if the sum of the virtual works of the forcsft 
vanishes for every virtual displacement, the eyetem is in cqni- 
librium. 

For, if it is not, it will take a deterwhiaie motion, each point 
of the system describing a certain line in virtue of its con- 
nections with the other points. Now, this motion will he ii 
way interfered with if we introduce new connections which 
render it the only motion possible for the system. Under thi 
new circumstances it is clear that if we prevent the motion e 
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any one point, we prevent the motion of the Bystem. Suppose 
the motion of the point A to be stopped by the application of a 
force, F, in the direction A' J, A' being the point to which ./ 
moves. Now, equilibrium exists under the action of (a) tht 
given external fovces, (^) the newly-introdnced geometrical con- 
nections, and (y) the force F; hence the sum of the virtual works 
of these forces = for every displacement. Choose that dis- 
placement which the system is supposed aetnally to undergo 
when the force .Fis not applied at A, Now, by the last Article, 
since none of the geometrical conditions (/3) are violated by this 
displacement, the forces proceeding from them will do no work. 
Hence the equation of work is 

2Pbp~F.AA' = 0. 

where 2P8jO denotes the virtual work of the given acting forces. 
But, by hypothesis, S P 6/; = for every displacement, and there- 
fore for this one ; hence F. AA' = 0, i. e. either AA' = 0, or 
F= 0, either of which signifies that no motion of the system 
takes place. Hence the system is in equilibrium. 

In Fig. J41, flj, a.^, a^, ... are supposed to be virtual positions 
of the points of application of the forces P-^, F^, P.^ ... , 

113.] Hemarks on the Equation of Virtual Work. Equation 
(1) of last Article, though siricUy true in the case of forces 
acting on a particle, is not so when these forces are applied at 
points in a body of finite extension, or to a system of particles 
connected in any manner. In fact, the internal forces of the 
system have been eliminated from equations (l), (2), and (3) of 
Art. 109, by assuming that ^^03— wt^i^ = 0. Now, we know 
that this quantity is not strictly equal to zero, but equal to an 
infinitesimal of the second order, if the angular displacement of 
the line nijWij is regarded as an infinitesimal of the first order. 
It is more correct, therefore, to say that for the equilibrium of 
a body the virtual work of the applied forces is an infiniieiimal of' 
the second order, if the greatest displacement in tke /ystem it re- 
garded as an infnitesimal of the frst order. 

113.] Gteneral TTniplanar Displacement of a Bigid Body. 
Since the general condition of equilibrium of a rigid body re- 
quires the vanishing of the virtual work of the acting forces for 
ererg virtual displaj;ement which could be an actual one, it is 
evidently necessary to investigate all the kinds of displacement 
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wbich Bucb a body could undergo. Now, evidently, the position 
of a right line ia known, if the positiona of any two of its poiubs 
are known ; and also the position of any body is known, if the 
positions of any three* of its points which are not in directuM 
are known. Hence, to investigate the displacements to which 
a rigid body may be subject, it ia suflicient to detemaine the 
general displacements of a Byeteni formed of three points. 

In Fig. 140 let such a ayatem he m-^m^m^, and let abc be my 
displacement whatever of this system in its own plane. Then 
it is clear that if we moved m^ into the position a, and then got 
m^ into the position b, the remaining point, m^, would take np 
the position c. This follows from Prop. VII of the first book of 
Euclid. Now what is necessary to move the line w, m^ into tiuf 
position ah ? Two things are necessaiy — 

(a) The point w, must be moved up to n, by a simple moiiom 
uf (raimlation J and 

(^) When this is done, the line m^m^ must be rotated about 
II so at) to bring m^ into the position li. Thia second motion is 
called a motion of rotatioH. 

If we suppose that in the first motion (a) the line m^m^ ie 
moved parallel to itself, while % is moved to a, the subsequent 
motion of rotation which brings ?ii^ into the position b will be 
a small one, the powition abc being only slightly diOerent bom 



Hence — ff a rigid bodi/ receive* any di«jilaeeme»i parallel to a 
fixed plane, it may be brought 
from its old into it* new poii- 
iion by (a) a motion of trans- 
lation wkiek Aas tie taum 
magnitude and direction for 
all its points, and (0) a 
motion of rotation which hat 
also the same anffular magni- 
tude and sense for all U* 

Fig. u.. " ^""■«'*- 

Thna, in Pig. 142, by the 
motion of translation common to all the points, i«, is carried to 




* If, as in the present cliapt^r, thti displacemiin 
[iliine. the positiana of lioo points will sufli™, Wu 
aiKiiiry ' confined to one pluie.' 
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fl, while m.^ ie earned to b', and m.^ to c', the lines MjHj^, m^iu.^, 
and mjOTj bein^ carried parallel to themselves to ab', Uc', and 
fl/, respectively. Then, by the motion of rotation ab' is tnmefl 
round to ab, and e' is made to coincide with c. 

114.] Beduction of Diaplacement to Hotation. Every uni- 
planar displacement of a rigid body can be produced by rotation 
simply. For, let m-^m^m^ be one position, and ahe any other 
position, of the body, a,b^c being the displaced positions of »«i, 
'"■>! '"31 respectively. Draw a perpendicular to the line vi^a at 
its middle point, and a perpendicular to m,.Jj at its middle point, 
!tnd let these two perpendiculars intersect in /. Then tH-^m^m.,, 
can be brought into the position abc by a pure rotation round /. 
For, comparing the triangles m^Iw^ and alb, we see that, since 
the three sides of the one are equal to the three sides of the 
othei', the angles m^ la and m^ lb are equal. Hence, if the body 
is rotated round / through the angle ta^Ia, so as to bring m^ by 
a circular arc to a, this rotation will bring m^ to b, and therefore 
every other point of the body to its proper displaced position. 
If the displaced position is very close to the original position, 
instead of bisecting vi^a and m^^ *^^ erecting perpendiculars, 
we may ereci ihe»e perpetiAiculaTi at m^ and m.^ to the directions, 
m^a, BigS, of the displacements of m^ and m^. In this case the 
point / is called in Kinematics the Iitgtaniaaeous Centre of 
rotation of the body. 

A displacement of ti-anslation is one such that the centre of 
rotation is at infinity. 

115.] Virtual Work corresponding to a Virtual Motion of 
Translatioii. Let a rigid 
body (Fig. 143) be in 
equilibrium under the 
action of any forces in 
one plane, -Pi, -Pj, P^, ..., 
and let the body be 
imagined to receive a 
motion of translation 
parallel to an arbitrary 
line, Om, whereby the 

points, A^, A^, A^, ..., of application of the different forces 
receive virtual displacements, A^a^, A^a-i, A^a^, ,.., all parallel to 
Ox, and equal to a. Then {Art. 57), the \'irtual work of the 
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force i*! is a X prqjeetion of P^ along Ox. Let the projection 
of Pj along Ox be X^ : then the virtual work of Pj is aXj 
Similarly, if X^j Xg, ..., be the components of P^, P^, ... alon^ 
Ox, the virtual works of these forces will be aX^, aX^ 
Hence the equation of virtual work is 

a(X, + X, + X^+...) = Q, 
or o£X=0. (I) 

Consequently, since o is arbitrary, we have 

SX=0. (2) 

Henee^i^or /Ae equilUirium of a rigid body if it necemajy thai 

the «KM of the componenii of lie acting forcet along every arbitrary 

rigid line sltall be zero. 

This condition ia not sufficient, since every virtual displace- 
ment of a body is not one of translation alone. 

116.] Virtual Work oorreaponding to a Motion of Bota- 
tion. Let several forces, Pj, P^, P^,... (Fig- 144)1 act on 
a body at pointa A^, A^, A^,,,. 
and suppose that the body ia rotated 
throug-h a small angle = a>, round 
an axia perpendicular to the plane 
of the forces through an arbitrary 
point, 0. Then the points Ai, A^, 
J3, ... will describe small circular 
arcs, A^a^, A^a^, A^a^,... having 
as their common centre, and 
Pj , subtending the same angle w, at 0. 

Let 6^ be the angle between OJ, 
and the direction of P,. Then, evidently, the projection of A^a^ 
on the direction of P, is A^a^ . sin flj. But A^a^ = to . OA^ 
therefore the virtual work of P, is 

<u Pi . OA^ sin Pi . 
If /)[ = the perpendicular, Oq^, from on the line of action 
of P, , this is evidcntlv n 

Similarly, the virtual work of P^ is mP^.p^, and that of P^ ia 
— loPg ./tg. Hence the equation of virtual work is 

or ^Pp = 0. (2) 
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H But the product of a force, P, and the perpendicular, ;;, let 

Bill upon it from tlie point 0, ia the moment of the force with 

B^epect to the point 0, or rather with respect to an axis through 

^V perpendicular to the plane of the figure. 

^B Hence, equation {2} aaserts that for equilibrinm the tvm (wltk 

^H^ proper signg) of the momentt of the forces with re»peet to any 

^BfK^ in their plane is zero. 

^J Aaregardstheeigns tobegiven tothemomentB, i'jjO^,^*^;)^, ... 

^B' the forcesj we see that — 

^B TAote forces which tend to rotate the body in the gatae sense 

^Bkn(2 thejioint give virtual work of the same sign, and therefme 

^bve motaenis of the same sign with respect to 0. 

^t Thus, in Fig. 144, the forces P-^ and P.^ tend to turn the body 

^Bond 0, in a Bense opposite to that of watch-hand rotation, 

^Rdle P3 tends to turn it in the opposit« sense. Hence, in 

^■e Equation of Moments, as the equation 

H ^Pp = 

^B Called, i'lJJj and P-^p^ have the same sign, and P^p^ has an 

Bp poflit^ sign. 

^ Since (Art. 114) every uniplanar displacement of a rigid body 
can be produced by a rotation, and since a rotation gives an 
equation of virtual work which is simply one of moments round 
the correspondingcentreof rotation, it ia clear that the necessary 
and sufficient conditions of equilibrium of a system of coplanar 
forces acting on a rigid body are exhausted in the st^itement-^ 
the sum of the moments of the forces round every point in their 
plane is zero. 

Also since all possible displacements of a deformable system 
are by no means exhausted in 
motions of tran»^lation and rotation 
common to all its parts, the equa- 
tion of virtual work for such a 
system does not lead to the above 
conditions as sufficient. 

117,] Analytical Expression 
tor the Displacement of a Rigid p- , .. 

Body. Wo shall now investigate 

the changes produced in tlie co-oi'dinates of any point in a 
rigid body by given small motions of translation and rotation. 
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Ijet the motion of translation first take place. Than dnw a 
two rectangalar axes, Ox and 0^, throngh O (Fig. 145) tiie n 
position of a point 0^ . Let the motion of tr»nslatioD 0,n 
eommoii to all parts of tile body, be resolved in two 1 
ponents, a and b, parallel to Ox and Oy. 

Then, if a and 1/ denote the co-ordinates of a point Q, 
the body with reference t« fixed axes drawn through 
jiarallel to Ox and 0^, these quantities will be increased t 
a and b, respectively, by the motion of translation. To I 
how much they will be aubaeqnently altered by an angnl 
rotation = u> round 0, let Q describe a small arc of a circle, ' 
round 0. 

Let fall the perpendiculars QM and qm on Ox, and Qp on q 
It is evident that 0M= x and QM=^. Then the increase of j pi 
diiced by the rotation = qp, and the increase in a; = — Qp. Now 

Qp= Qq.^mQOai = u>.OQ.mnQOx = ^.QM = oiy- 
iind qi>= Q,i.coaQOx = ^.OQ.KoaQOx = c^.OM=ma;. 

Hence, if bx and by denote the changes produced in x and y bv 
the two motions combined, 

by = 6 + .^^. (i) 

These are the general analytical expressions for the displao- 
ments of a particle in the body. (They can obviously be obtained 
by differentiating the equations x = r cos 6, y = r sin d, on the 
supposition that d alone varies by a quantity 88 = to, and then 
lidding a and If to the results.) 

lis.] Analytical Conditions of Equilibrium. If any forces, 
P,, P^, P-^, ..., act on a rigid body in one plane, the condition 
necessary and sufficient for equilibrium is (Art. Ill) 

Pibp^ + P^hj>,i+ P^h]}^+ ... = 0. (1) 

Let X, and i\ be components of P^ along two rectangular axer, 
Ox and Oy, and let ajj and ^j be the co-ordinates of the jioint at 
which Pi actK. Then (Art. 58) 

P^bpi = XtbXi+l\bi/i. {■i\ 

Making similar Bubatitutions for P.^bjj^, P^Sp.^, ..., equatinu (') 
'«°""' X,o^, + r,l,), + X,b^,+ r,!,y,+ ... = 0, (3) 

or X(jr8a>+J'Jj) = 0. |'l 
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Substituting- in (4) the values of 8:^ and hy g-iven in the last 
Article, we have 

2{X(«-:oy)+r(i + (ua^)} = 0, , 
m- a.2A' + i.2r+a).2(jrF-^Z)^ 0,... (5) 

since a, b, and <a are common to all points of the bodj, and may 
be taken outside the sign of summation. 

Now the displacements a, b, and to are completely indejiendent 
of each other, and therefore equation (5) requires that 

SJ=0, 27=0) , > 

For, choose another virtual displa,cement in which a and b are 
the same as before and la different. Then we have 

BSZ+i£j + 6>'2(a-r-^X) = 0. (7) 

Subtracting (7) from (5), 

{«-a.')2(»J'-J.j:) = 0. 
But since lo — oi' is not = 0, this equation requires that 

Similarly, by making a alone variable, we prove that SA = 0, 
and by making b alone variable, 2 7=0. 

The three equations (6) constitute the analytical conditiont of 
equilibrium of the body. 

119.] Tarignon's Theorem of Moments. Tie moment of the 
resultant of two forces with respect to any point in their plane is 
eipial io the mini of the moments of the forces with respect to this 
jjoint. The following is the 
proof of this proposition by the 
principle of Virtual Work. 

Let H (Fig. 146) be the 
resultant of two forces, F and 
Q, applied at a point A, and *' 

let be any point in their 

]>lane. Then the virtual work of R for any displacement of J = 
the virtual work of P + the virtual work of Q. Let the virtual 
displacement of J be one of rotation round 0. through a gmall 
angle = o>. Then, as in Art. 1 1 6, the \-irtual work oiRisio . R . OA . 
sin OAR; but this = «». Al >c the perpendicular from on R^iox 
Uibe moment of R with respect to 0. Similarly, the virtual work 
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of P = « X moment of P with rcEpect to ; and ^-irtoal wurt oi 
Q = mX moment of Q nritli reepeot to 0. Therefore, &c. — Q.E.D. 
In preciselr the eaune war, the moment of the resultant of anv 
namber of forces is prosed to be equal to the som of the momem- 
of the forces eeparatelv. 

120.] Two Fftnllel Foraeo. To find the re^ullant <f It. 
jMTolkl furft*, P and Q, aetlnff im Hi tame tente. 

Let A£ (Fig. 147) be the 8hort«6t distance between P and */ 
and let the fon>ee be Bnppoeed to act at A and B. Also let the 
rereraed reanlt&nt, R, act at any point, 0, in AB. Since thf 
forces are in equilibrium, thtii 
virtual work ■= for every 
i-irtaal displacement (Art, 1 1 1). 
Choose 6rst a, virtual displace- 
ment of tianelation along AB. 
For this di^lacemeut the 
virtual work of the forces f 
and Q = 0, therefore the 
virtual work of J2 = 0, there- 
fore R is parallel to P and Q. Again, choose a virtual dis- 
placement of rotation about throngh an angle = ui. lie 
virtual work of P is then P. u OA, and that of Q is — Q .lu OB, 
while that of .^ is zero. Hence 

P.OA~Q.O£ = 0, (1) 

OA _ q 
• 0B~ P' 
Finally, to find the magnitude of R, take a virtual displacement 
of translation parallel to the forces. This evidently gives 

R = P + Q. (2) 

Therefore iie remUanl of two parallel Jorces acting in the « 
geme U a force parallel to them i 
tame tense, equal to their turn, and dividi 
the line joining their pointt of applia 
in the inrerte ratio of the force*. 

Equation (l) asserts that the momen 

of two parallel forces with respect to ai 

point on their i-esultant are equal 1 

opposite. 

\iP and Q act in opposite senses (l'"ig. 148), the result* 
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I obtained in niag-nitude and direction by simply changing- 
the Biffii of Q. 

Thus (l) becomes q^ q 

which shows that is on the production ofAB at the side of 
the greater force ; and (2) gives 

R = p-q. (4) 



1, To Bolve example 9, p. 157, by the principle of Virtual "Work. 
Imagine a displacement in which the ends A and B remain in 

contact with the planes. Then the virtual works of R and S are 
zero, and if y is the height of G above the horizontal plane, the 
equation of virtual work is 

-Wdy-P.d{AC) = Q. (1) 

Now y — a6\ne, J(7 = (a + 6).cos9; .'. dy = acoaed6, and 
d{^AC)= -{a+h)9,medd ; 

Wa 
.: (1) gives Wa cos ^ = P (a + J) sin 6, or tan fl = ~ ■ 

2. To solve example 10, p. 157, by the principle of Virtual Work. 
Choosing a virtual displacement which keeps A and B in contact 

with the planes, the equation of work is 

-Wdy-T.d(AO = 0. (1) 

Now PG^ = BF' cos "d + AP' sin 'fl, and this equation also holda in the 
displaced position. Hence we may differentiate it, and we then obtain 
PC.d{PC)= -(PB'- PA') sine cos Odd 

= -{a + b){PB~PA)BmecoBdde; 
,s<^ 



'^(^^>=-('-^KSI-S)«' 



= -{a+b)sm{0-4.)d0. 
AIbo y ^ a sin 6, ,■. dy =. a cos 6dd ; and substituting these values 
of d<i'C)8nddy in(l), we obtain the value of 7*. 

3. Four rigid bars (Fig. (49), freely jointed together at their 
extremities, form a quadrilateral, ABCD ; the opposite vertices are 
connected by strings, AG and BD, in a state of tension ; compare the 
tensions of these strings. 

Let the bar AB be considered as fixed, and let the quadrilateral 
undergo any slight deformation. Then the bars AD and BC will 
tnm round the points A and B, that is, the poiots D and C will 
describe small paths, Vd and Cc, perpendicular to AB and BC. 
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Hence (Art. 114) tlie point, 7, of intersection of AD and BC is the 
instantaneous centre ibr the bar CD^ and the angles Did and CIc are 

eqnaL Denote their common yalue 
,1 by he. Then Dd ^ ID , hO, and 

/\ Cc^IC.ie, 

Now, since in the displacement 
of the system ncme of the geo- 
metrical conditions — namely, the 
constancy of the lengths of the bars 
— are Tiolated, the reactions of the 
bars will not enter into the equation 
of virtual work. Hence if Tand T 
denote the tensions of the strings 
AC and BD^ this equation will he 
(see p. 97) 

T.hAC-{^r.hBDz^O. (1) 
' But hAC ^=^ projection of Cc 

y>iiAC = Ce .^ACB =z IC .mnACB .he ; 

and similarly bBD = — ID. sin BDA . he. Hence (1) becomes 

T.IC.wkACB=z!r.ID.ajiBDA. (2) 

^ . IC ACanCAD 

^"^^ TD^BD^CBD 

Substituting in (2), we obtain 

_. AC „^ BD 




OA.OC OB.OD 

Another solntion of this problem (quoted from Euler) will be found 
in Walton's MechaniaU Problems, p. 101. 

4. Four rigid bars, freely jointed at their extremities, form a 
quadrilateral, ABCD ; the bars AB and AD are connected by a string 
a a in a state of tension, a being a given point in AB, and a a given 
point m AD y in the same way, BA and BG are connected by a string 
6/3; CB and CD are connected by a string cy ; and DC and DA 
by a string dh ; find the relation between the tensions of these 
strings. 

If the lengths of the strings a a, 6/3, cy and dh are denoted by a?, y, 2, 
and M7, and the tensions in theni by X, F, Z, W, the equation of 
virtual work for a slight deformation will be 

Xbx+ Tby-i-Zbz+ Whw = 0. (1) 

Now 0^=1 Aa^ + Aa*—2Aa .AacoaA = Aa^-^-Aa* 

therefore xhx = 2 , ^ ', ° .BD.h BD. 

An . AD 
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Substituting this value of hx, and similar values of Sy, 


8a:, 3w, ill 


(1), we have 




("•il^-f-S^)™-» 






MC = 0. 


.But from the last Example, we have 




hBD BD.OA.OC 




&AC AU.OB.OD' 




hence, finally. { ^ ■ -^s.Ad'' . ' OB .V1}Ub .OD 




.Y Bh.Bfi W Dd.Dh 
yy BA.BC^ w DC. DA 


AC- ^M 

00 ^^^M 



For a different aolution, see Walton, ibid. 

5. Six equal heavy bars are freely jointed at their extremities; 
one is fixed on a horizontal plane, and the system lies in a vertical 
plane ; the middle points of the two upper uon-horinontal bars are 
connected by a rope in a state of tension. Show that the tension 
ofthi.iop.i, 6II-mt«, 

W being the weight of each bar, and d the inclination of the non- 
horizontal bars to the horizon. 

Let X he the length of the rope, y the height of the centre of 
gravity of tlie system, 2 a the length of each bar, and T the tension 
oftherope. Thenthe virtuHlworkof thetendon is -7'83T(see p. 181), 
and the virtual work of the weight of the system is —6 IFBj/, Hence 

But 3; = 2a(l +COS0), andy = 2a sin 9, and the deformation imagined 
ia one in which the upper horizontal bar moves vertically through 
a small space. Hence the values of 3/ niid x will be of the same forms 
n.Wore,and j„ ^ _2„,i„ »8fl, Sy = 2»co.«8l>. 
Substituting these values of Sic and Sy, we have 
7'=6ircot«. 

6. A body receives a small general displacement parallel to one 
plane ; find the co-ordinatiis of the instantaneous centre. 

If the components of the motion of translation parallel to the aiea 
of X and y are So and 66, and tjie rotation is dio, the equations 
of Art. 117 give for the displacement of any point whose co-ordinates 

ly = afc-|-M5u). 

TOL. I, 
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Sow, the J^IacenMnt of the instuitaDeous ccutre i 
it{», y) be its co-orduiates, we have 



A purticular ease may be noliced. If dny body in contact with » 
aurfELce receive;] aay small displacement parallel to one plane, the bod^ 
still remaining ia contact with the surface, the instsntaneoua centre 
lies oa the nonnal to the mir&kce of contact. In the pure rolling 
of one figure on another the point of contact is the instantaneouK 

7. A uaifbrm bar, .lit (Fig, 133, p, 167), rests aa a tangent at a 
point P against a smooth curre in a vertical plane, one extremity. A, 
resting against a smooth vertical plane ; find the position of eqni- 
librium, and the oalure of the curve so that the bar may rest in 
all positions. 

Let the weight uf the bar through G. and the normal reacdooa 
at .1 and P meet in the point ; take the vertical line AD aa axis 
of If ; and let 2a = the length of the bar. Then, if x ia the abscissa 

of P, we have AO = . ' and also AO = a »in&. Heuce, equating 

these Yalues- 3i = aan^e. (1) 

Now, from the equation of the given curve, fl ia known in terms of 

fl=/W- (2) 



a the form 



im (1) and (2) the %-alue of x, and therefore the position of eijuL' 
rium, can be found. 

For example, if the curve be a circle of radius r whose centre is 
a distance c from the vertical plane, we find 



[f r = 0, we get the result in Ex. 7, p. 167. 
If (1) holds in all positions in which the bar is placed, ev«i7 



position ia one of equilibrium. Now, since taaO ^ —, (1) gives 

and since this equation holds in all positions, we may integrate 
Hence y + A— — {a' — xs)3 

or a;? + (i/ + i)l = a!, 

k being an arbitrary constant. 

We may, without loss of generality, assume i = 0, 
will be , , , 

The equation of virtual work shows that in this 1 



\ 
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■of gravity of the bar is at a constaiit height. For if y denote the 
ordioate of &, thia equation is 

Wdg = 0, 
and since this holds in all positioiie, w« 
constant. 

8. Four rigid bars freely jointed at thei 
lateraUSC-0(Fig. 150); the middle 
points of the opposite pairs of bars 
are connected by strings, mm' and 
of tension. Compare 
tiie tensions of these strings. 

Let / and I' be the lengths of the 



' have, by integration, y = 
f estremitieB form a quadrl- 



rtrings 
tensions ii 
tively. 
Then. ( 



them be 2') 



and let the 
id 1", rebpec- 



inrolng the (quadrilateral 
any small deformation, 
the equation of work will be 




Fig. 150. 



How, it may be left to the student as an exercise to prove that 

V^-l' = ■ {AB'+ GU'-BG^-AD% 

that is, I'^—f is constant, however the quadrilateral may be deformed. 



m-l'hl'= 0; 



and from (1) and (2) we hav 



(2) 



I 



\ (S) 

a remarkable result, since it shows that one of tbe tensions must be 
•negalive; i.e. if the bars AB and CD are pulled together, equilibrium 
will be impossible unless the bars AD and BC are pulled nsunder. 

It is well to notice an apparent exception to the result (3). The 
student will easily prove that if the sides AB and DC are parallel, 
equilibrium will be maintained by the single string mm' in any state 
of tension, i.e. 2"= 0, a result which contradicts (3). 

The difficulty ia easily removed, however, by reverting to (l), which 
in the case under consideration is identically satisfied. For, since AB 
and CD are parallel, the line mm' passes through /, the instantaneous 
centre for CD, and therefore for a slight deformation the point m' 
moves perpendicularly to hn', that is, to ■mm.'. Hence hi ^ 0, and 
equation (1) ia satisfied by having at ouce T'= and BI = 0. Thu 
combination of (1) and (2) is therefore irrelevant. 

9. A number of bara are freely jointed together at their estremitieB 
and form a polygon ; each bar ia acted on perpendicularly by a force 
proportional to its length ; all the forces emanate from one point 
and all act inwards or all outwards ; prove by the principle of virtual 
work that, for equilibrium, the polygon must be inacribabte in a 
circle. 
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^^k joint A 



Let the polygoii be ADCBEF ..{Fig. 150), of which the \ 
E, F,.,. are not represented in the figure. \A3 is not one of ti 

Choose a virtuul diaplacenient in which all the bars except t 
three AD, DC, CB remain fixed, and let the extremities A and B h 
fixed in Ihs displacement. Then / ia the inatantaneoua centre fi 
DC. Let be the point from which the farces emanate ; let n 
l>e the feet of perpendiculars from on AD, DC, CB, respectively 
let Q be the foot of the perpendicular from / on DC \ let IQ n 
mO in L nudpO in M; and let the forces iu On, On, Op be k.j 
k.DC.k. CB. 

If AD tarns round A through the small angle B^, the displacemecifl 
of D is AD . 80 ; and if DC turns round / through bio, the displai 
ment of D ia ID . 6(0. Hence 

AD. &<!,=. ID. S<o. 
Similurly BC .hd = TO .hia. 

if hB is the angle through which BC turns round £. 

Now the equation of virtual work is 

k. AD. Am. b<l>+i:. DC. In. Si^. cos InQ-k.7iC.Jip. be = 0;§ 
or, hy the first two equations, 

Am.ID+DC.7iQ-Bp.IC = 0. (l| 

Now 7m./D= ir.IQ, ond Ip .10 = IQ . TM; 

Iherefore Im .ID-Ip .10 = LM . IQ. {A 

Adding (2) to (1), we have 

AI.ID-BI.IC = LM.Tq-Dr.nq. 

But the right side of this equation is zero, since the triangles DCI 
and LMO are similar {nQ is the altitude of the latter). Hence the 
quadrilateral ADCB is inscribable in a circle ; aud in this circle lip 
also the quadrilaterals DCBE, CBHF,... and therefore the whole 
polygon. 

10. Six equal heavy bars are freely jointed at their extremities; one 
bar is fixed in a horizontal position, and the system hangs in a vertical 
plane ; the middle points of each pair of adjacent nou-horizontal hars 
are connected by two strings in a state of tension. Show by the 
principle of work that, if the hexagon is regular iu its position of 
equilibrium, the tension of each string is three times the weight of 
a bar. 

1 1. Four bars whose weights may be neglected are jointed ti 
by smooth pins and form a quadrilateral, ABCD, in a vertical plai 
Tiie joint A is fixed, while the lateral joints B and D rest each agunit 
a smooth fixed vertical plane. A given vertical force being applied 
at the point C, find the magnitudes of the reactions of the planes at 
B and D, and the direction and magnitude of the pressure on ^W 
joint A. 

I. Let F be the force applied aX C \ P and Q the reactions if 
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B and Ij ; R the foree en A ; also let a, fi, y, B be the incliiiationB to 
the horizon of Uie bars AB, BC, CD, DA, and 8 the angle made by Jl 



1 + cot a tan j3 1 + cot 8 tan y 



tan e = 



eot /3 + cot y 
cot a cot y ~ cot /J cot 6 



(To get P choose a displacement of tlie bars iii which AD n 
fixed ; the interaectioa of AB and OD will then be the inBtantaneoDH 
centre of rotation for the bni- BC.) 

12. Two heavy uniform bars, AC and CB (Fig. 165, Art 139), are 
connected by a smooth joint at C\ the bar AC iB moveable in a 
vertical plaoe about a smooth joint fixed at A, and the extremity S 
of the bar CB is capable of moving along a smooth hori7ontal groove 
whose direction passes through A. It is required to keep the system 
in a given positiou by means of a horizontal force applied at B^ 
determine by the principle of work the reqnisite magnitude of this 

Am. If a and a' denote the angles CAB and CBA ; IT and W 
the wei^'hts of JC and CB; and ^the required force, 

F= '^+"" . 

2 (tan a + tan a') 

13. Four bars, freely articulated at their extremities, form a paral- 
lelogram, ABCD; two forces, each equal to P, act in opposite directions 
in the diagonal AC, and two forces, each equal to Q, act similarly in 
BD. Find the figure of equilibrium. 

Ani. The adjacent sides of the parallelogram being a and h, the 
itngle between them 10, we have 



2ub P +Q^ 

14. If the forces in Example 9 are each transferred to the middle 
point of the bar on which it acts, proie by virtual work that the 
polygon must be inscribable for equilibnum 

15. Four rigid bars jointed together at their extremities form 

iL plane quadrilateral ABCD ; forces P, Q R, S are bo applied at the , 
vertices A, B, C, D, respectivelj , as to prebtne equilibrium; show 1 
that the lines of action of the forces must be such that the diagonals 
of the quadrilateral which they determine pass through the points of 
intersection of the opposite sides {DA, 6'B) and (Bi, CD) of the given 
quadrilateral. 

[This follows at once by the method of Example 3. The result is 
also ttuB expressed by Schell {Theorie der Bewegung iind dsr Krdfle. 
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voL iL p. 74): Adt two ndjacent forces and the side at tlie ends of ■ 
which they &ct form a triangle which is in perspective with tbat ' 
formeii by t]ie i-emaining pair aod their corresponding side.] 

16. Seven eqaal unifonn heavy bars, freely jointed together il 
common extremities, form & regular heptagon, ABCDEFG, the system 
being Euapended vertically from the point A, and the vertices G and D 
being connected by a weightless strut, as also the vertices B and E ; 
find the pressure in each strut. 

Ant. Taking a virtual displacement in which the vertices 
A, B, C, J}, E all remain at rest, and G and F alone move, we find 
the prenare to be „ I 

where W:= weight of each bar. 

[The student will see that »tring» would not do insteftd of struts.] 

1 7. Two equal bars, OA and OC, ore freely jointed at the fixed point 
O ; four equal bars forming a lozenge, ABCD, are freely jointed at 
A, B, C, and D, and the sj-stem {called a FeaiteeUier's Cell) is held iu 
equilibrium by two forces applied at B and />. If the force tit Bis 
uf constant magnitude in all positions of tlie cell, as it suffers de- 
formation about 0, prove that the force at B will be one vai^'ing 
inversely as the square of the distance OB. (Mr. G. H. Darwiu, i'ro- 
ceedingi of the Lon-ian Math. .S'oe., April 8, 1875. See the same 
paper for Mr. Darwin's moat ingenious mechanical description of the 
Kquipotential Lines of any number of magnetic poles by means of 
reauoellier's Cells.) 

18. A regular pentagon, ABCDE, formed of equal heavy Dniform 
l«rs jointed together, is suspended from the joint A, and the regnlsr 
jientagonal form is maintained by a rod of negligihlfi weight joining 
the middle points, A', L. of BO and DE ; find the stresses at K, B, 
C. {Tripos, 1885.) 

An». If IT^weight of each bar, the stress (compressive) in KL'n 

2 Wcot — ; at C the force acting on the bar CD has a vertical upward 

component J IF, and a horizontal tensile component 2freoBec — ; (t 

fi the forte acting on AB has a vertical downward component!^ 

and an outward horizontal component 2lrtan — -■ 

19. Four equal uniform bars, each of weight W, freely jointed »t 
their extremities and arranged in the form of the letter W, are sus- 
pended from the upper ends of the extreme bars, the middle points of 
the two inner bars being connected by a unifonn rod of weight P', 
find the stress in this rod and the reoctiouB at the joints. 

Ang. The force acting on the connecting rod at each end W 
a vertical upward component ^ \P and a horizontal tensile com- 
ponent = (4 IT+f P) tan fl, where 2 S is the angle between any two 
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intersecting bars in tlie given figure ; the force acting on the left-hand 
middle bar at its upper end h wholly horizontal and — (^IT+P) tanfl 
towards the left ; on its lower end the force acting has a vertical 
upward component ^ W+ J F, and a horizontal component towards 
tlie left = J (3 W+ P) tan d ; this latter being also the component of 
force acting on the extreme left-hand bar at its upper end, where 
there ia also a vertical upward component = 2IF-I-| F. 

20. Four equal uniform bars, each of weight IT, are jointed together 
so as to form a rhomhua ; this is suspended vertically from one of the 
jointa, and a sphere of weight F is balanced inside the rhombus so an 
to keep it from collapsing ; find the figure of equilibrium. 

Ana. If r is the radius of the sphere, 2a ^ length of each bai', 
20 ^ angle at the fixed joint, 



CO8 HF+2W)a 

121.] Stable and ITnstable Egoilibrium. When a body, or a 
systena of connected bodies, is in eqailibrium under the action of 
any forces, the Principle of Virtual Wort signalises a position of 
equilibrium of the body, or an equilibrium eonfig-uration of the 
system of bodies, by an equation which asserts that for all 
imagined small displacements of the body or system the total 
work of the forces is zero, or rather an infinitesimal quantity of, 
at most, the second order, if the greatest displacement imagined 
in taken as an infinitesimal of the first order — just as the 
Differential Calculus analogously defines a maximum or a mini- 
mum value of a function of some variable or variables. But 
(just again as in the latter case) the work done hy the forces 
will, in reality, be some infinitesimal quantity of, at most, the 
second order ; and a great deal depends on whether this quantity 
is a positive or a negative one. If the former, the displacements 
will, if actually made, grow in magnitude, i. e., the system will 
not go back to its state of equilibrium, but will deviate more 
and more from it. In this case the equilibrium is said to be 
nvatable. If the latter, the system will revert to equilibrium, 
and the equilibrium is said to be atahU. 

As this subject is fully gone into in the second volume of 

this treatise, it is not proposed to discuss it here ; but the very 

simple case in which a system is in equilibrium under the action 

of gravity and the reactions of smooth fixed supporting surfaces 

_ pr asea may he here anticipated. 

For any dispkeementa in wliich the pointa of contact are 
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moved aimply along the fixed surfaces, the equation of Virtnal 
Work assumes the simple form 

where ^ is the height of the centre of gravity, G, of the system 
above any fixed horizontal plane, and Jfthe weig^ht of the whole 
syBtem. 

Hence, in general, a position or configuration of equili- 
biinin is one in which the centre of gravity of the syBtem 
occupies the highest or lowest position that it can consistently 
with the resting of the bodies against the given surfaces. 

And, moreovefj since if J^ is a maximum, any actual slight 
displacement would, in reality, lower G, the work of 'f^ would, in 
reality, be some small positive quantity ; then equilibrium would 
be unstable ; and if y is a minimum, any slight displacement 
would raise G, so that /^ would do some small amount of «^ai*re 
work, and the equilibrium would be stable. 

Hence for such a system, under the action of gravity, its 
equilibrium will be stable when its centre of gravity is placed in 
the lowest position, and unstable when its centre of gravity 
is placed in the highest position, that it can occupy consistently 
with the given conditions of constraint. 

Unstable configoi'ations of equilibrium are of no practical value, 
since they would cease to exist after the slightest disturbance. 
For example, a rod AB moveable round a fixed smooth horizontal 
axis at one end, A, would theoretically be in equilibrium if its 
centre of gravity were placed vertically aSoi-e A ; but, practically, 
such a position does not exist. 

Again, if the assumption as to the nature of Saturn's King, 
that it is a continuous solid or fluid, whether homogeneous or not, 
uniform in figure or the reverse, should succeed in explaining 
its relative equilibrium, but should at the same time lead to the 
result that its equilibrium is unstable, the assumption is as 
much to be rejected as if it did not explain any equilibrium 
at all. 



1. Two uniform rods, AB, CD, have their extremities A and C 
counected by a striiifi, and their extremities B mid D connected by an 
equal string. Tlip strings are placed over smooth pegs in a horizontal 
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le, and tie rods are hcrizoutal ; find the poBition of equilibrium, 
t stable or unstable 1 (Camirid'je HxaniinaCitmi.) 

Atu, Stable. 
. "When several liquids of different densities are superposed, 
nihout combining, in a vesset, show that they will arrange theni- 
' n layers diminishing in density from Ihe bottom. 
3. If a diving bell of any form, whose material is of greater speuifiu 
tdght than water, requires the application of a vertical downward 
' 1 order to sink it, show tbat it will reach a position of un- 
table equilibrium when it is lowered so much that 



;j„ ir-if" 

where p =^ intensity of pressure of the air in tiio hell in the required 
position, 
^„ = intensity of jiressure of the atmosphere, 
jr= weight of the material of the bell, 

W' ^ weight of a volume of water equal to that of the material 
of the bell, 
7" =; weight of a volume of water equal to tbat of the inteiioi* 
of the bell. 
4. A uniform rod, AB, of length 2 a and small ci'oss -section, is 
moveable about a smooth horizontal axis at one end A which is at a 
height A above the surface of a liquid, the rod partly dipping into 
the liquid. If w and lo' are the specific weights of the liquid and 
the rod, and $ the intlination of the rod to the horizon in the inclined 
position of equUihrium, show that 

and that when this position exists it is one of stability. 

(Many of the previous examples may he treated with a view to (he 
determination of stability or instability.) 
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122.] Funotions of a Machine. A machine may l>e defined 
either from a statical or from a kinematical point of view. 
Regarded statically, it is any insirumenl by means of wAiek ve 
?aay cJiange tie direction, magnitnde, and point of applicaliiM tif 
a given force ; aad regarded Idnematically, it is any initrument 
by means of which we may change tlie direction awl velocity of a 
given motion. 

In Statics it is usual to consider the points or machines to 
which forces equilibrating each other are applied ae absolutely 
motionless ; neverthelcBa, it appears from our definition of force 
(Art. l),that a system offerees acting at a point will be in equi- 
librinm when the point has a uniform motion in a right line. 
If a particle describes any curve whatever with uniform velocity, 
a little reflection will show that at no point of its path can there 
be any force in the direction of the tangent^or. in other words, 
the force acting on it must everywhere be norma! to the path. 
It follows (see Art. 66), that there ia no work done by thifl 
force in the passage of its point of application from any one 
position to any other. Extending this, we shall so far anti- 
cipate the results of Kinetics as to assume that vlien tkf part* (f 
any machine are each in a stale of uniform motion, the forces acting 
on the machine are in equilihritim among themielvet. 

By the extension of the equilibrinm of forces to this case, we 
comprise both the statical and kinematical definitions of a 
machine in the following r— a machine is any assemblage if 
different pieces lehoge displacements, resulting from their mode 
of connection, depend on each other by geometrical lavs, and 
whose object is to transform into mechanical toori the result of tie 
action of given applied forces. (See Resal, M^cani'jve Gen^ale. 
vol. iii. p. 3. 
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It has been already pointed out that in applying the equatiou 

virtual work to a system of connected bodies, advantage is 

ined by choosing sach displacements as do not violate any of 

) geometrical connections of the evstem. This principle wo 

I largely in the discussion of machines, and the dis- 

sementa which we shall choose will he those which the 

■ifferent parts of a machine actually undergo when it is em- 

Boyed in doing work. Thiiti, instead of equations of virtual 

■orl::. we shall have e<:[uations of actual work ; and in future we 

11 speak of the principle referred to as the Principle of Work. 
, Since in the motion of a machine the work done by a force 
^plied to any part of it depends on the magnitude and direction 
f the displacement of the point of application of this force, we 
e at once the importance of the discnasion of the motions pro- 
l in the several parts of a machine by a definite motion 
1 to some one part. This discussion, which is a problem of 
geometry, constitutes the Kinematics of Machinery, for 
the student may consult Resal's Mecanlque Genhale, 
E the treatise of Reuleaux. 

[123.] Efforts and Hesistances. Every machine is designed 

: the purpose of overcoming certain forces which are called 

is/ances ; and the forces which are applied to the machine 

b produce this effect are called efforis. llie distinction between 

J forces is cnsily drawn by the Principle of Work. For, 

ben the machine is in motion, every eflort displaces its point of 

iplication in its own direction, while the point of application of 

I resistance is displaced in a direction opposite to that of the 

. An effort is, therefore, one ivhose elementary work 

IH positive, and a resistance one whose element-arj' work in 

negative. 

An effort applied ia a machine is often (bat very impro- 
perly) called a power. The resistances against which a ma- 
chine works are divided into two classes, viz. useful resistances 
and wastefvl resistances. The former oonstitnte those which the 
machine ia specially designed to overcome, while the over- 
coming of the latter is foreign to its purpose. For example, if 
a pulley ia employed for the purpose of lifting a weight by 
means of a rope, a part of the effort employed is spent in over- 
coming the friction between the pulley and its spindle, and 
another part ia spent in overcoming the rigidity of the rope. 
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Friction and rigidity in this case ore the wasteful resistani'e> 
and the weight of the hody lifted is the useful resietance. 

The distinction between the resistances overcome gives nlai 
the distinction between useful work and {so-ealled} logt tcork. 

Useful work is that which is jwrformed in overcoming the 
particular resistance which the machine ia designed to overcome, 
while loat work is that which is spent in overcoming wasteful 
resistances. 

124.] Efflelency of a Machine. The ratio of the mefal worl; 
yielded by a machine to the whole amount of work performed Vy 
it is called its ejficiene^. 

Let //' be the work done by the applied forces, fk\ the nseMI 
iind Wi the lost work, when the machine is moving imiformlj^ 

and if jj denote the efficiency of the machine, 

Since some of the work expended in moving the machi 
must be expended in overcoming wasteful resistances, 
etHciency is always less than unity, and the object of most iJ 
provements in the machine is to bring its efficiency as neai 
unity as possible. 

The counter-efficiency is the reciprocal of the efficiency. If the 
useful work to he performed is given, the amount of work to I* 
expended on the machine is obtained by multiplying the former 
by the counter-efficiency. 

Let P be the effort applied at any point of a machine to 

perform a given amount, ff^„, of useful work; let ff'j he the 

work lost, and let » be the distance through which P drives it* 

point of application in its own direction. Then we have 

Pg= W^+W,. 

Let Pfl be the force which would perform the same amount of 
useful work if the wasteful resistances were removed. Then 

p„« = »;. 

W P 

But Tj = -j^ = -jy ; hence the efficiency is the ratio of 

force which would drive the machine against a given 
resistance, if the wasteful resistances weie removed, to the 
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■ich ia actually required to do so. In many cases this definition 
Kneeful in practice. 

e following consequence regarding efficiency can Iw at once 
ktred from the principle of Work. In any machine for raising- 
pSBss, if the friction in the machine is of it-self sufficient to 
, the mass Euspended, the efficiency is leas than i. If an 
i required to raise the mass, and an effort P' to 

a it, the efficiency is - • i. - ■ 

l.As regards the wasteful resistances in machines, the most 
iiceable are friction, the rigidity (or rather imperfect flexi- 
lity) of ropes, and the vibrations which are produced in the . 
rious pieces. Of these the first is that with which alone we 
Jl be concerned. The stndent who desires information on the 
perimental laws of the rigidity of ropea may consult Coxe's 
^DLslation of Weisbach'a Mechanic of Evgineering and of the 

Wtruction o/Machineg, toI. i. p. 363 {New York, 1872). 
\ 135.] Simple Machines. By simple machines are meant the 
tever, the Inclined Plane, the Pulley, the Wheel and Axle, the 
lerew, and the Wedge. Of these, the Lever, the Inclined Plane, 
and the Policy may be considered as diKtinct in principle, while 
the others arc only combinations of paira of these thi-ee. 



solid bar, straight or curved. 



126.] The Lever. A lever 
which ia constrained to turn round 
a fixed axis. This fixed axis is 
called the fulcrnm of the lever. 
It is usual to define three kinds 
of levers. If the fulcrum is between 
the effort and the resistance the 
lever is said to be of tbe//-*(^ hnd ; 
if the resistance acts between the 
effort and the fulcrum {as in a 
wheelbarrow, an oar, or a pair of 

nutcrackers), the lever is of the second, kind \ and if the eflTort 
acte between the fulcrum and the resistance (as in the construc- 
tion of the limbs of animals), .the lever is of the third kind. 
In the last kind the effort is always greater than the resistance 
to be overcome. 

To find the efficienci/ of a lever, the wast-eliil resistance being 
friction — 




206 SIMPLE MACHINES. [l2f, 

Let tlie effort F be applied at the poiut A (Fig. 151) in tJ 
direction OA perpeodicular to tlie axis, and the useful resistance at 
iu the direction OB, a,lsa perpendicular to the axis ; let EDF be 
section of the axis on which the lever tarns, made by the plane of i 
and Q, the contact between the beam and its axis, although it maj Ik 
very close, hciug HtJll such that they can be coueidured as ttind)iii| 
along a single line when the machiue wovba. In this case (1 
106) the reaction of the a\is consists of a single force touching 
circle of radius r Bin A concentric with EDF, \ being the angle 
friction for the lever and its axis ; and fiiuce this reaotioa must 1 
pass through 0, its direction is obtained by drawing from this 
A tangent to the circle. 

Let p and q be the perpendiculars fiom C, the centre of the asia, 
OA and OB, respectively, and let 10 := lAOB. 

Then by momentB about C, we have 



n= -/i^ + ^PQQi 



If F is the value of F when frictio 



B removed, 

II (1), we have 

pq (1 ~r,) = r sin A. VpW + ^m cos ai . ij 
which gives for the efficiency 
g jjg+r'eoB.oEi 



Substituting - tj for — 



iuA -/ji'+ 2;j gcos<u+ff'— r'ain'm si 



?^-/sin'A 
If the coefficient of friction is small, we shall have, approximately, I 

ij = 1 - ^ v'/+2;)5Cos<o + y'. 

If i^ and Q are parallel, ui — 0, and i) = 1 -tir(-+ )■ 

If the lever ie of the second kind, and P and Q parallel, ni = 

» ^ 1 —f^ri ): and for a lever of the third kind, we find e 

Vy pP 

in the same circumstances 



127,] The InoUned Plane. Let an elfort, P, whose din 
mokes an angle with a rough inclined plane, \>e emplojt 
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to drag a mase of weight Q up the plaue. Then if A i 
angle of iriction and i the incIinatioQ of the plane, 



I 






1 + fi cot » 



128.] Fixed and Moveable Pulley. Let a Hexible ^ring- 
pass over aamooth_^>e(^ pulley(that is, apnlloy whoseaxiaiB fixed 
in space), and let a mass of weight The BUS]>ended from onu 
extremity of the string, while a vertical downward force P la 
applied at the other extremity. Then to raise Jf^ we must have 
P = JV, and in the uniform working of the machine }F is raised 
exactly as much as the point of application of P is lowered. 

Suppose, on the contrary, that one extremity of the string is 
fixed, that the string passes under a moveable pulley &om which 
W is snspended, and that P acts vertically upward at the other 
extremity of the string. Then evidently P =\ W; hence in 
the moveable pulley there ia a gain in force. But in this case 
Tis raised only ialf as much as the point of application of i" 
ascends. There is, therefore, a loss in the expedition with which 
the work of raising the weight is performed. 

129.] Syetems of Smooth Pulleys. We shall consider three 
different arrangements of puUeyK, as exemplifying 
the Principle of Virtual Work. 

I. In tLe first system there are two blocks, A and B 
(Fig. 152), the upper of which is fixed and the lower 
moveable. 

Each block contains a, number of Ee])arate pulleys, 
of the same diameter usually, each pulley being move- 
able round the axis of the block in which it is. (The 
figure represents a section of the blocks made by a 
plane perpendicular to their axes, and the circumferences 
of the pulleys are projected on this plane.) A single 
rope (whose weight is neglected) is attached to the lower 
block and passes alternately round tbe ]iulleys iu the 
upper and under blocks. The portion of rope proceed- Fig. 151. . 
iiig from one pulley to the nest is called & ply. In this 
arrangement the tension of tbe rope is throughout constant and 
equal to P, the force applied at the free extremity. The portion 
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:ork. Por if p denote 
leugth of the pliea, we 



of tlie rope at wliicli Ihe effort, P, is applied, i« cnUed tlie tne/Je- 
faU. 

Let W be the weight to he lifted, and assume all the plies to be 
parallel. 

Then if n is the number of plies at the lower Wocli, we shall 
obviously have, neglecting the weight of the block, 
nP = W. . 

This result follows also by the principle of ' 

the length of the tackle-fali, and x the commor 

*'*'* p+«3r= constant, 

.'. dp-\-ndx = 0. 

Bnt Pdp+ Wdx = 0, 

... p^lw. 

II. Suppose each pulley to hang from a fixed beam by a separate rope. 
Let A (Fig. 153) be the fixed pulley, n the number of moveable 
pulleys, and tc,, x„...x^ the distances of the 
centres of these latter from a horizontal plane 
through the centre oi A. 

Then, p being the length {AP) of the tackle-fall, 
2x.+p = const., 2x,~x, = const., 




Hence 2''x„+p = const., therefore 

2'dx^ + dp = 0, 

and n'dx„-\-Pdp = 0, 

■■ -?■ 

III. Let a separate rope pass over each pulley, and let all the ropes ■ 
be attached to the mass to be raised. 
^ . t Neglecting the weights of the pulleys and ropes, 

we shall have, by resolving vertically for the equi- J 
librium of IF, 

n-=P(l-|-2-t-2'-|-...+2"-'), 
the whole number of pulleys being n ; or 

i. = -^. 

2--1 

The same result follows by the principle of work. 

For if the distance of W from a horizontal plane 

_. through tlie centre of the fixed pulley is denoted by 

*" **' y, anil if the distances of the centres of the pulleys, 

connting from the fined one, are x,, sCj,... , x,_j, we have evidently 

31+0!, = const. ;/+K,—2xj= const.-.-, y + ;«;„_, — 2 3t„_j= const., 

y + ^i — .r„_i = const. 
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I Hence, multiplying the second result by — > the tliiril l>y — > &c., 

, we have 2"''y+^ =^ constant. Now tJie equation of work 

Wdy + Pd(^+x„_,) = 0, 

{W+P)d}, + 21'dp = 0; 

2"~'dy+dp = 0, 




130,] The Wheel and Axle. This consists of a horizontal 
'Under, i (Fig. 15.5}, moveable round two joomalB (or small 
■linders projecting from the centres of ite 
1), one of which is represented in section 
wheel, a, is rigidly connected with the 
rlinder, and the journals rotate in fixed bear- 
The machine is, in reality, a rigid 
^mbination of two pulleys, a and b, moveable 
lut a common axis, c ; and its theory is 
iisely the same as that of the lever. The Fig. 155. 

Ill, P, is applied at the circumference of the 
rheel, and the usefiil resistance, Q, at the free extremity of a 
coiled round the axle. 
All wasteful resistances being neglected, the relation between 

^ radius of wheel, and i — radius of axle. 

The friction of the joarna! (whose radius is c) against its , 

ring being taken into account, the relation 

iween P and Q is 

Pjt=Qq + c sin X ■/P' + 2PQcmw+Q^ 

if being the angle between the directions of P 

tad Q, exactly as in Art, 126 ; and the efficiency 

■is the same as that investigated in the Article 

on the lever. 

Economy of force is attained in the wheel 
uid axle by diminishing 6, the radius of the 
ixle; but in this way the strength of the 

ichine is diminished. To avoid this dis- 
jdvaDtage a Differential Wheel and Axle ia sometimes employed. 

, this instnmient the axle consists of two cylinders of radii 

TOL. I. V 
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b and V (Fig. 156), and the rope, wonnd round the former in % 
sense opposite to that of watch-hand rotation (suppose), leaYes ib 
(at the point h in Fig. 155)) And, after passing under a moveaUe 
jmlley to which the mass to be ndsed is attached, is wound in 
the opposite sense round the remaining portion (that of radios 
V^ of the axle. The effort P is applied, as before, tangentiallj 
to the wheel. For the equilibrium (or uniform motion) of the 
machine, the tensions of the rope in hm and Vn are each equal 
to i Q ; and taking moments round the centre of the journal, <r, 
for the equilibrium (or uniform motion) of the rigid system 
consisting of the wheel and axle alone, we have 

Thus, by making the difference h-^V snmll, the requisite 
effort can be made as small as we please; but since the amount 
of w(yrk to be done is constant, this economy of force is accom- 
panied by a loss in the time of performing the work. For it is 
easily seen that if the wheel turns through an angle dd, the 
point of application of P will describe a space add, and the 
suspended mass will be raised through a space ^ (6—^)5 d, which 
latter will be very small if i — ^' is very smalL 

131.] The Screw. The screw consists of a right circular 

cylinder on the convex circumference 
of which there is a uniform project- 
ing thread, GE (Fig. 158), of a 
helical form. 

The helix is a curve traced on 
the circumference of a cylinder in 
the following manner. Take a sheet 
of paper on which are drawn two 
indefinite right lines, AB and J^, 
and let the paper be wound round 
the cylinder in such a way that the 
line AB coincides with the circumference of the base ; then the 
other line, u^ 6', will appear on the cylinder in the shape of a spiral 
curve which is called the helix. (Fig. 157 represents a projection 
of the helix on a plane through the axis of the cylinder.) 

A screw with a rectangular thread (which is that represented 
in Fig. 158) is obtained by making a small rectangular area, «W, 
move so that one side, ah^ always coincides with a generating 








Fig. 157- 



Fig. 158. 
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e of the cylinder, the middle point of ab deKcribing the helix 
I the plane of the rectangle always passing through the axis 
I the cylinder. 
If a small triangle is used instead of the rectangle, we have 

I screw with a triangnlaT thread, 

Tjet p and q be two points on the indefinite line AC, and draw 
/III perpendicular to AB and qn parallel to it. Then pq becomes 

II portion of the are of the helix, and qu a portion of a section of 
the cylinder perpendicular to its axis, pn remaining a straight 
line coinciding with a generator of the cylinder. 

Hence the relation holding between the sidea of the triangle 
j,qn before the paper was wound round the cylinder will hold 
also after the winding. Bnt if the angle between AB and AC 
is i, we have evidently ;,„ = ^ . tan i, 
pq = qn .seci. 

The thread OH works in a block on the inner snr&ce of which 
IB cut a groove which is the exact counterpart of the thread. 
The block in which the groove is cut is often called the nut. 
It is clear, then, that if the screw moves in the nut until the 
jKiint p of the thread occupies the position q, the axis must move 
in its own direction through a space _;"(, and the angular rotation 

of the screw about its axis is — i ;■ being the radius of the 
cylinder. 

Hence, if the angle — through which the screw turns in 
denoted by lo, we have 

pn. = oirtani, J>q = lorsec *. 

If u = 2ir, or if the screw make a complete revolution, any 
point on the surface of the screw describes a space 2-nriska.i 
parallel to the axis. This is obviously the distance between two 
portions of the thread measured on a generator, and is called the 
pitch of the screw. 

We shall consider the screw as driving a resistance Q applied 
in the direction of the axis, and the effort, P, as applied in 
a plane perpendicular to the axis, at the extremity of an arm 
whose length measured from the centre of the asis is a. 

Suppose that the screw rotates through an angle lo. Then 
the work done by P is Paui, and the \*ork done against Q, is 
Q/^tani. 
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If no work is lost against wasteful resistance, we must liave 
Pa = Qr tan i. 

If ttere is friction between the thread and the groove, let 
R be the normal pressure on any element of the thread (acting 
towards the under side of jiq in the figure), and iiE the friction 
on this element. Then, in a smallangular motion, 801, of the screw 
the work done against the fidction is fiR .pq (taking /iq as atf 
elementary portion of the thread), or nRrhoi see i. Hence 

Pahia = QrBwtani + ^rBiusecsSS, 
^E denoting the sum of the noi'mal reactions at all points ( 
the thread. 

But, for the equilibrium of the cylinder, resolving along il 
axis, we have q = ^(iicosi-^cTesini), 

or Q = (cosi— fi sin i) S,R. (t 

Hence, substituting this value of SR in the previous equation, 
Pa = Qrt&n[i + K), 
A being the angle of friction. 

This result could have been obtained without the principle of 
work by combining with (a) the equation of moments round ttu 
axis of the screw. By taking moments round the axis, we havtn 

Pa — 2(SBin! + f/^cos i)r, 
or, Pa = r (em i + n COB i)SR. (j 

Dividing (^) by (a) we obtain tbe relation between P and Q. 

The efficiency of the screw is evidently 



tan (i -HA) 

which will be a maximum when i = — 

4 2 

A good illustration of the action of a screw is furnished 

the common coupling-sci'ew for railway carriages. To the i 

of the screw whose ends work in nuts, one connected with 

one carriage and the other with the second carriage, is rigidly 

attached a rod perpendicularly to the axis, and at the extremity 

of this rod is attached a heavy ball. If the ball be taken in 

the hand and swung round, it wilt cause the screw to rotate 

and thereby pull the two carriages together in spite of tl 

buffer- springs which t#ud to keep them apart. 
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132.] Frony'a Di&brenti&I Screw. If h denote the pitch 
P and Q when friction is 



□H^k^H yj 



Fig. I 



of a screw, the relation betw 
neglected is 

2Pxfl = QA; 
therefore economy of force ii 
overcoming a given resistance i 
gained by making h very small. 
But it is impossible to do this in 
practice, and to attain the result 
desired a differential method is resorted to. Let the screw work 
in two blocks, A and B (Fig. 159), the first of which is fixed and 
the second moveable along a fixeil groove, «. Let k be the pitch 
of the thread which works in the block A, and h' the pitch of 
that which works in the block B. Then one complete revolution 
of the screw impresses two opposite motions on the block B — 
one equal to // in the direction in which the screw advances, and 
the other equal to h' in the opposite direction. If, then, the 
resistance, Q, is driven by this block, we have by the principle 
of work 2P-na^q{k-K), 

and the requisite eSbrt will be diminished by diminishing 
h-li'. 

133.] The Wedge. The wedge is a triangular prism, usually 
isosceles, which is used (as represented in the figure) for the 
purpose of separating two bodies, A and 5, or parts of the same 
body which are kept together by some 
coi^iderable force, molecular cr other. 

The figui-e represents a section of the 
wedge made through the line of action 
of the effort, P, perpendicular to the axis 
of the wedge. Suppose that the line of 
action of P passes through the vertex of 
the wedge, and that slipping is about to 
take place ; then the total resistances of 
the surfaces A and B against the wedge 
nil! make the angle, A, of friction with the normals at the points, 
vh and w, where they act; but these points are indeterminate 
themselves. 

To find the e^^ciency cf the wedge. Let the wedge be driven 
through a vertical space equal to dp, and let 2 a be its vertical 




Fig. 160. 
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angle. Then the useful work performed is the separation of ^ 
and B in directions normal to the faces of the wedge in contact 
with them ; in other words, the useftil work is that done by the 
normal components of the total resistances, 72. Now the point 
m moves vertically down through a space dp^ and the projection 
of this displacement along the normal at m is evidently 

sin a . djh 

Hence the work done by the normal components is 

2 72 cos k sin adp, 

and the whole work expended is Pdp, Hence 

272cosXsina 

"= — p — 

But by resolving vertically for the equilibrium of the wedge, we 

^*'''' P=272sin(a + X); 

sin a cos X tan a 
sin (a + X) jm + tan a 

Having given the theory of the simplest machines, we proceed 
to discuss a few of their most useful forms. 

134.] The Balance. The balance is a machine which is em- 
ployed for determining the weights of bodies, and in its common 

form it may be considered as an 
instance of a lever of the first kind. 
Suppose a rigid body to be sus- 
pended from a fixed smooth hori- 
zontal axis at a point (Fig. i6i), 
G being the centre of gravity of the 
body, at a distance OG {=z A) from 
the centre of the axis of suspension, 
vertically below when the body 
rests under the influence of its 




p+P 



Fig. i6i. 



weight alone. 

Let A and B be two points in the body in the horizontal line 
through at equal distances (each = a) from on opposite sides, 
jind suppose two masses whose weights are P+p and P to be 
suspended from A and B respectively, ir being the weight of 
the rigid body. Then for the position of equilibrium, if ^denotes 
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nhe ftogle, AOA', through which the ImhIv turns, we have, h_v 
L moments ahoat 0, u a 

I *-^<< = im- w 

I Bnch a rigid body may be regarded as a common balance, and it 
I ifl nBually made in the shape of an elongated lozenge- shaped bar 
[ or beam, symraetricnl on both sides of 0, two scale-pans of equal 

masses being suspended from A and B, the masses P and P-\-f 

Tjoing placed in these pans. 
I SenHbilUy is a desirable property of a balance ; that is, for a 
I given difference, /), between the masses suspended from A and B, 
I the deflection 6 ought to be as great as it can be consistently 

with rigidity, etc., in the machine. Now from (1) we see that 

the greater is the sensibility, 
I (l) the greater a, i. e,, the longer the beam, 

^L (2) the less W, i. e., the lighter the beam, 

^K (3) the leas h, i. e., the nearer the centre of gravity 

H[ to the fulcrum. 

Hpf course h most not be made zero ; for if it were, the slig-htest 

BjSfference of weight woald always make B = -• 

^^ It appears, therefore, that the sensibility, in the above arrange- 
^bent, does not depend on the magnitude of the mass in either 
B^n but on the (/j^ftf^^KCc between these masses. 

The sensibility is generally measured by the amount of deflec- 
tion caused by a dilference of weight, p, equal to 1 unit— say that 
of 1 milligramme in the case of extremely fine and accurate 
balances such as are used in Physical and Chemical Labomtories. 
If the point, 0, of support of the beam were not in the a 



right line as the points, A and B, of suspensioi 
would be no longer true that the sensi- 
bility depends merely on the difference 
of the weights of the two compared 
masses and not on these masses them- 
selves, For, if the arrangement is that 
represented in i'ig. 162, in which j^O^ is 
not a right line, and if OC ^ c, we have 
for the deflection n a 

tan tf = 



of the pans, it 



the suspended n 



■ }r/< + {p+qy 

s being Pand Q, whost 



difference =]>. 
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Fig. I«3- 



Now this equation shows that for a given difference, p, tlw 
deflection is leaa than it would be for the balance if c were 
zero ; i.e., if were at C. 

Lightness in the beam is attained by making it in the Bhaj* 
a very elongated lozenge, the central portion of which is nearly t 
cut out, its sides being, how 
ever, braced tog-ether byli^ 
brass croas-pieces, as repn 
8eutediiiFig.i63,whichflhow 
only a few portions of the deli 
cate form of the instrument, ar 
it is used for the very rainntai 
weighings in laboratories. 

The axis of suspenmon is, ii 
euch an instrument, a knife: 
edge (represented vertically 
under C) which rests on a fixed horizontal plane of agate. The 
deflections of the beam from the vertical are indicated by a very 
long pointer, J', connected with the beam, the end of this pointer 
moving from right to left just in front of a fixed vertical scal^ 
S, divided into a large number of close divisions. 

Absolnte equilibrium between the masses in the pans i 
scarcely ever attained ; but even if these masses were eqns 
some slight distorbance might set the pointer swinging to righj 
and left of its zero position, and if the amplitudes of these swing) 
were equal, we could conclude that the masses in the pan 
are equal. Hence it is obviously desirable that the time i 
these small oscillations should be as small as possible. Th9 
determination of the time of a small oscillation depends on 
kinetical principles, and we must assume the result here. 

If k is the radius of gyration of the beam about the axis of' 
suspension, g the acceleration of a body falling freely in tqcuo 
near the Earth's surface, and if two eqnal, or very nearly eqiial| 
masses, P, are suspended in the pans, the time, i, of a smtSi 
oscillation is given by the equation 

so that if ^ is to be very small, i e., the oscillations rapid, a shonlj 
he small and A lai^. These conditions are therefore the reversi 
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Hf those for sensibility, and nothing but a comproniise can be 
^^ffected between them. 

^K Two methods of exact weighing — i,e., weighing to within a 
^KUigramme, or even one-tenth of it — are in use, namely the 
^^interjioke methcKl, or method of Borda, and the method of Gaust. 
^m In the first method a mass of t^hot or eand (the atnonnt of 
Hirhich we need not know) is put into one pan, while the body to 
Wbf weighed is put into the other, and witli this body are put in 
^^^wn weights (multiples of a gramme, decigramme, etc.) until 
^Btuilibrium of the pointer is attained either in the middle of t^e 
^Bftle S or iu some position near it. The body to be weighed is 
^Bw removed from its pan, and its place is occupied by known 
^■Bsses (grammes, etc.) until the same position of equilibrium (or 
^■M near it) of the pointer is again attained. Obviously the 
^■iiss of the body to be weighed must then be equal to the sum 
^B'tbe masses which have taken its place and which produce the 
^■me efiect as the body did. 

^B Tie method of Gau»» consists in weighing the body first in one 
^bn and then in the other, and taking the weight of the body 
^■oal to the geometric mean of the two (very nearly equal) 
^B&ounts which seem to represent it. If the arms, OA, OB, of 
Hm balance were absolntely equal in length, the body would 
^npear to weigh the same in both pans ; but very slight differ- 
ences between the arms may arise from various causes, and we 
shall therefore assume the arms to be of diflerent lengths, OA = a, 
OB =■ b. Let 3/ be the true weight of the body. When J/ is 
suspended from A, let P, be the weight of the known mass 
which must be suspended from B to bring the pointer to rest in 
the vei-tical position ; that is, Pj is the apparent weight of the 
body, and it appears as if 3/= Pj. The true relation, however, 
between M and P^ is _3/. a = P,.i. (3) 

Again, when M is suspended from B, let P^ be its apparent 
weight. 

Then M.b = P^.a. (4) 

From these equations we have, by multiplication, 

M = -/I^TP^, (5) 

which proves the result given above. In practice, since the 
difference between the apparent weights is extremely minute, it 
is usual to take M^\ (P, + P,), (6) 
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i. e., the arithmetic, iDBtead of the geometric, nif'an, the tn'O 
meauB being very nearly the same. 

For a full deacription of the practical use and details of ths 
balance the student may very profitably consult the heiiont in 
Elemmlart/ Practical P/i^itlci by Stewart and Gee, (Vol. I). 

135.] Boberral's Balance. Roherval's Balance is an excel- 
lent illustration of the principle of work. 

Two eqnal bars, AS and CD (Fig; 

v^ \ 164), revolve round axes through thdr 

^__^ I middle points, H and E, which are 

A_---T^'^ [_p fixed in a vertical support, HN ; theae 

Q I I bars are connected by smooth joints to 

^^ S^^Ti 1,wo equal bars, AC and B]J, and to 

c these latter bars are rigidly attached 

jj two plates or scale pans, P and Q, thtf 

p. g jiointB of attachment being any what* 

ever, and one or both of the plates may 

lie iowarrh the vertical eupport, or away from it (as Fig. 164). 

Suppose P and Q to be the weights of two masses placed 
in the pans P and Q, respectively. Then if for any displac 
ment of the bars round the points II and E, the pans descrilx 
vertical spaces p and q, respectively, we shall have for equili 
^"um Pp-~Qg=0. 

Now, the bars AC and BS, being always parallel to the fise^ 
line IlfJ, will be always vertical, and the vertical space througt 
which one moves up is obvioasly equal to that through which 
the other moves down. Hence j> = y, and we have for eqiii- 
librinm P = Q 

whatever be the lengths of the pans [provided their weiifht* art 
nefflected^, whateier he their pomfg of attachment to BD and AC^ 
and whatever the points m the pan* at which P and Q are placed. 
If the weights of the pans are taken into account, the saB 
results follow if the; are ot equal weight. 

If the pan P were rejilai-ed b} the pan P*, and the weight P 
placed at F", the other pan, Q, remaining unchanged, and th* 
weights of the pans being either equal or neglected, equilibrium 
woold still subsist — a result which seems at first sight very 
strange. 

If the lengths AH and KB, C^and ED are not equal, it is 
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HB 

''ha' 

P.JIB= q.BA. 

136.] Balance of Quintanz. This ie a, compoand balance 
formed of a combination of several levers, and is used for 
weig^hing veiy heavy loads. Thin machine also fiimiBhes an 
admirable example of the principle of work. 

A B (Fig. 1 65) is a lever moveable about its fixed extremity, A ; 
MN is another lever moveable 
abont a fulcnim, F, fixed at its jj 
naiddle point ; CD is a moveable i 
platform, which receives tlic 
load Q, whose weight is to be 

fonnd ; this platform is con- ^'' g — ^ 

nected with the lever MN by a Elg. 165. 

rigid vertical bar, DZ, articulated 

at D and/; and the platform further rests against the lever, 

AB, by an edge of contact at a fixed point, i/, on the latter ; 

finally, the two levers are connected by a rigid vertical bar, BM, 

articulated to both. 

The weight, P, employed to measure Q is applied to the 
npper lever at N. Let the system i-eceive any slight displace- 
ment, then the lever, AB, will turn round A through an angle 
bd, suppose, and the lever MN^ will turn round F through an 
angle 60. 

We shall arrange the dimensions of the machine in such a 
manner that the platform, CD, may remain horizontal in the 
displacement, llie vertical descent of the point // is evidently 
Aff .h0, and this is also the vertical descent of the point in the 
platform above //. 

The vertical descent of the point B ia the same as that of /, 
and this latter is obviously Fl .1^; hence if the platform 
remains horizontal, Fl .htb = AH . M. 

Again, the vertical descent of M is the same as that oi B ; or 
FM.b^ = AB.bd. 

Hence from these equations we have 
MF _ BA 
t'l ~ All' 
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which is the GooditioD for the horizontality of the platform. 
Denote -yp by «. The eqoation of work is obvioualy 
P X descent of iV = Qx descent of i>, 



or the resnlt ia the same as if Q were suspended from the point 
/of the upper lever. 

Loads placed on the platform may all be weighed by means of 
a constant weight, P, by merely moving the point of sospeiuion 
of this latter along the arm ^F; thus, if P is saspeuded from 
the point A' between N and -^', we shall have 
P _Fl 
Q ~ fK' 
137.] Toothed Wheels. Motion may be transferred from 
one point to another and work done by means of a combination 
of toothed wheels, each one of ivhich drives the next one in the 
series. The discussion of this kind of machinery possesses great 
geometrical elegance ; but the space at our disposal renders it 
impossible to do more than give a slight sketch of the simplesl 
ease — that in which the axes of the wheels are all pamlleL 

For the investigation of the proper forms of teeth, the studetd 
is referred to Willis's Prineiples of Mechanimi, CoUignon'f 
StaUqne, and Resal's MScanique GSnerale, 

Fig, i66 represents a toothed wheel, Jj, moveable round i 

horizontal axis, ah\ the effort, ?. 

is applied by means of a handl% 

cd, which, when turned, causes tb( 

axis ah to rotate in its bearings al 

a and b and to turn the wheel A-^. 

this wheel causes another, ii,, in 

contact with it, to rotate round \ 

Fig. i66. horizontal axis which also moves in 

fixed bearings at its extremities 

this latter axis is fixed another wheel A.^, whose rotation in 

manner tnms B^ on its axis, which in the figure is the axis 

cylinder to which the i"e8istanco, Q, is attached. 

Suppose that there are n wheels, A^, A,,^ ... ,J„, whose radii 
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are fflj, flj, ... fl„, and n wheels, B^, B^, ...B,, whose radii are 
ij, h^, ... &^; and let he ■= p, and the radius of the cylinder 
(or wheel) to which Q is attached = q. Then, if w^ ia the angle 
through which the radius be revolves, the effort heing always 
applied tangeotially to the circle described hy its point of appli- 
cation, the work expended is 

and if u„ !s the angle through which, in the same time, the 
cylinder rotates, the weight Q will be raised through a distance 
qia„, and the work done against the resistance ia 

Supposing then tliat no work is lost either by the friction of the 
axes in their bearings, or by the friction of the teeth against 
each other, we must have 

when the machine is moving uniformly. 

To determine the kinematical relation between (Oj and io„ , let 
the angle through which B^ turns be ai^. Then, since the dis- 
tances described by the points of -^, and B] which are in contact 
are the same, a-^io^ = b^ca,^. Also if <o^ is the angle through 
which B^ turns, we have a^m^ = li^ mj. Proceeding in this way, 
we have, by multiplying the eon'esponding sides of these equa- 
tions together, (ij(jj,..a„ . oj, = b^i.^...b^.at„. 

Hence from (l) and (2), 

q^P b,b^...i> „ 

For the calcnlation of the work lost by the friction of the teeth 
fDong themeelveB see CoUignon's Statique, p. 468, 
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BEXCXMIKAllOK OF VnTAL SlLACnOKS OF FASTS OF A STSTEK. 



138l] Action and I to ae ti on. If in any systesta of bodies, 
connected in anr iMmnw, J and ^ are two bodies in contact 
between whidi an action of some kind is exercised ; then, what- 
ever be the ibice? with which the body A acts npon the body B, 
the Teiy same foreesv rerersed in directions, will constitute the 
action of ^ on J. Let the whde system of forees acting on Ay 
exdndingr those produced by B. be denoted by (P), and let the 
forees eonstitiitin^ the action of ^ on ^ be denoted by (J?); 
then we may seTer the connexion between A and B^ provided 
that we hare other means of prodocing* on A the system of 
forees {By In the same way, if (Q) denote the whole system of 
forees acting on B, those constitnfing the action of A on it 
being exdnded, tiie body, B, may be severed from A provided 
that we have the means of prodncing a system of forees {—H) 
on B. i—B) denoting a system of forees obtained by reversing 
the direction and preserving the magnitade of every force in (7?). 

For example, the beam CD {Tig, 126) may be severed from 
the other beam along any section, CB. provided that there be 
introduced on CD either the single foree £ acting through A, 
or the complex system of tensile and compressive forees which 
act at the section CB. This equality of magnitude and oppo- 
siteness of direction of the forees existing between two distinct 
bodies in contact, or between ideally severed portions of the 
same body^ is sometimes spoken of as the principle of Ue 
f quality of Act ion and Beacfiom ; but this is by no means the whole 
of the Newtonian principle called by this name ; for Newton 
specifies several senses in which the terms Action and Reaction 
can be taken, and in discussing one of them he has explicitly 
anticipated, in great part, the principle of the Conservation of 
Energy — as has been pointed out by Thomson and Tait. 

139.] Examples of Internal Action. The cases which we 
shall consider in this chapter are those in which the action 
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between two portions of a system ideally severed consists oi' a 
single force. The eimplest example of snch action oecura when 
a single point of one body rests against the surface of another, 
the bodies being either rough or smooth. If the bodies are 
smooth, the action between them consists of a single force 
which is normal io the surface of contact ; and if rough, the 
action is still a single force which is not necessarily normal 
to this surface. In all cases in which smooth spherical joints 
or hinges are concerned, the action exercised on bodies con- 
nected by them consists of a single force passing through the 
centre of the joint. When rough joints are used, the action will 
generally consist of a single force acting somewhere outside the 
joint ; or of a coutile and a force acting at the joint ; or, possibly, 
of a couple alone. The tension of a string is also an instance 
of internal action, and its nature has been already explained 
in Chap. II. 

Again, if we ideally separate into two portions by an arbi- 
trary surface a mass of a perfect fluid in equilibrium, the action 
of one portion on the other over a small area of the ideally 
separating surface will consist of a single force acting normally 
on the Kea. And we may always treat as a separate body any 
portion whatever of a fluid in equilibrium*, provided that toe 
jiroduce along the suiface of this ideally geparaied portion all the 
forcei Khich are actually produced on it by the jluid mlk which it 
was surrounded. This is what we have already enunciated as flie 
principle of separate equilibrium (p. 32). It is by such separate 
consideration of portions of a fluid that we arrive at a knowledge 
of its internal forces or pressures. For example, if a heavy fluid, 
whether compressible or incompressible, of uniform or varying 
density, be contained in a vessel, we can prove that the prossure 
is the same at all points, i*, Q, in the same horizontal plane. 
I''or, isolate in imagination a horizontal cylindrical column of 
the fluid, having small vertical and equal areas at P and Q 
for extremities, from the rest of the fluid. Then, we may treat 
the cylinder of fluid PQ as a separate body, provided that, 
in addition to the external force (gravity) acting on it, we 
introduce the forces which it actually exjierienced from the 



' It 18 usually said that wo may, under tha above pondition. iiungiii 
portion at the fluid to beaime soUdifiai ; but the imagined .■^idificaliun : 
i>nly wholly unnecesgary but misleading. 
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surroonding fluid. Now these forcee conBiet of Bormal pteatmres. 
p and q, on the areas at P aud Q, together with normal pressnre^ 
all over its enrved eiirface, these latter being all at right angle; 
to the axis PQ. If now we resolve horizontal!}- all the force? 
acting on the cylinder, we get 

p-q = (i, 01 p = q. 

This demonstration shows, moreover, that in the case of a 
heavy viseouB or imperfect fluid, the pressures are not necessarily 
equal at all points in the same horizontal plane. 

For, in this case, the action of the rest of the floid on P§ 
does not necessarily consist of forces normal to its Bur&ce, hut 
of oblique forces. Hence the horizontal component of th? 
pressure at P is not equal to the horizontal component at Q\ 
the ditferenee between them is equal to the anm of the hori- 
zontal components of the oblique forces. 

The importance of keeping such considerations in view may 
be illustrated by the following example from Hj-drostaties. 

A conical vessel is filled with water through an aperture at 
the vertex. From Hydrostatical principles it follows that the 
pressure on the base of the cone is equal to the weight of a 
ci/linihieaf column of water, standing on the base, and having 
a height equal to that of the cone ; that is, the pressure on t 
base is much greater than the weight of the water contain 
in the cone. Now if we imagine the water to become eolidifil 
the curved surface of the cone may be removed, and the 
on the base wilt l>e equal to the weight of the ice, that is, tl 
weight of the water in the cone. An apparent discrepancy 
the result. But if we attend to the proviso that in the 8e] 
consideration of the equilibrium of any portion of a system, soli 
or fluid, we must produce upon the isolated portion all the forO 
which were originally produced upon it by the neighbourin 
portions of the solid or fluid, the difficulty disappears. In tl 
fluid state the liquid in contact with the curved surface of tb 
cone was pressed normally by a system of varying forces, an 
the circumstances of the solidified body will not be the same 1 
those of the fluid, unless its surface is pressed in precisely tt 
same way. These pressures have a total vertical componeirf 
which must be added to the weight of the block of ice in (odc 
that we may obtain the true pressure on the base. 

The action between two portions of a perfect fluid ideall. 



EXAMPLES. 



225 



separated by a plane surface of any nrea always consists of a 
single force which is normal to the area ; bnt the action between 
two portions of an elastic solid along a plane section is by no 
means so simple ; the latter is not generally redacible to a 
ainglc force. 

140.] Equilibrium of several Bodies forming a System. 
It will now he clear that when a system is composed of sevei'al 
bodies in contact with each other, we can consider the whole set 
as forming a single body in equilibrium under the action of 
given external forces; or we may consider the separate equi- 
librium of any one body under the action of given external forces, 
and the reactions of the other bodies with which it ia in contact. 
A few examples of such systems have already been given ; but it 
is proposed to devote the present chapter more especially to the 
consideration of such questions. 



Examples. 

1. Two uniform bars, connected at a common extremity by a 
smooth joint, are placed in a vertical plane, their other extremities, 
wliich rett on a smooth horizontal plane, beiag connected by a cord ; 
find the tension of tlie cord and the reaction at the joint. 

Let AC and CB (Fig. 167) Ije the bars, W and W their weights, 
a and a' tlieir inclinations to the horizon, H and E" the reactions of 
the horizontiil plane at A and if, and 
T the tension of the cord. 

If, then, we consider the two bars 
as forming one system, the mutual 
reaction at C and the tension of the 
cold will be intsTTtal forces of the 
system, ami will therefore d 
from the equations of equilibi'ii 
The forces on this system are simply, W, W, R and R'. 

Se^olving vertically for the equilibrium of the Bjstom, 

R + R'=W+W'. (1) 

Again, considering the equilibrium of the bar AC, the forces 
acting on it are W, R, T, and the unknown reaction at C. This 
latter will be eliminated by taking moments about C Thus we get 




2^ci 



- 27" si; 



(the length of the bar dividing out), or 

R= rtaiia+iir. 
Similarly, taking moments about C for the 

7e' = rtana'+iir'. 



uilibrium of BC, 
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By adding (2) and (3), and making use of (I), we get 

r= '^+"" . ( 

2(taiia + taua') ' 

Agaiu, let X aiid Y he the horizontal and vertical conipooents 
tte reaction at the joint. Then, for the equilibrium of the bar AC. 
T-.X = 0, 

w+r~ii = 0. 

w+ w 






X ^ 



2(ta« 



+ tan^) 
_ 1- trtnn i/ 

' ~ 2(tena+tBna') 
If we wish to determine T by the principle of virtual work, let y l» 
the height of the middle point of either bar, and we have 

-{^W+W')dy-Td{AB) = Q (Ji 

for an iniaginod displacement in which the bars are drawn out 
while A and B remain on the ground. \f AG = 2a. BC = 2ii' 
y — a^iaa, AB = 2acoaa + 2a' cma'. Tberefore 
d,j = a COB ada, d{AB) = -2a sin ada-Za'em a'dc^ 



ehaveaco3ada=a'coEa'rfa'}, 
md d{AB) in (5), we get the same 



(aince from the equation ae 

Substituting these values ofd^ a. 
value of T as before. 

2, Two equal smooth spheres are placed inside a hollow cylinder, 
open at both endu, which rests on a horizontal plane ; find the least 
weight of the cylinder in order that it may not be upset. 

Let Figure i68 represent a vertical section of the system fhrougfa 
the centres of the sphereB. Let P be the weight of the cylinder, a itf 
radius, W and r the weight and radiui 
of each sjihere, R and £' tlie reacfionB 
between the cylinder and the spheres 
whose centres are and (/, respectively. 
Then, the only motion possible for tiie 
cylinder is one of tilting over its edge at 
the point A, in which the vertical plane 
containing the forces meets it, For, con- 
Pic i68 aider the equilibrium of the lower sphere 

which rests against the ground at H- 
This sphere is in equilibrium under the influence of if (reversed in 
Figure), the reaction of the upper sphere, S, acting in the line OC, iW 
weight, W, and the reaction of the ground at D, Now, since three of 
these forces pass through 0', the reaction of the ground, whether the 
latter is rough or smootli, must also pass through (/. Hence, if S 
be the angle which 0</ makes with the horizon, we have for the 
equilibrium of the lower sphere, resolving hurizonlally, 

^=^C08 9. 




J 
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The opper sphere 
ID Figure), W, and i 



a equilihrium under the action of A (rcvereed 
Hence for its equilibrium we have in the eamc 
Ii = Saose. (2) 

.-. R = R'. (3) 

Again, the cylinder is in equilibrium under the action of R, A', P, 
and the reaction of the ground. Eesolving horinon tally for its equi- 
librium, we have the horizontal component of the reaction of the 
ground := R~R'=: 0. Hence, even if tiie ground is rough, there is 
no tendency to elip, and the only way in which equilibrium con be 
broken is by turning round A. 

Taking moments, then, about A, the point at which the reaction of 
the ground acts, we have for the equilibrium of the cylinder 

Pa+R'r = R{r-\-2Tun6), 
or Pa — 2RTt.\i\0. (4) 

Again, for the equilibrium of the upper e 



;, we have 



R 





F = "°'* 




ue of A' in (4), we have 




Pa = 2 Wr cos 0. 


But evidently 


cus^=^— ^; 


therefore, finally. 


/*=2lf(l-- 



(S) 



3. A heavy bar is moveable in a vertical plane round a amoolli 
hinge fixed at one extremity ; a lieavy sphere is attached to the binge 
by a cord ; the two bodies rest in 
contact; find the position of equili- 
brium and the interna! reactious, there 
being no friction between the todies 

Let (Fg 169) be the Imge OA 
the cord bj which the sphere is at 
toched d tl e inU nation of the cord 
to the \ei-tical Cm ^ the mclma 
tion ol the bar to the \ertical W 
the weght and t the rad us of the 
sphere I the length ol the cord a 
the difct nee between and ff the 
centre of gravity of the bar and P its 
weight 

Then, considering the sphere anil 
bar as one syateni, this system is acted 
on h^ the given forces W and P, by the tension of tlie cord, and 
by the resistance of the hinge. The two latter forces will be 
eliminated by taking moments about 0. We have then 
W.Om^P.On, 




Pig, 169. 
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n the ilirectionB of W 
(^; thererore 

This is the statical equation ooniiectiDg Q and ; tlie geometricxl 
■quati 

' "~U 



Om and On being perpendicular a t'l 
P. But Om = (i+r) ain 6, and On 



nCOB = 



\ 



»(«+«= 



{:') 



(1) and (2) determine Q and (/>, and therefore the positiou of equili- 
brium. If ^ is the mutaal reaction of the sphere and the bar, we 
have, by considering the equilibrium of the sphere alone. 



Again, if the cord is attached to the hinge bat not to the bar, 
and if X and Y are the horizontal and vertical componenis of the 
])reBsure of the bar on the hinge, we have for the equililiriura of t!ic^ 



Heute, if 5 is the resultaut of X aiid Y, 



Evidently S acts in the !ir 
uf iiilersection of P oud H, 
If the cold is attached \> 



<on, 



■h joins the hitige to the point 



/ XcV 

■f^ =! — = \^ tfN 



Fig. 170. 



t n„ tl ugh their n ddle jwi 
t ous to the horizon ; S the n 
p 'w es on the liinges 1 1 
jst ft orcdB; a d d the r< 



the hwr, A" and Y are the components 
of the resultant of the tension of 
the cord and the pressare on the 

4. Two Jieavy uniform rods ore 
freely jointed at a common ex- 
tremity, and ore connected at 
their other extremities with two 
smooth hinges in the same hori- 
zontal line. Required the mag- 
nitudes imd directions of tlie 
pressures on the hinges, and tlie 
mutual reaction between the rodn. 
Let AC and Cfl (Fig. 170) he 
therod-i IT and If" their weight?, 
ts /and y a and a' their incHna- 
tu il r actio at f ; S* and S" the 
B f tl e c ntre of gravity of tln' 
:1 a of /f to the horizon. 



HO.J 
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Consider the equiliLriam of AC alone. It ia acted on by three 
forteB W, E, and S ; and since we have drawn the line OC to represent 
the direction of H, the direction of ^ must be Aq, q being the point of 
intersection of IT and B. By taking moments about A for the equili- 
brium of AC, we shall expreBa R in terms of IF, o, and ; and by 
taking moments about £ for the equilibrium of £C, we ^ball express 
Ji in terms of W, a', and 0; equating the two values of H thus 
obtained, we get a value for tan 6 which is obtained by dividing tbe 
value of Y by (bat of X in Example 1 . 

Considering the two rods as one system, this system is acted on by 
the three external forces, S, S', and W+ W, acting vertically through 
G. Hence these must meet in a point, Q. 

It is evident that this problem is the eame as that in Example 1 , and 
that if the reactions S and S" are resolved ^■^'^1^ ^'^^o ^ vertical and a 
horizontal component, the horizontal components will be equal and 
opposite (by considering the two rods as one body and resolving 
horizontally). These horizontal components have each the value of 
the tension of the cord iu Example 1, and the vertical components are 
the values of Jl and If, Thus the problem might be completely 
solved analytically. 

Gewnelrical Solution''. The direction of the resistance at the joint G 
can be easily determined as follows :■ — From A and B draw two lines to 
any point, D, on the line Q(?; let AD meet qf'm E, and let BD meet 
rg in H. Then the line EH will meet AB in 0, the point through 
which the line of resistance at C pafses. For, the triangles qrQ and 
EHD are such that the lines, Eq, DQ, Hr, joining corresponding 
vertices meet in a point (are parallel), therefore, hy the well-known 
pi-operty of triangles iu pei*spective (which has been given at p. 141), 
the intersections. A, B, 0, of corresponding sides must lie on a 
right line. Hence is determined, and therefore OC, the line of 
resistance. 

The direction of R can also be found thus geometrically : — 

Since qrO is a transversal cutting the aides of a triangle AQB, we 



AO 



,«r_ 



^ pB~ 



gG_ ACci 



But A0 = AC- 



n(a + e 



ud OB = BC- 



"K-g) . 



sin(a + 0) _cosa W_ 
8!n(a'-0) eosa'V'' 
from which we get the sajne value of taoS as before. 
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5, A sphere and a cone, each resting on a Bmootli inclined j 
are placed in contact; find the position of equilibrium of the rjsI 
and the reactions of the plonea. 

Let the sphere rest 
plane OA (Fig. i7i)who88 
clinatioii to the horizc 
the cone on OB whose iudind- 
tion ia a ; let IT and W'be the 
weights of the sphere and cone. 
R the miituiil reaction between 
them, .S' the reaction of the plane 
OA on the sphere. T the re- 
action of OS on the cone, and 
let y he the eemivertical an^( 
of the cone. 

For the equilibrium of 
Bi)here we have 




i^{a+a'-y)' 






From (1) and (2) we have 



(nation which, instead of giving a position of equilibrium, givea 
a condition to he satisjied in order that equilibrium may be at all 
possible. 

It is evident that (3J is the only Btatica! equation that can be 
obtained without involving the unknown reactions. Hence, if it is 
satis&ed, every position in which the bodies are placed is one of equi' 
librium; and if it ia not satisfied, the problem must he radically 
changed, and one or other of the two bodies must rest in contact with 
both planes. Suppose the cone in contact with both planes. 

Here there are only three forces acting on the sphere, and there are 
four forces acting on the cone, viz. W', S, T, and F, the reaction of 
the plane OA, which is perpendicular to OA. R must now be 
determined from the equilihrinm of the sphere. Thus 



To determine F, consider the equilibri 
uloDg OB. Then 



-y) 

m of the cone, and resolve 



To determine the magnitude of T, resolve tlie forces ■ 
■one in the direction OA. Then 



r={r+F') 



The point N at whit- 
about for the equilihrii 

T. ON = W'h (tan y c 



r being the radius of the sphere, 

ON is obtained by aubstitut- 
ing in this equation tha values 
of T and R given above, and it 
is geometrically evident that 
the point N lies between the 
foot of the perpendicular from 
P on OB and the foot of the 
perpendicular from the int«r- 
Bection of 1" and W on OB. 

If the sphere is in contact 
with both planes, the diecussion 
proceeds in a simOar manner, 
equilibrium of the cone, T acts 
and the reactions of the pla 
If the weight of the sphi 



T acts is obtained by taking moments 
1 of the cone. We thus get 




W- 

given by (3), it is Bufficic 
contact with tbe plane 
OB ; whereas if it is less 
than this valne, the cone 
will descend. 

If the condition (3) is 
Batisfied, the reaction T 
of the plane OB on the 
cone ia easily found. For, 
let the directions of W 
and a meet in P; then 
r must act in the per- 
pendicular, PQ, from P 



the sphere are easily calculated. 
be greater than the value 



nt.ly clear that tlie sphere will descend to 



a OB, I 



Ma'-y) 




Similarly S may he found. 

6. Two blocks, AC and £C (Fig. 173), rest again 
eapports at A and B, and against each other at C ; each i 



two fixed 
acted on by 
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n given force (in addition to ita weight) j find, the lines of resistai 
at A,B,C. 

Ana. Let the resultant of the weight of tJie blotk AC 
force applied to it be the force P\ let the resultant of the weight of 
BG and the force applied to it he Q ; and let the resultant of P and Q 
'he R. Draw the line j15 ; take auy jjoint, A, on A, and draw j1 A and 
Bh, meeting P and Q in /and g, respectively. Then the line fg wiU 
urterfiect AB in 0, the point through which the line of resietBoce at ~ 
passes. Draw OC, and let it meet /* in f and G in e. Then ^Z" and 
BO are the lines of resistance at A and B. (See Eitample 4.) 

7. A numher n of equal sniooth BphereB of weight W and radius 
are placed witiiiu a hollow Tertical cylinder of racboa a, less than 2) 
open at both ends and resting on a horizontal plane. Prove tliat til 
least value, W, of the weight of the cylinder in order that it may nt 
lie ujiset by the spheres is given by 

aW'=(n-\){a-r)W, 
or a.W' = n{a-r)W, 

iiccording as m is odd or even. [Tripos, 1884.) 



inc^H 

tll6^ 



141.] System of Jointed Bars. 




>■% '7-*. 



When a system conaiats 
■a, number of rods or ban 
aiticiilated, or conn«ct«d 
together by smooth joint^ 
there will be exerted aJ 
the extremities of each r 
certain forces, or Teacliont, 
which are produced by tb^ 
connecting joints, and the 
calculation of thcdirectionf 
and magnitudes of theac 



leat-tions forms an important part of Statics as applied to tl 
constraction of framework. These reactions are sometimes calif 
xlregses, although this term is more properly applied to forces pn 
dnced by strains or deformations in a body. 

The joint connecting any two bars may be either a portic 
of one of the bars or a hinge-pin distinct from both bars, an 
the directions of the reactions at the extremities of a bar wi 
depend on the manner in which the external forces are applied, 
lict us snppose that the joints at B and C (l''ig. 174J, which 
connect the bar liC with the neig'hbonring hani, are distinct 
from BC itself, and that the forces ap])lied to the system act at-_ 
and iin the joints. Then the reactions produced at B and C 1 
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the bar BC act along this bar. For, the only forces* acting on 
the bar are the reactions of the joints £ and C, and when two 
forces keep a body in equilibrium, they must be equal and 
opposite. Kence the reactions must act along BC. Suppose, 
however, tliat the forces, still applied at the joints, act on the 
extremities of the bar BC itself, 
and let Fig. 175 represent the 
bar apart from the joints. Let 
the forces applied to it be I' and 
Q. Now the smooth joints jnuat 
produce reactions which act on 
the bar through the centres of 
the jointa (see p. Ii39). Hence 
BC is again kept in equilibrium by forces acting at its extremi- 
ties, and therefore the resultant of the forces at B must be a 
force acting in the direction BC or CB, and the resultant of 
the forces at C must be a force acting in the direction CB or 
£C. Hence the reactions produced by the joints cannot act 
along the bar, but must assume some such directions as R and A'. 

Thus, in any system of ariieitlated bars, when the. external forces 
are applied at the joints, the reactions icill be ia the directions of the 
bars only when the external forces act at the Joints on pins which 
are distinct from the bars which they connect. 

142.] Theorem. When a system of articulated bars is in 
equihbrium under the action of external forces applied at given 
points iu the bars, the statical condition of the system may be 
determined by resolving the force applied to each bar into any 
two components acting on the jointa at its extremities, and then 
representiug each joint as in equilibrium under the action of the 
components transferred to it together with reactions acting on 
it along the directions of the bars which it connects. 

Let Fig. 176 represent one of the bars detached from the 
joints at its extremities, and let Fig. 177 represent the joint 
which connected the bars AB and BC [Fig. 174}. If a force F 
is applied to BC, it is, of course, allowable to break it up into 
any two components, P and Q, acting on the bar. Let P and 
Q act on the bar at its extremities, and let R be the reaction of 
the joint at B on the bar, and S that of the joint at C. 
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bar is tliea kept in equilibrium by the forces P and .ffi at B^ and 
the forces Q and S at C. Hence the resultant of P and R must 
be a force, T, along the bni ; tbat is to aay, if the forces V anil 
Saet at any point, they produce a resultant T\ or again, if we 
reverse the directions of M and T (as in Fig. 177), the forces P 





and T are equivalent to R. 'Now the joint was kept in equi- 
libriam by the equal and opposite reactions, Ji and I^ (Fig- i??)' 
of the bai'B JiC and AB. But we have juat shown that B ia 
equivalent to the transferred component P of the force F and 
the reaction T, ecting along- CB. In the same way, S' may he 
replaced by a component of the force K (Fig. 174) acting on AB 
and a reaction acling along AB. 

We may, then, replace the external forces, K, F, ... {Fig. 174), 
which act on the bars by any system of components passing 
through the centres of the joints, and represent two equal and 
opposite reactions as acting at the extremities and in the direction 
of each bar of the system. But it must be remembered that the 
reactions thus calculated (such as T, Fig. 1 76) are not the total 
reactions at the joints, 

The reaction at the end of each liar, thttt ealctilatert, w tAe re- 
ndlant of the total reaetioa at the joint and the component of the 
force acting on th-e bar vhieh has been tranxferred to the joint. 

For example, the reaction along the bar AB is the resnltaiit 
of the total reaction, R, and the component of A' which has been 
transferred to the joint B. 

The externa! forces, F, K, ... may be each broken up into two 
components passing through the centres of the corresponding 
joints in an infinite number of ways. In the calculation of 
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reactions in framework it. iw nsua! to break each of tliem up into 
two paraile! forces. 

143.] Triangular Framework, Graphic Caloulatioa. Let 
ABC (t'ig- 17^!) !>e a t[rianf»'uUr Bvatem of bare connected by 
smooth joints ; and let given forces, P, Q, R, keeping the eyatem 
in equilibrium, be applied at given points to the bars j5C, CA, 
AB, respectively. It ia required to find the reactions at the 
joints. 

The reactions on BC at B and C must, for the equilibrium of 
this bar, meet on P. Suppose that tbey act along aC and aB. 
Similarly the reactions on AB at A and B must meet on R. 




Ibppose that they act in cA and cB. And let the reactions OC 

PC act in I A and hC. Then aBc is a right line, since ' action 
. reaction' at B are equal and opposite. Similarly cAh and 
iCa are right lines. Hence abc \s a triangle whose sides pass 
through three given points, A, B, C, and whose vertices lie on 
three concurrent lines, P, Q, R. This triangle is therefore found 
(p. 141) by taking any jwiint, r, on if ; let rA meet Q in q, and 
let rB meet B in p; let pq meet AB in z ; join 2 to C ; then zC 
meets P and Q in a and b, while bA and aB meet R in c. We 
have thus found the triangle abc. along whose sides the re- 
atitiona act. 
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Let 7|, 7,, jT,, be the magnitadee of the resctioiis at Ay JB, C. 

r, _ sinQiQ _ Ob.tanaOd ae _ <ig,08,iZ 
^^r,"'Bm JJtfO"" ft?. Bin tfOa '««■"««. Off. Q* 

T» « /fi m le .Oa ca.Ob ab . Oe 
Hence T^:T^:T^= — p- = -^ = ~g- • 

If the peipendicolarB of the triangle abe drawn firom the ver- 
ticee ^ktepufi^iPzy ^^ actual magnitade of 2\ = 



or 



208 v^#.#-i>.#-Q.#-Ji 



Pi 



, where #=4(P+Q+iZ); 



with similar valaes of T^ and f,. 

The triangle abe may be regarded as a fimicular polygon of 
the given forces P, Q, B. 

144.] Defonnable Polygon of Bars. Let a plane polygon 
of n sides be formed by j» bars rigidly joined together at their 
extremities, and let n forces, P^, P,, ... P^, in the plane of tiie 
|X>lygon, be applied, one to each bar at a given point in its length. 




Fig. 1 79. 



Then if the force and funicular polygons of the given forces are 
both closed, the figure is in equilibrium. Now let the rigidity 
be removed from the joints, and let them become perfectly free. 
The system will no longer, in general, remain in equilibrium, 
because of the restriction now imposed on the internal force 
between bar and bar — viz., that it must act through their point 
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of junction (see Art. 106). Let us suppose the polygon to remain 
in eqnilil>rium and investigate the condition for this. 

^'S- ^79 represents a polygon of five bars acted upon bj- 
forces P|, Pj, ... /*5 whose force and fimicolar polygons are closed, 

Consider the separate eqailibriom of the bar A.^^Aj.^. It is 
acted on by three forces, viz., Pj and the reactions at its ex- 
tremities. These must meet in a point, Cj^. Similarly the re- 
actionH at A^^ and A^|^ must meet in a point, Cj , on Pj ; and the 
equilibrium of the joint X„ requires that CjA^^c^ should be a 
right line, nnd that the components of Pj and Pj along it (the 
other components of these forces being along Cj J,^ and ^5-^45, 
respectively) should be equal and opposite. Producing c^ A-^^ to 
meet P^ in C^, and so on all round, we obtain a polygon 
r.y c.^ C3 C4 Cg [pj which is a funicular of the given forces. Hence 
the necessary and sufficient conilition of equilibrium of the de- 
formable polygon is that — It, is poxsilile to describe a funienlar 
polygon of the given forces whose sides all pass, in order, ihrough 
the joints of the deformahle polygon of hart. 

Analyticalexpressionmay be given to this condition by finding 
the locus of the pole of a funicular polygon two of whose sides 
pass through Ay and yi , the locus of the pole of a funicular two 



and express - 
point which is 



whose sides pass through A ^ and A^, 
ing that all these loci mtersect in a 
the pok of the funicular which 
Circnmscnbes the polygon of barp 
B\ Art 96 it is obvious that the 
locus of the pole of a funioulai 
which passes through A^^^ and 4^ 
IS a right line Oi, (I-^ig 180) 
parallel to the bar A .^A^ and 
this may otherwise be seen b* t 

the Lofangent formula of Art 36 
thus : denote the length of this 
bar (to which tlie force Pj is applied) by l"\ and denote the 
segments, l^A-^^ and ij //.,,, into which P, dix-ides it by i'.'" and' 
l;}^\ the first being that adjacent to the vertex A^^ and the 
second adjacent to A^y^. Then if is any position of the pole, 
draw 0L^ parallel to Ay/^A^y, and we easily see that OZ, is a 
J fixed line; for, in the triangle e^J^yAy^ we have 
/i cot ^1 = /^"l eot a - /J'l cot /9, 
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where a = e^ Agj fij and j3 = i\ Aj^ *i ; but a ia also the angle 
a^i Oi[, and ^ is a^oOL^, while B^ is the angle between 01^ 
and fljj flgi ; hence this cotangent formnla applied to the triangli' 

Ooi^a^, shows that OZ^ divides aj^a^, in the given ratio ^a*'':^5''', 
the fiegment next flji being projiortional to /,/^\ and that next 
fljj to /j'''. If we denote the length of (j^i a^by/ij, and take the 
line Oj, a,jj as axis of ^, and a parallel to the bar Jg; Af.^ through 
the point Uj, as axis of ai, the equation of 0/i, ia 

^ = T''''- 

If, in the same way, we take the line ii^a^a as axis of y, ami 
a parallel through a,^ to the bar J,, A.^^ as axis of x, the etiuation 
of 01^ will be 1 1^) 

where p^ is the length of dj^ag,' ^^^ 4'"' ^^ f'^i^ eegment, i^J^- 
of the bar A^2-'^^ adjacent to J,_^ made by P^. And similarly 
we have the equations of the other lines Oij, 0L^, ... . Trans- 
forming these into equations all referred to a common origin and 
axes, and expressing the condition that the co-ordinates of the 
point of intersection of any two must satisfy the equations of aJ 
the rest, we obtain « ~3 new conditions of equilibrium of s d*^ 
formable polygon formed of » bars, each acted on by an a 
force. 

The analytical conditions are, however, more rapidly ohtaini 
hy the Principle of Virtual Work. 

Thus, supposing the system to be in equilibrium, choose i 
virtual displacement in which all the vertices except Aj^ and 4 
remain at rest, i.e., let the bars A^^ jJ,.^ and A^ A.^ pivot rouj 
A^, and A^, respectively. Remembering that the point of i 
tersection, /, of .^ji -^,g with A^A^^ (produced) is the i 
taneous centre for the bar A^^A.-^, we find with no difficulty thi 
equation 

P. Pa 

yfi) ^0''' ^^ ^1 ^i" -^g.1 + rri) L^i'^' ^ -^li •'ii (^a — -^ai) 

-4(=' sin A^ sin (0.^+Ajs)] + || l^'^'l sin 6.^ sin A^^ 

the angles of the polygon being denoted by the letters at t 

vertices. 

Now J*| sin 9, is the component of 7*j normal to the bar ,ij, 
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P 
meaeured outwards from the polygon, and wA woald be the 

normal force per nnit length if the normal component of -P, were 

/ (1) 
nniformly dietributed along the bai', so that Pj fry: would be 

the total normal force over the segment ii-^jj. Denote thia 

' 71^ 

normal force over the segment d-jJ^^, measured ontwards from 
the polygon. Denote it by A'^*'*'. And, mofcovei', if <t>2 denotcB , 
the angle /^^.J^ai ^^'1® i"'^' denotes the component of P^ P^'" 
pendieular to 7j i^ measured towards the same side of this line 
as that from which 5^ is measured (i.e., the lower side oi T.,b, in 
the Figure), this equation becomes 

sin J|^ sin <\i^ sin A^ ' ' 

The same type of condition is obtained for the three bars 
jii2.ii23i-^23-^34j-^34-^45iand foi each of the » — 2 systems of three 
similarly taken in succession. 

Special cases of deformable polygons of bars are treated inde- 
pendently in the examples following, and the student may verify 
the general results typified by (a) in these particular cases. 

145.] Polygonal Framework. We shall now considera/rnMC- 
woTh of bai's connected with each other by smooth pins at their 
extremities. The framework, moreover, is supposed to contain no 
superfluous bars, i.e., it contains just so many as arc necessary to 
render its figure invariable. The principle of calculating the . 
reactions of the bars in snch a fmtnework in general will be i 
snfliciently undeistood from the discussion of the simple frame- ' 
work represented in Fig. i8i. The graphic method here used i 
is that which is usually employed in the calculation of the 
reactions in bridges ; but in such structures the bars are so 
numerous that the figures of graphic statics which apply to 
them arc extremely complicated, without, however, involving 
any more of ])rinciple than is involved in a simple framework 
consisting of only a small number of bars. 

Fig. i8i represents a framework consisting of seven bars kept 
in equilibrium by forces applied at the vertices. These forces 
must of course aatiafy the two graphic conditions of equilibrium. 
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i.e., their force and funicular polygons must both be closed. Any 
three of them — suppose P3 , P^ , Pg — may be arbitrarily assumed 
both in magnitudes and in directions ; and, in addition, we may 
assume the line of action of Pg . Then P^ and Pg are completely 



Px 




Fig. 181. 

determinate, because we can construct the resultant of P3, P^.Pt, 
(Art. 94) ; produce the line of action of Pg to meet this resultant ; 
join their point of intersection to the vertex 1, and this will be 
the line of action of P^. Hence P^ and Pg are both known. 
Having thus completely determined the external forces and 

drawn their force polygon, ^ii^ii^2z^M^u^i5 (^8*' 182), we 

proceed to represent the 
^ *»*• equilibrium of each vertex 

separately. 

Each vertex is in equi- 
librium under the action of 
the external force at it and 
the reactions in the bars 
which meet in this vertex. 
Hence.it is obvious that the 
external force is completely 




Aim 



Fig. 182. 



equivalent to these reactions reversed, and therefore that it 
might be replaced by them in the force polygon of the external 
forces. If then we choose to replace any force — say P4 , which is 
represented by a.^^ a^ — by the reversed reactions of the bars which 
meet in the vertex, 4, it is clear that the lines representing P4 



POLYGONAI: FHAMEWOEK. 



241 



and these reactions tnni-t., in Fig. 182, form & closed polygon. 
Denote this polygon by (i*,, p^). Similarly the lincBin Fifr- iSl, 
which represent P^ and the reactions in the bars which meet in 
vertex 5, must also form a closed polygon, {P^, Pg), say. And 
since one of these reactions — viz., that in the bar 45 which joins 
the vertices of P^ nnd P^ — belongs also to the previons polygon, 
(P^, p^), these two polygons must have one side in eommon. 
But in the force polygon of the external forces, the forces P^ 
and Pj iare been drawn cousecnilvelj/ , i.e., they have a point, 
flj,, in common ; hence the side common to the two polygons 
must pass through this point ; or, in other words, through the 
point of intersection of any two consecutive forces in diagram 1 83 
must be drawn a parallel to the bar which connects their vertices 
in Fig. 181 ; and, moreover, no other line can pass through this 
point, because in drawing the polygon {P^, Pf) only two forces 
are represented at each vertex, so that in this polygon we have 
P^ and the rtactioninbar 45 at the point a^^ ; and similarly only 
two forces are represented at this point in the polygon {P^, p^), 
viz., the force P,^ and the reaction just mentioned. 

Hence through eachvertex, Ojg, Aj,,... , of the force polygon of 
the external forces pass tiree and only three lines. 

But, in addition to the verticea a,;,, a.jj,.., in Fig. 18a which 
correspond to two forces in Fig. 181 and the bar joining their 
vertices, there will be other vertices, a^j , a^,^ , a^^, , through each 
of which pass also firtfe, and only three, lines, viz., lines parallel 
to the bars forming the various triangles into which the frame- 
work (Fig. 181) is divided. That is to say, through a^^^ will 
pass three lines parallel to the sides of tlie triangle 145 of 
Fig. 181. It is easy to see that the line in Fig. 182, which 
answers to the bar 45 in Fig, r8i,must pass through the point of 
intersection, 0,(5, of the lines answering to the bars 15 and 54 
(Fig. 181). For we may replace the force P^ by its two com- 
ponents along 51 and 54 ; and, imagining these components to 
act at the vertices 1 and 4, respectively, suppress altogether the 
bars 51 and 54. This would give ns fico external forces at the 
vertex 1, and also iu-o external forces at the vertex 4 ; but the 
two external forces must at each vertex be replaced by one. If 
this is done, the external force at the vertex I would, in Fig. 1 83, 
be represented in magnitude and sense by the line 0^-, flj^, and 
the external force at vertex 4 would be represented by the tine 
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(i^ "uj ; these forces would thou be consecutive in the force poly- 
gon of external forces — which would be then 0,^5 ^n't-a'ht'^us — 
and 14{Fig', 1 8 1 ) would bo the bar joining" their vertices in the 
framework. But we have joat seen that the line answering to 
the bar 14 should be drawn through the point, a^^., of inter- 
section of the two (consecutive) estenul forces acting at verticaB 
4 and 1. 

Hence, then — Through each vertex in Fig. i8a /«m» three, and 
only three, lineg, and these lineg anncer either to lioo cotueeutia 
foreet awl the lar joining their vertiee*, or to three ham fomm^ ■ 
triattgle in the framework. 

Thia removes any ambiguity which may arise in the conatnic- 
tion of the diagram representing the reactions in the framewo^ 

Thna, considering the equilibrium of the simplest vertaoea, 
viz., 5 and 3, in y\g. 181, we determine the reactions, ig^ 1^3, , antt 
045 a,,,,, in the two bars 43 and 45 which belong to the vertex 4. 
Then for the equilibrium of this vertex we draw (1,^4 <'^^a^ill^,i, 
reaching the point a^^, at which it is doubtful for a moment 
whether we are to draw a parallel to the force in the bar 42 or > 
parallel to the force in the bar 41 — which are the two remaining- 
forces acting on B. The consideration that the three lines to be 
drawn through a^^^ answer to three bars forming a triangle, and that 
since one of these lines, a^^ a^^^, already answers to bar 45 which 
belongs to the triangle 451, decides the question in favour of 
the bar 41. Thus the doubt is removed. 

The force polygon of the external forces may be drawn in 
several different ways. Indeed, if our only object is to find the 
resultant of any number of forces acting on a rigid body, ^ 
sides of the force polygon may be drawn parallel to the forces in 
any order whatever. But in the calculation of the reactions in 
the bars of a framework we must observe the rule that in draw- 
ing the force polygon of the external forces no two foreet are to 
be drawn cojuecutivelg milesa their vertices are connected by a bar. 
In other words, two consecutive forces in the force polygon cor- 
respond to two forces at the vertices connected by a bar ; but the 
eonverse does not hold — i.e., it is not true that the forces which 
. act at every two connected vertices of the framework are con- 
secutive in the force polygon. 

For example, vertices 1 and 4 are connected, but their forces 
are not consecutive in Fig. i8z. 
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The force polygon might have been eonetracted by drawing, 
in succession, lines to represent Pj, P^, P^, P^,P^. If the 
external forces are applied at given points in the bars, and not at 
the joints, they may all be replaced by components at the joints, as 
explained in Art. 142, and the calculation of the reactions which 
would thence result proceeds graphically as explained in thiK 
Article. 'ITie true reactions exerted at the extremities of each 
bar in the actual ease — -reactions which are not directed along thu 
bars — can then be found as explained in Art. 142. 

The student who is desirous of studying the force diagrauiB of systema 
of frameworks, such as thoEe which belong to Engineering and Archi- 
tecture, is recommended to study, in the first instance. Levy's Staiiqae 
6raphifj«e. An excellent work, treating very fully of the tlieory of 
reciprocal figures and their statical applications, is Tavaro's Lezioni di 
Statica Grafica (Padova, 1877). For gi'eat elaboration of the subject 
Colmann's Die GrajiMsfhe Statih mny be consulted. 

146.] Method of Separation of the Bars. Another method, 
which is often convenient in practice, consists in representing 
the bars as disjointed from each other, and replacing the reactions 
by rectangular components, parallel to chosen axes, at their ex- 
tremities. Two exumples will suffice. Four equal uniform 
bars, AB, BC, CD, and m (Fig. i «3), are connected by smooth 




s 



i 



Vi^. 'fi^. 



pins at if, C, D, and the extremities, AE, are hxed in a horizontal 
line by smooth joints ; it is required to find the position of equi- 
libriuni. 

Let a be the common inclination of AB and EI) to the horiKon, 
and ;3 that of CB and CD. 

Ijet Fig. 184 represent the bars AB ajiA.BC separated ; X^tbe 
reaction at C, which is evidently horizontal ; Xj and Y^ the com- 
ponents of the reaction at B. These components act on AB in 



i 
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directions opposite to those in which they act on BC 
let ^'^ be the weight of cadi bar, 

EesolWng vertically for the eqnilibrinm of 56', 
^1= r. 
Taking moments about C for the eqnilibriuni of BC, 

2Xj sin ^ + Jf COB ^ = 2 Ji cos /3, 
or Ji= ircot^. (2| 

Taking' moments about A for the equilibrinm of AB, 

(»^+2r,)coea = 2Xisin<., 
or, sabetitnting the values of Xj and ]', from (2) and (l), 

funo = 3 tan/3. (3) 

With this equation muet be combined the geometrical eqna- 
tion which expresses that AK is equal to the sum of the hori- 
zontal projtcfcionB of the bars. If the length of each bar is a, J 
and the distance AJ^ = <?, we have I 

c = 2 ffl {cos a + COS /3). {*) 1 

Equations (3) and (4) determine a and ,rt, and therefore the 
position of e^iuilibrium. 

GraphicallVi o and ff can be found from the intersection of t 
right line and a magnetic curve- 
When the bars are numerous, the use of a large nnmber d 
symbols, A'j, J",, A'^, ... for the components of reactions i 
tates the writing down of a large number of equations of eqiii' 
librium, many of them consistiDg- of only two terms. Heno 
a saving of symlxils and equations is easily effected by makii^ 
use of the simjile results of resolution of forces as we proceed fi 
joint t-o joint and bar to bar, so that finally we have to t 
equations of moments almost entirelj'. This process is illni 
trated in the eolut ion of the following problem. ABCS (Fig. l8j 
is a hexngon fonncd of equal bars, each of weight ff''; it i 
suspended in a vertical plane from the pin A which is fixed, i 
the hexagon is kept regular by cords connecting A with C. 1 
and E. Knd the tensions of these cords and the reactions at th< 
various joints. 

We shall assume that the jiiints are formed by pins distincj 
from the bars themselves, though this is not absolutely nectfaaiyj 
Fig. 186 represents the framework completely disjointed, s 
exhibits the separate equilibrium of each pin and bar. 



146.] 



METHOD OF SEPARATION OF THE BARS. 



245 



Considering the equilibrium of the framework, it ia kept at 
rest by two forces, viz., its weight, 6 )r, and the reaction of the 
wall in which the pia A is fixed; hence this reaction = 6W. 
Consider the separate equilibrium of the pin A. It ia at rest 
under the influence of this vertical upward reaction, the tensions, 
S, in the cords AC, AE, the tension Tin AD, and the reactions 
of the bars AB, AF, of which nothing is yet known. 





Fig. 186. 

Let A' and Y be the horizontal and vertical components of the 
reaction of the pin B on the bar AB. These reversed are the 
forces exerted on the pin B by the bar A£ ; and therefore X and 
}" are the components of reaction of the bar BC on the pin B 
(from consideration of separate equilibrium of the pin B). Ilencc 
the pin B exerts on the bar BC the components X, Y in the 
sensBB opposite to those in which these components act on AB. 
But from the equilibrium of the bar BC we see at once that 
X = 0, since BC is vertical and all the forces acting on it, 
except A", have zero momenta about C. This now enables us to 
see that ? = i ff^ by considering the equilibrium of the bar A B ; 
for if ]' ia the force acting on it at B, the force at A must be 
If— Y. and moments about either A ox B give Y = \1V. 



r 
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Ileucefortli in the figure, then, we may discard the svinhiil 1 
uud use k >f for it. 

Consider the equitibriniu of the bar £C. It is acted upon 
dowDWunlu by ff", and by ^JF at B ; therefore the pin C is 
[iroducing on it a vertical npward force = -j-^i ^'^^ no horizontal 
\'oKe. 

Consider the equilibrium of the pin C. It is actifd upon 
downwards by j H' from the bar BC, by the tenEion S, and by 
the reaction of the bar CJ), whose components muBt be 1^ 
towards the left and |ff"— i^v^S vertically up; and these last 
components reversed are those exerted by the pin C on the bar 
Cl), thp other forces keeping which in equilibrium are ff'(itB 
weight) and the reaction of the pin /^, whose components most, 
therefore, be i^S towards the left and |^ — 4 Sv^3 vertically up. 

These last reversed are the components of the force exertod; 
i.n the pin D by the bar CD. 

Finally, considering the equilibrium of the pin D, we see that 
it is acted upon by iStowards the right and S/f— J^v'S down- 
wards from the bar CJ), and (by symmetry) by iS towards th» 
left and ^IV-hS -/s downwards from the bar HE, ns well as by 
the tension T. Resolving these forces vertically, we have 

which is iiret'i^ely the name as the result obtained by considering 
the separate equilibrium of the pin J, because we have shows 
that the bar A£ exerts on it a vertical downward force = W— 
i.e., i ff^, and no horizontal force. Similarly the bar AF exert 
iff' on it vertically downwards. 

The unknown force S is found from the equilibrium of the b 
(.'D by moments about J>. from which we have 

S= }F-/l. 
and therefore T= 2W. 

Thus, then, the reaction at C on the bar CD ia wholly hori 
zontal and ^^}i}f vZ, the reaction at its end D passing; througf 
the intersection of the lines of action of this force and the wei^ 
of the bar, and being equal to \H\/7. 
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^ 1. A triangular eyttem of bars, AB, BC, and CA, freely jointed at 
r esfreraities, ia kept in equilibrium liy three forces acting on the 
pints ; determine the reactions at the ends of each bar. 

e the forces are applied directly to the joints, the reactions will 
^t along the bars. Let P, Q, H, denote the forces applied at A, B, C. 
~ Bctively; let the reactions in the eides BC, CA, AB be denoted by 

T^, 1\ ■ and let the applied forces meet in a point 0. 
' Then for the equilibrium of the joint C, we have 
T, ^ Bin ACQ ^ a.O A.emA OC 
T; ~ Bin BCO ~ b.OB. sin BOC ' 
i, b, being the sides of the triangle. 
■ But P:Q:Ji = sin BOC : sin COA : i 




■! on. Therefore 



c.OC 



If ia the centroid of the triangle, we know (p. 1 55) that 
F:Q:B = OA:OB:OC; 
' tterefore T,: T,: T,- a: b:c, 

or the reactions are proportional to the sideB. 

If is the orthocentre (or intersection of perpendiculars), 
P:Q:R = a:b:c; 
therefore 7\ : T^:T, = OA :0B: OC. 

2. A number of bars iire jointed together at their extreniitiee and 
form a polygon ; each bar ia acted upon ])erpendicularly by a force 
proportional to its length, and ail these forces emanate from a fixed 
])oint. Find the magnitudes and directions of the reactions at the 

[This problem and the following elegant method of solution are due 
to Professor Wolstenholme.] 

Let AB unit BC {Fig. 187) be any two adjacent bars of the polygon. 
and let P be the point from which emanate the forces, Pp, Pq,..., 
acting on the bars. Then the reactions at the joints A and B, acting 
on AB, must meet in a point, p, on the line of action of the force Pji. 
Draw AQ and BQ perpendicular to the reactions in the directions Aj> 
and Bp. Now since the sides of the triangle AQB are perjiendicnlar 
to three forces which are in equilibrium, and since the side AB is 
proportional to the force to which it is perpendicular, the sides AQ 
and BQ are proportional to the forces to which they are perpen- 
dicular, that i?, to the reactions at A and B, respiclively. 
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Let 5 he the point in wbich Sp intersects Pq. Then tlie forcea 
acting en the bar BC must act in the directions yff, Fq, and qC. 
Draw CQ. 

In the triangle BQC the aides BQ and BC are perpendicular and 
proportional to two of three forces in equilibrium ; tberefore CQ ii 
perpendicular and propor- 
tional to the third, that is, 
to the reaction at (7. In tha 
same way it can be ehovrit 
that the reaction at any joint 
is perpendicular and propor- 
tional to the line joining the 
joint to Q. This jioint Q is, 
therefore, a jreaction centre for 
the Eystein. It may be shown 
that the poly ffon of bars rnvM 
he vaseribable in a dreU. 
For, since the angles at A 
and B are right, the quadri- 
lateral AjiBQ is inscribable 
in a circle whose diameter is 
pQ. If at the middle point 
to AB, it will pass through the 
Mntre of the ciixle, and will, therefore, bisect Qp. But thia per- 
pendicular ia parallel to Pp ; therefore it bisects PQ in 0. AIbu, 
since the reactions at A and B are proportional to QA and QB, the 
Fame point Q must he determined by considering BC and the nest 
har, as was determined from the bars AB and BC ; conaeiiuently the 
point must he the same; and since it is evident that OB ^ OC,..., 
must be equally distant from all the vertices of the polygon, that 
he inscribable in a circle. 

The reaction centre is 
therefore constructed by join* 
ing P to the centre of the 
circumscribing circle, and pro- 
ducing PO to Q, BO that 
PO = OQ. 

3. The preceding construc- 
tion can he extended to the 
case in which the forces acting 
on the polygon are equally 
inelined, but not perpendicu- 
lar, to the sides. 

JjstAB,Ba,... ho sidesof 

the polygon, and let forcei 

piopurtional to the sides act 

in the lines Pb, Pe, ... so that 

It is required to prove that for cqailibrium the 

" ■ a circle, and to ilnd the reaction centre.' 
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I The reactioDB at A and B must meet in a point on the force in 7*6. If, 
I then, we draw at A and B lines, QA and QB, making with tlie directions 
of the reactions angles equal to LPhB, we shall have a triangle, (^A B, 
the sides of which are each equally inclined to the eorreapondijig 
force ; and, since AB 'i& proportional to the force in Pb, it fallows that 
QA and QB are proportional to the reactions at A and B. It is easy 
to prove that if through A and B any two lines, A;p and Bp, be drawn, 
meeting in a point on the right line Fh; and at A and B lines, AQ 
and BQ, be drawn making with Ap and Bp, respectively, angJes equal 
to PbB, the locua of g is a right line, ma, making Aa = Bb, and 
/jmaB ^ AmbA. Drawing the line Qd, in like manner, by making 
Cd^ Be and /.QdB = PcC, we obtain the point Q, which is the 
reaction centre. 

Now, since /J'cC = IPhB, it follows that LhPc is the supplement 
of £B ; and since LQaA = LQdB, it also follows that ijiQo. = ir-B. 
Hence the quadrilateral mPnQ is inecribable in a circle, and this 
circle must pass through 0, the point of intersection of the perpen- 
diculars to AB and BC drawn at their middle points, since AmOn is 
also the supplement of S. Hence also 

lQPO==lQnO = '^-ncC, and QO = OP. 

Again, the reactions at A and B being proportional to QA and QB, 
the same point Q must be deteimiued when BC and the next har are 
considered. Hence the point is the same. But 

OA = OB=OC = ...; 
therefore the polygon is inscribable in a circle. 

The point P being given, if the angle which the forces through it 
make with the corresponding bars varies, the locus of the reaction 
centre, Q, is a circle concentric with that round the polygon, its radius 
being OP. To construct the reaction centre, then, we describe a 
circle round as centrOj having radius OP, and draw PQ making the 
/-OPQ ^ the complement of the angle which the forces make with 
the bars. 

4. A system of heavy bars, freely articulated, is suspended from 
two fixed points, P and Q (Fig, 189); determine the magnitudes 
and directions of tlie reactions at 
the joints. 

Let the bars be denoted by 
the numbers 1, 2, 3, ..., and 
let their weights be IFj, H', , 
F,, .... Then transfer ill', 
and \ JCj to the joint connect- 
ing 1 and 2, which we shall Fig. 189. 
denote by (1, 2>. Transfei' \W^ 

and 1 W^ to the joint (2, 3) ; \ H', and ) IP", to (3, 4\ &c. Thus 
all the forces act at the joints. Let 7",, T^, T^,... be the tensions 
acting along the bai-s 1, 2, 3,... on the joints, and let ^u, iS,,, S^,... 
he the total reactions at the joints (1, 2), {2, 3), (3, 4),.... For 
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le coDEtaot hoT 
of wtch of the ti-nsionB. The lines OA, OC, OD,..- 
wiD tben be panJlel Ut tbe bars 1, 3, 4, ... und equiil 
to tlte tensioas xa them. Hence, if a be the ui(.'IiuH- 
^ ' ttoo of 3 lo the horizon, 

a&d in UiF same waj tbe inclinatioas of the otLer 
bare may be esprfssvd in terms of the inclination a. 

W 
Again tArt, 1421, tbe reaction S„ is the resultant of T.^ and— '■ 
If ' 

Hence, taking Aa ^= — - 1 Oa will be equal and parallel to S^. 



uDOB 



^miWIv. taking Bb = 



ai:dCe = -- 



I the lines Ob and Oe will 



be equal and )karallel to the reactions jS'q and S^. The tangent uf 



Hm angle Rtade br 



L 



, with the horizon — -^ = " ' ■ tan n. 

Similarly for the direi-tions of tie other reactions. 

If the wi-ights of the kire are all equal, the tangents of the inctinu- 
tlons of tbe cui'cessive bars are tana, 2tana, 3tana,... and llie 
laiigents of the iuelinittious of the reactions are ^ tan a, 3 tan a. 
I tauo,.. . 

5. A rectangular frame, ABCD, consists of four bars, whose weights 
arc negligible, freely joiuted at their extremities, the bar AD being 
completely fixed in a vertical position, AB Iwing the upper and CD 
the lower bar. If a load JKis placed at a given point, P, on AR. 
^¥hile the rectangular figure is preserved by a cord connecting the 
joints A and C, find the tensioa of this cord and the stresses in the 
bars. If the load W is transferred to the point on CD vertically under 
P, prove that the tension is unaltered, and find the atresses. (Sclu^T- 
skip ExamtTtation, Cambridge, 1886.) 

Am. l^AP = x,AB = a, BC = b, AC = c. we have the tens 
^W —r- In the first case tbe stress in BC consists of pressure 

e equal to IT ^ ■ In the second 



to W 

if tlie bars 



and in C/> of t 



are connected by p 
in AiS or BO, while the acl 
tension of the cord. 

6. Six equal uniform bars, freely articulated at their extremiliM 



s distinct from them, there 
in of the pin C on the bar 
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form a hexagon ABCDEP (Fig. igr). The bar ED is fixed in a, 

hovizontiil poaition, autl its middle point is connected hy a string with 

the middle point of the lowest bar, AB, in such 

a manutr that the bars hang iu the form of a ~ ~ 

regular hexagon. Find, by a force-diagram, the 

tension of the string and tho magnitudes and 

directions of the reactions at B and C. 

Ans. If W is tlie weight of each bar, the 
tension of the string ^= 3 IK; the reaction at 

C is horizontal, 

^ = (r A / Yo ' ^""^ maltes with the horizon an aufile whose tangent 

= 2^/3. 

7. Prove that the reaction centre for the bar BC is the intersection 
of a perpendicular to BC at C with, the line joining the middle points 
of ^B and .Bt'. 

a. Three bars, fi-eely articulated, form a triangle ABC, the oentru 
of whose inscribed circle ia 0. Each bar is acted on hy a force 
jiassing Ihrough 0, proportional to the sine of half the angle sub- 
tended by the bar at 0, and bisecting this angle. Prove that the 
reaction at A makea with OA an angle whose tangent is 

. A 
an — 

cos -g- COS 2 

{This is a direct example of the Theorem of Art. 1 42.) 

9. AB (Fig. 192) '\e a rigid bar whose weight is neglected £xed at 
one extremity, A, by a smooth joint ; CD is another such bar fixed at 
C by a smooth joint, which ia vertically below A, and jointed to AB 
at D. From B a mass of weight, P, is suspended j find the magnitudes 
and directions of the reactions at the joints. 

Ana. The reactions at C and D are along CD, and each 

= /* - — ■ - - ; the reaction at A ia w A0,0 being the intersection 
of CD produced with the vertical thro 

_ •/AB'.AD^-'tAC'.BJ)^ 

~ ' ACAD 

10. In example 6, if the bars BC and 
CD, AF and FE, are replaced by any bars 
all equally inclined to the horizon, Khow 
Ihat I he reactions at C and J" will still be 
horizontal. 

[One simple proof of this is obtained by 
taking moments about £ for the equilibrium 
of BC. and about D for the equilibrium of CD. It follows then that 
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S aadAootiMlinttofM 



aof thenMliai 



the perpendtcaUra &uiii / 

»t C are «i]tisL] I 

1 1. Two DniforiD hexrj bftn kre freely jointed «t « conunon ei- 
tremitj, awl u« fixed at ttteie odier extremities to 
C two sBooth joinb in ft Toitesl line ; Gad the re- 

actJOBa At the jtHBta. 

Jh5. Let G (Fig. 193) be tlie centre of gravity 
of tLe btLTS, m and n their middle point?. It foDoiri, 
by taking moments atwot .1 uid C for the equi- 
libriom of the bars separately, that the Begmenti of 
AC made by the line of the reaction at B are pto- 
portiunal to the welghta of th« bars. Hence, faking 
ny ^ ihG, ibi: reaction acts la the lioe yB. ~ 
i at -1 and C art, therefore, in , 



Rfti93- 



M S= \w- 



Hence the i 



: J. B, 



Aij and Cg. 
and the k- 
and C ure 



If IT is the w«i^ht of A£, the 
actitm st J = I W- — 
proport tonal to yA, gB, and gC. 

12. Five eqofll bars, each of length a, are hinged together and 
placed on a smooth horizontal table, one of the angular points being 
joined to the two opposite vertices by two equal str'nga of leneth 2c: 
horizontal forces, each eqoal to P, act at the middle points of ail iht 
roda in an oatward direction peipendjcular to theoi ; find iLe teufioui 
of the strings, and show that the stresa at each of the joints where 
there is no stnng is parallel to the nearest etring, and equal to 



{THpo», 1887.) 

Ant. Let A, B, C, t), B, be the vertices, A being connected with 
C and /> ; let LACD = a, lACB = P; if Tia the tension of eadi 
string, we have 

2-= —J /•(coseca + 2cOBec^ + 4Bmp), 
wliicli allows that strings will not suffice, so that A must be connected 
with C and JD by barg. 

The nicst simple way uf seeing that the stress at B is paiidiel to 
AC is to consider the separate equilibrium of the bar^fandtuke 
moments alwut A. The moment of the sti-efs abunt A is equal to 
\ Pa. Again, consider the separate equilibrium of the bar JSC, and 
take moments about C. The moment of the stress at £ about C is 
again J Pa, so that the perpendiculars on its line of action from A 
and C are eqaal, .'.it acta in a line parallel to JC; whence ils , 
magnitude follows at 

13. Six burs of equal lengths and weights are freely jointed togl 
at their extremities and form a he.iagou which is hung vertically & 
one eorner; the two middle rods are connected by a horisou^ 1 
wbo^e weight is negligible. Show that if this bar is so attached (T 
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the two middle barB rest vertically, the ratio of the Begmente into 
which it divides theiu ia 5:1, no matter what the figure of the 
hexagon is. If the horizontal bar has weight equal to that of each 
bur, the ratiu is 6 : 1. Find the longitudinal stress in the connecting 

Ant. If 20 ia the angle at the fixed comer, the compressive strena 
ia, in the firat case, SH'tanfl; and, in the second, J IT tan 0. 

14. The regular hexagon of bare in examplu 6 reeta in a vortical 
plane, the bur AS being fixed in a horizontal poaition, and the joints 
F and are connected hy a string ; iiud the tenaioa of the string, and 
the reactions acting on the har FE at its extremitieH. 

Ans. The tension = F-/3'( IT being the weight of each bar); 

the reaction at £ ^ — a / - , and it makes with FE sin"' J a / = ; 

the reaclion at /*= -5- A/ ^ . i"id it makes with FE sin"' | 

1 5, Four equal uniform heavy bars, freely jointed together at their 
extremitiea, form a tqnare, ABGD; the joint A ia fixed, while the 
diagonally opposite joints B and D are connected by a string, and the 
whole ajatem rests in a Tertical plane, the string being horizontal ; 
find the tension of the string and the magnitudes and directions of 
the reactions on the bars at A, B, and C. 

Ann. The tension = 2 ir; the reaction at C 19 horizontal and 
:= \W; the reaction on the bar SC at 5 makea with the vertical tan"' J. 

and = ^y ~iry the reaction on AB &t B makes with the vertical tan '§, 
Q Ap at A intersects t!ie line BD 



at a distance \ BD from B, and ia equal to 4 W. 

16. Two uniform heavy bars, AB and BC, connected by a smooth 
joint at B, rest each on a smooth verlical prop, the props being of the 
same height; find the position of equilibrium, ABC being horizontal. 

Arts. If H' and 2 o are the weight and length oi AB, H" and 26 
the weight and lengtli of BO, c the distance between the props ; then 
X, the distance of the middle point of AD fi-om the corresponding 
prop, i» given by the equation 
( tr+ H") ar" + [( »'+ r){e-a)- B"(a + 6)] 3T- TT'o (c- ., -6) = 0. 

17. Two bars, AC, CB, connected together by a smooth horizontal 
axis at (7, rest with their extremities A and B on a horizontal plane, 
a tight cord, AD, being uttached to one bar at A and to the other at 
any point, D, in ita length ; determine the line of resistance at C, and 
show that if the point D is made to vary along CB, the point of 
intersection of the line DA and the fine of resiatance will describe 
a giyen vertical line. 

(Let W be the weight of AC, and let the line of action of W meet 
AB in m ; let M" be the weight of BO and let its line of action meet 
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take BQch that -;— = ^^ — j then OC is the line of 



Let AD meet the vertical at 5 in Q 

, eo _1 ■ 

W.A-, 
Ab D varies, thia nitig \a constant. The resistance is least when 
is at B.) 

18. AJiC is 8(1 isosceles triangular framework of heavy bars joint 
together nt the vertices, the equal sides are A C ami BC ; the extremiti 
A and B rest on two smooth vertical pillars of equal height, t 
plane of the tnimgle beiug vertical ; a mass P is suspended fn 
the joint C ; find the reactions ut the joints. 

Am. Let F = weijiht of Jf ^weight of BC ; a = lCAi 
then the reaction on j^C" at C mokes with AC an angle 6 snch tli 

TTsinacosa 
tan 6 = — — -^, ~ , the horizontal and vertical coniponenls of ti 

reaction Wing, respectively, J(/'+ir)cota and J P. The reactia 
between the bars AC and AB has for horizontal and vertical r 
ponente, respectively, i (^ + IT) cot a and TF+ ^ F. 

19. Three uniform burs, AB, BC, CD, freely jointed at fi and 
are attached by smooth hinges to two points A and £> i 
horizontal line, the lengths oi AB and CD being equal; a fonrt 
uniform bur, £F, reals Imiizontally against AB a.t E and against C6 
at F; find the reactions at the joints and hinges. 

Ang. heta^lDAB; AB = CD = 2a; BG=2b; EF=2t, 
P = v eiffht of AB = -weight oi CD; Q = weight of .B(7 ; B' = wrigM 
of EP. Then the horiitontal component of reaction at A 

= ~ i^^^-""'') -Kf + e)cota; 

vertical component of reaction at A ^ P+i{Q+ W) ; horizontal 
ponent at .B = J IP tan a — (previous horizontal component) ; ver 
component at B = \Q. 

20. A plane polygon is formed of bars jointed together at theil 
extremities, and forces are applied at the joints ; show that ther* 
is one and only one set of equilibrating forces meeting in a poin 
which will cause given stresses in tliree telected bars, {Tripot, 1888. 

(Since the polygon is a funicular of the forces, the point of int«*; 
section of any two sides lies on the resultaot of the intermediate forcet; 
If the stresses in tlie two sides are given, the resultant of the int^^ 
mediate forces is given in magnitude and line of action. Similnflj 
for one of these aides and any other ; and all the forces are given 
concurrent.) 

21. A BCD is a jointed quadrilateral at rest under two pwrs of 
equal and oppoait* forces, viz., P, P applied to the sides AB and CD, 
and Q, Q applied to the sides AD and BO. If the reactions at tbe 
opposite joints are parallel to each other, prove that they are pro- 
portional to the sides of the parallelogram along which they act, ami 
that the applied forces, P, Q, are proportional to its diagonals. 



r 
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22. A quadrilateral, ABGDy of bars freely jointed together at their 
extremities is to be held in equiUbrium in a given figure by four 
forces, Pj, Pg, Pj, P^, each of which is to be applied to a side of the 
quadrilateral. If the forces P^ and Pj, applied to the sides AB and 
BCj respectively, be completely given, show that the reactions at all 
the joints except D are completely given, and find to what extent the 
remaining two forces, P„ P„ are arbitrary. 

Ans, The remaining forces may have any. magnitudes whatever, 
provided that their arithmetical sum is greater than the magnitude of 
the resultant of P^ and Pg ; but, once the magnitudes of Pg and P, 
are assumed, their lines of action are determined, and so, of course, is 
the reaction at the joint D. (Consider Fig. 180.) 



CHAPTER X. 

EQTTI.IBnmi OF ROUGH BODOS CKDiai THE TSFLVEyCE OF 
FORCES IS OXE FLASE. 

147.] Criterion of the exlBteiice of Friction. Vte have 
already Itemed to regard Friction as a pa»«lve re»Uianee; and 
every piissive resistance eomea into existence for the purpose (rf 
prCTenting some motion. Thus, the normal reaction of a snrfaee 
on a body in contact with it comes into existence for the pnr- 
pose of preventing the body from penetrating the surface at the 
[>oint of contact ; and if the ci^cums^ances of the case were so 
ananged that there was no tendency to this penetration, the 
magnitude of the force (normal resistance) required to prevent 
this motion would be zero. 

Friction comes into existence for the purpose of preventuig 
a cerlain motion — motion in the tangent plane — of a body resting 
against a rough surface. If the circumstances in any case of 
two rough bodies in contact are such that there is no tendency 
to slip at their point of contact, the force required t-o prevent 
this motion (friction) will not come into existence. 

Generally, in the case of all passive resistances, if there 
tendfttcg to the digplacement ic/iicA a jMuxive renstance i» reqiiireii 
to prevent, this force vUl not come into play. 

Hence in many cases of contact between rough bodies th« 
conditions and circumstances are exactly the same as if the 
bodies were smooth ; and to find whether in the contact of 
two bodies friction acts or not — imagine tiat tie bodie* 
smooth at their point of conflict, atfl if no displacement voiild rerelt 
from this sujipoieif ion, friction doetnoi come into play at that point. 

In illustration of this consider the problem in Example 36, 
p. 174. How would the circumstances be altered if the peg Q 
were rough ? 

The peg being rough, let it bo imagined to become smootb, 
and what motion occurs ? Clearly none, supposing the board l" 
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be rigid. Hence as there is no tendency of the side AB to slip 
over the peg, there is no friction called into play, and the case is 
the same as if the peg were smooth. But if the hoard is not 
rigid, the forces acting can bend ita fibres and elongate or 
contract them ; and if we imagine the peg to become smooth, 
it is possible that (even a very slight) slipping might ensue at 
the peg, and as this slipping is prevented by the roughness, the 
force of friction really acts ia the ease, and the pressnre on the 
hinge is modified by the assumption of smoothness at the peg. 

However, even when the board is elastic, it is possible that no 
friction is called into play, as will be explained in Art. 154 

Kankinc's hint that friction is of the nature of shearing stress 
has been already pointed out. 

148.] The Gone of rriction. The essential characteristic of 
a smooth suriace is tliat it is capable of 
resisting in a normal direction only. If 
two rough surfaces are in contact, their 
mutna! reaction is not constrained to 
assume a direction normal to the sur- 
face of contact. Each surface is capable 
of offering resistance to the other in any 
direction which does not make with the Fig, 194. 

normal to the surface of contact an angle 

exceeding a certain magnitude. Thus (Fig, 1 94), let two rough 
bodies, A and B, be in contact at any point, f , and let FN be 
the normal to the surface of contact. 

Let A denote the greatest angle that the total resistance at P 

can make with FN, or, in other words, the greatest obliquity of 

the mutual reaction; then, describing round FN v. right cone, 

CQI), whose semivextical angle, NPD, is equal to A, this cone ia 

called the cone of friction, and the total resistance at P can act 

in any direction whatever included within this cone. This 

angle A is what we have called in Chap. Ill the anple offriciiou, 

and its tangent is the twfficieaf. of f notion for the two surfaces 

considered. For, if N denote the normal pressure between 

them at P, and F the force of friction (which acts in the 

common tangent plane), it is clear that when the resultant of 

N and F acts along any generator, FI)^ of the cone, we have 

F 

^ = tan NPI) = ton A, 




I 
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so that tan X is the greatest ratio of the force of friction to tfie 
Dormal pres^tire. This qaantity we have called ft. 

If a rij^d rod, M (p. 52), of negligrihie weig-ht, be pressed 
apaiast a roii^h surface at 0, the greatest angle that the rod 
can make with the normal is the angle of friction. For, since 
the rod is acted on by only two forces, viz., the applied pressnre 
and the' total resi^ance at 0, these mast l>e efjual and opposite, 
that is along the rod. Hence the greatest obliquity of the rod 
to the normal is A. 

If the resistoace to slipping is not the same in difierent 
azimuthe, i. e., if it is different in different planes through the 
normal, the value of X will not be the same in all these planes, 
and the cone of friction will not be a right circular cone. 

149.] Axiomatic IJaw of Friction. We have said that the 
total resistance of a rigid surface is a force which can assume 
any magnitude. This force will in any given case be exerted 
by the surface to such an extent as is necessary to preserve equi- 
librium, hnt to no greater extent. It is in its nature a pasme 
fgsigtanee, i.e., one which can be exerted to any extent, bnt 
which will not be exerted beyond the bare requirements of the 
case. Within certain limits, also, it can assame any directioitt« 
and in any given ease it will, if possible, assume such a directia 
as will j)reserve equilibrium. In fact, in virtue of ita jMsm 
nature, we must regard the resistance of a rough surface as a 
opposition called into e:detence by the action of external 
forces ; and it is evident that these forces will call into play 
only that amount of opposing force, exact both in niagnitudft — 
and in direction, which will just counteract their own action. 

The amount of assumption contained in this principl 
enunciated in the following axiom ; — 

T/ie to/al resittance wkiek acts at any point of a rough gurfaix 
will, if j}o»»ible, attume »ueh a magnittide and direction as viU 
preserve equilibrium at that point. 

This axiom is sometimes expressed thus ; — If passive remCaM 
can give eqidlibrium, th^ vnll. 

150.] Bemarka on this Axiom. Two important observati<d 
must be made on the principles contained in this axioBk 
P'irstly, it is important to understand the circumstances whidf 
may render it impossible for the resistances of rough surfaces fc 
preserve the equilibrium of a system in any given poaitii 
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Suppose that a body, acted on ty given external forces, ie in 
contact with a rough Burfaee at a single point, P. Then, for 
equilibrium, it is necessary that the resultant of the given 
external forces should paBs through P, and that the total re- 
sistance at P should be equal and opposite to this resultant. 
But if the direction of the resultant makes with the normal 
to the surface of contact at P an angle > A, it is impossible that 
the total resistance could take the required direction, and equi- 
librium cannot subsist. 

Again, take the case in which a heavy beam, AB (I'ig. 195). 
rests against a rough horizontal and 
an equally rough vertical plane. 
Describe round the normals to the 
planes at A and B the cones of 
friction, and let the sections of 
these cones by the plane of the 
figure be rA» and pBs. Let 6 be 
the centre of gravity of the beam, 
and GV the vertical line through it. 

Then the beam, if in eqnilibrinm, is so under the action of 
tbree forces, namely, the weight through G and the total 
resistances at A and B. These three forces must meet in a 
point, and if it be possible to find a point in which they can 
meet, the resistances will assume proper values. Now, in the 
figure it is impossible to find any i>oint on GV, the line of action 
of the weight, the lines drawn from which to A and B could be 
directions of possible resistance at iotfi A and B. For the 
portion of GV which is inside the cone of fiiction at B is 
outside the cone of friction at A, and vice verm. Hence, for 
equilibrium, iAere must be some portim of the line GV included in 
tie apace pqrs, common, to ioth cone* of friction. 

Unless this condition is satisfied, it is not possible for the 
total resistances to give equilibrium, whatever their magnitudes 
may be. A possible position of equilibrium is represented in 
Mg. 196. For, if from any point on the portion, wn, of GV, 
which is included in the space common to both cones of friction, 
lines be drawn to A and B, these lines are possible directions of 
total resistance at A and B ; and in this caee the actual magni- 
tudes and directions of the resistances at A and J5 cannot be 
determined by what is called Rational Statics. 
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w€ moBt BialQe tiie Ttitieml thnngli 6 jmm thraagh r, as in 
Vig. 197. 

In tbk tarn there is oqIt one pabit on GF^whidi is inside 
bodi ecwes of fiictioii, viz^ tbe point r. Hcnee the totd le- 
rirtanffs act in rJ snd rB, and cadi makes tho limiiing ai^ 
(A) with the eoRc^oodiiig nonnaL Morcofv, botii xeaistaiioeB 
are now determinate. If tf be the angle made hy the beam 
with the horizon, we haTe, from the triangle ArB^ 

2 cot rGB = cot ArG --cot BrG, 
2 tan d = cot A — tan A. 



or 



which defines the position of limiting eqidlibriiun. 

It may, therefore, in certain cases be impossible for the total 
resistance at one or more ]>oints to preserve equilibrium ; and 
this impossibilitY is always due to something in the arrangement 
of the figure or the external forces which requires the direction 
of the resistance to make with the normal to the surface of 
contact an angle > the angle of friction. 

Again, in the axiom is contained the following important 
proposition : — 

If a body regf^ againH a rough stirface at a poini^ and if the 
equilibrium is about to be broken by some change in the acting forcen. 
equilibrium at that point will, if possible, be broken by a roOing 
instead of a sliding motion. 
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, in this case, the point of the body actitally in cont«ct 
ii the surface would be kept at refit. This port of the axiom 
imes stated thus— Tjr" a body ea% roll, it Ki/l n>//, in 
^ere*ee to tiippii^. Exactly the same considerations as before 
tennine the possibility- or impossibility of the itOling; motion. 
1 a motion will always take place if it docs not reqnire the 
1 resistance to make with the normal to the surface of con- 
t an angle > A, 
' For example, let us discuss the following problem : — 
[ A ieaey culiieal block reits oh a rough 
rizonfal plaue, ami a siring attached to 
e viiddle of oue of the upper edges pa»»e» 
a emooth pvlley, and sustaix* a 
\t Khieh it gradttally increased. Find 
n^Ae nature of (he initial molion of the 
block, the stti^ and the vertical fhronyh 
the centre of gravity of the Uoek being in Fig. tijS, 

the same tertical plane. 

Let ABC (Fig. 198) be the vertical plane in wliifh ikll thu 
forces act; CO the line of the string, interstcLiiiif the 
vertical through the centre of gravity of the block in ; P the 
weight of the suspended mass, and /^the weight of the block. 
(Since the length of the string is immaterial, no linear magni- 
tude can enter into the result, therefore the side of the block 
need not be known.) 

Now in all such cases as this, it is neceasaiy to uIikcj'vo thf 
following rules : — 

1. Write down the motions of the system whicli mvc h'V- 
metrically possible. 

2. Exclude those which would obviously violate any of tlio 
fundamental rules of Statics. 

3. If there remain possible cases of slipping and rolling («i' 
tuniinff over), solve the problem on the supposition (liat «|ui- 
libnum is broken in the latter way, and if tbia docM not re(]iiin) 
too great a value of the angle of friction, equilibrium will bo 
broken in this way. 

In the present case, the following motions are geomi4iirally 
possible : — 

(a) The block may be lifted vertically off the plane. 
[fi) It may turn round the edge A. 
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(y) It may elide in tte direction AB. 

(6) It may turn round the edge B. 

Now (q) is obviously excluded, becaaae if the block is just mm 
of contact with the horizoota! plane, it is acted on by only twtl 
forces, namely, its own weight and the tension of the string. 1 
But sinee these cannot be equal and opposite, equilibrium c 
be broken in this way. 

Suppose (/3) to happen. Then the total resistance of tbe pl» 
passes through A and through 0. But it is impoi 
three forces acting in the directions of JO, OC, and OW ood| 
be in etiuilibrium. Hence (rf) is excluded. 

The cases (y) and (S) remain. Now in vii-tue of the principle 
if (S) is possible, it will happen. Solve, then, on the auppositi 
that tbe block turns round B. It is then kept in equilibriia 
by its weight, the tension, and the total resistance which mofl 
act in BO. If the LCBQ is less than A, the angle of frictiol 
tiie block will turn round B\ but if Ci?0>\, this motion j 
impossible, and slipping must take place in the direction AH. 

To express this analytically, let fl lie the angle made with thl 
horizon by the string 06', and let fall from a perpendicular <i. 
BC meeting BC in p. Then 



tan CBO = ^ = 



Op 



■ BC—OpA&ne 2 — tanfl 



2-tanfl 



, the block c 



Hence if /i (or tan A) be > 

B, and will do so if P is gradually increased. 

Tbe magnitude of P which will just cause the tilting of thj 
block is found by taking momenta about B. We evidend] 
obtain p —^ \ jf'^ 

SupiKJse that CBO>\, or that fi< - — - — ^- Then the i 

crease of P will produce a sliding motion, and we can easily fim 
the magnitude and point of application of the total resistance 
the plane. Now since CBO>k, the ]>oint, M, of application o 
the total resistance of the plane, is found by drawing from ( 
line CM making with the normal to the plane nn angle = 
Tlio point 31 lies between B and the point in which the vert 
through cuts AB. P can then be determined either by taki 
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*3DomeBta about M, or by resolving vertically and hoi 
iteaolving vertically, we have, 

BcosK= W'-PsmO; 
resolving horizontally, 

Rsink = P cos 6 ; 
-P cos fl )lW 



A 



/f— Pfiinfl ' cos0 + nBin0 

Tbe direction of the string might be so modified as to render 
possible either a sliding in the direction BA or a tilting over A. 
llius, in Fig. 199, if the line of the string intersect the lire 
of action of the weight in a point, 0, below the horizontal plane, 
tbe two motions possible are evidently one of slipping in the 
direction AB and one of tilting over the edge A. The latter 
will take place if it can. If it does, the total resistance mast 
act in the line OA, and for this the angle DAE must be <\. 
But if BAR is > A, the block will slip in 
the direction AB, since the horizontal 
component of the tension acts in this 
sense. The condition for tilting over A is 
now evidently 

1 
'' ^ tan S - 2 ■ 
The values of P corresponding to both 
kinds of motion are calculated aa before. 

151.] Limiting FositiotiB of Eqni- 
litrium. When a body rests in contact 

with any mimher of rough snrfaces at several points, the 
eqnilibrium is said to be limifing if a slight alteration of a 
definite kind in the circumstances of the body would cause 
the equilibrium to be broken. The slight alteration referred 
to depends on the nature of the particular problem of equilibrium. 
Ae has been explained in p. 72, everj- statical problem relating 
to the equilibrium of a body is altvays one or other of the three 
following : — 

(a) What 18 the least force that will sustain a body in a given 
position on given surfaces, or the greatest force that will allow 
it to rest in such a position ? 

[b) With given forces and given sapporting Kurfaces, what is 
the position of equilibrium such that if this jiosition be slightly 
altered, the body will not rest ? 



"\ 








A 


\ 








0^ 








w 





] 



264 EuUtLiBEim OF BOCUH BODIES. [152. 

(r) Vfith. given £>rces, what is the ks^t uooont of roogbnea 
of the sariace or snr^ces wliich will allow the body to rest in 
given pijeitioii ? 

Thns in Tig. 198 of the last Article, sDppoein^ that l.be 
angle CBO<\. the eqaHihriam of the bkck will be limiting 
if i' = Iff" sec tf ; for if P is slightly increased above this value. 
the blo^ wOI tom oti^t B. 

Again, ia Fig. 19; of the same Article, sappoeing- the question 
to relate to the position of et^oilifaiiiiin, the beam -i£ will be 
in limiting equilibrium if it:^ inieltnation to the horizon be 

z= tan^' ( )i becaose if it be slightly lowered below this 

posit ioti, it will slip. 

Finally, if in the same fignre we wish the beam to be sn 
tained at any inclination a to the horizon between the eqtiaD 
rongh vertical and horizontal planes, the equilibriom will t 

limiting if the angle of friction =.■- — -, because, if it be la 

than this, the beam «ill ^lip. 

15:2.] ComparatiTe Safety of Eqmlibrlaia of a System ■ 
different Points. When in a system in equilibrium the dired 
tions of the total resistances at the various points of conta4 
with rough surfaces are known, we are enabled to say at whid 
of the points slipping is most likely to happen in case e 
the ciicnm stances should be altered. 

This will be rendered clear by the following examples, taken 
from Jellett's "Theory of Friction," p. 61 : — 

Two uniform beams, AC and BC, connected at C bv a smoc 
hinge, arc placed, in a vertical plane, with their lower < 
tremities, A and B, resting on a rough horizontal plane, 
equilibrium be on the point of being broken, determine how thl 
will happen. 

Fig. 170, example 4, p, 228, will represent the beams if tb 
hinges at A and B are conceived to be removed and these point 
rest on the ground. Then, exactly as in that example, I 
direction of the mutual resistance at C is determined. Sapposin) 
AC to be the longer Warn, it is clear that the angle which t 
total resistance, AQ, at A makes with the normal to the snrfaei 
of contact (i. e,, to the ground) is greater than the ang 
which the total resistance BQ makes with the normal at J 
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Now All — A-}. 
AB, we have 



Similaxly 



tan AQii 

tan BQ>i 

; and if 2a 



2 4, 2e, are the sides BC, OA, 






COS ;3) 



_(^^ + 2^i)cQaa + ^''cosg 
(a^ + 2a&)coafi + i^ c ob n 



therefore 
But since 



An—Bn = 



.(rasa- 



JC'>56', cosa> cos^, therefore -J»> 
Ilenee the angle AQn>BQii ; that ia, the total resistance at A 
inalies with tte normal at A an ang-le greater than that made by 
the total resistance at B with the normal at B. Consequently, 
if any eircumstance should continually diminish the angle of 
friction (which is supposed to he the same for both beams) the 
total vesistance at A would be the first to attain its limiting 
obliquity to the normal, and slipping would then take place at A 
in the direction BA, while the beam BC wonld torn round B. 

We might inquire which of the beams will first slip if they 
iire drawn out bo as to increase the angle C, and the same result 
will follow, since for any given position of the beams the direc- 
tions of all the resistances are determinate. In each case the 
angle AQn must be the first to 
reach the value A, and therefore the 
longer beam, AC, must sbp first. 

The result may also be expressed 
thus — in any given position of rest, 
equilibrium is more safe at B than 
at A. 

There are also esises in which the 
comparative safety of equiUhrium 
can be determined, although the Pjg ^ao. 

directions of total resistance are not 

completely determinate at ail the points at contact. For example 
— two unequal cylinders rest on the ground at given points, A 
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and B (Kg- 200), while a third cylinder rests on them at jwint* 
f and q. 

Supposing^ either that there is a gradual diminution of the 
coefficient of friction (which is the same at all the points o 
contact}, or that the lower cylinders are gradually drawn aeund^ 
determine the nature of the initial motion of the eystem. 

Denote the cylinders hy the letters at their centres. The 
the cylinder I) is kept in equilibrium by three forces — namel| 
jst, its weight, which acts through A; and, the total resist 
of the ground, which also acts through A; and 3rd, the toti 
resistance of the cylinder C at/. Now, since the first two force 
act through A, the third must also pass through this poin^ 
Hence the total resistance at p acts in the lineyi.-/, and therefoo 
the total resistance of the ground at A must take some inteP 
mediate (but unknown) direction, AR. In the same way, th 
total resistance at q is proved to act in the line qB, and the tota 
resistance of the ground at B must act in some direction, Bt 
intermediate to BE and Bq. The resistances in Ap and Bq b 
jw and q meet in a point, P, on the circumference of the npp< 
cylinder. 

Now the comparative safety of equilibrium at the difTercB 
points of contact. A, B, p, q, will depend on the angles made 1:^ 
the total resistances at these points with the normaJa to th 
surfaces of contact ; and it is manifest that since the angl 
ItAp > BAH and BpA = I)Ap, the total resistance at jj makes 1 
greater angle with the normal, 1)C, to the surface of contttO 
than that which the total resistance at A makes with the norma 
AB. Hence equilibrium is safer at A than at p. For a sjtniltf 
reason, equilibrium is safer at B than at q. Consequently th 
final comparison is to be made between the points p and q. Nm 
the line pq can be proved by geometry to pass through the poit 
in which i"/* intersects BA ; and supposing the radius BE>Al 
this point will be at the left-hand side of the figure. Let a 
the acute angle which pq makes with the ground. Then, since i 
the triangle pCq the base angles at jO and q are equal, it is easy t 
see that IqCW- IpCif = 2a, or qCW>pCW. But the angJ 
which the total resistance at q makes with the normal qC\s \ qCIf 
and the angle which the total resistance at p makes with tl 
normal ^C is \pGW; therefore if the friction were gradually m 
uniformly diminished eveiywhere, or the cylinders drawn oafc, ti 
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B at J wonld reach its limiting obliquity before that at p. 
tence the initial motion will be a slipping of the cylinders C 
m at the point j, and a motion of rotation at the other points 
If contact. 

5.] Virtual Work of the Total Beaistance. Suppose one 
I body to roll on another fixed one through a small angle 
e magnitude is regai-ded as an infinitesimal of the first 
, Then, neglecting infinitesimalB of a higher order, the 
int of the rolling surface in contact with the other surface is 
t during the displacement — that is, the virtual displacement 
s point of application of the total resistance between the 
■ bodies is zero. Hence for a virtual displacement which 
isifits of a small rolling motion of one rough body on another, 
! total resistance will not enter into the equation of virtual 
jrt of eider body. Of course in no case can the mutual action 
y rigid bodies in contact enter into an equation of virtual 
Brk for boik bodies. 
I Tt is a principle in Kinetics that in a motion of pure rolling 
fa body on a rough fixed surface no work is done between any 
Sro positions by the total resistance — a principle which the 
student will have no difficulty in comprehending, since for each 
small motion the work done by this force is infinitesimal com- 
pared with the work done by other forces acting on the body, 

154.] Friction ae dependent on Initial Arrangemonts. In 
dealing with natural solids, and not with strictly rigid or 
indeformahle bodies, the existence or non-existence of friction 
sometimes depends on the way in which a body or system has 
been placed in the position which we are considering. This will 
be made clear by the following example. A heavy trap door (or 
a bar), AH, Fig. 132, p. 166, moveable about a fixed horizontal 
axis at A, has a rope attached at £, and this rope is also attached 
to any fixed point C ; determine the pressure on the axis A. 

The line of action of the pressure must, of course, go through 
0, the point of meeting of the other two forces, but beyond this 
we know nothing about it until we know the natiue of the axis. 
If the axis is smooth, or if it is rough but so worn that the 
contact of the door with it takes place along a single line, the 
action between the door and the axis will consist of a foree 
passing through the axis, oa has been amply explained in Art. lOG. 
But if the axis is rough and contact takes place all round it, the 
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line of action of the resultant force is not ^nerally iletenninali?. 
However, even in this case this resultant force may pass throtigli 
the axis. The asis being rough, let us imagine it to become 
smooth, and what motion results ? The rope, being slightly 
extensible, would yield a little, and slipping would take pW 
over a smalt surface at the axis ; so that the supposition of 
smoothness alters the ciicumstances of the case. But suppose 
that (the axis being still rough) the rope has been atretcheil, 
when the door is placed in poeition, to such an extent that the 
moment of its tension about the axis ia equal to the moment of 
the weight of the door ; then clearly if we imagine the axis to 
become smooth, no motion will result— no slipping at the axja; 
and since the displacement which friction is required to prevent 
does not take place, friction does not act, and the case is the 
same as if the axis were i^mooth. The resultant in this case k 
therefoie determinate. 

155.] Friction of a Pivot. Let a cylindrical pivot, ABC'S 
(Fig. 20]). on the top of which a given force is applied, revolve 



i^" 




t 



in a closely fitting bearing, F.FGII, and let it be required b 

calculate the moment of the friction on the base, Ali, about il 

axis of the pivot. Suppose Fig. 203 to represent the base o; 

pivot, and let P — the whole normal jiressure on the base, whi 

we shall suppose to be uniformly distributed over the base. Divi 

the area AB into a numter of narrow circular stiips, of v 

one is represented in the Figure. Let Oa = x, Ob ■= x 

OB =; r, fi = coefficient of fi'iction. Then since the v 

pressure is uniformly distributed, the pressure on the strip wboi 

P 2Px fix 
area is — 2niC(7ar is — ^■2T!3;dx, or ~ Hence the sum d 

the forces of friction, acting in the directions of the tangents toll 



156.] 



WEARING AWAY OP THE STEP. 



Btnp, IS 



2iiPx(lx 



But since the tangents to the strip are all at 

the same distance from the centre, the moment of friction on the 
sti'ip ia eijiial to the snm of the forces of friction multiplied by 
the radius, x, of the strip. Hence the moment of friction over 
the whole surface is 



■" 2ii.Px^dj^ 



.fP''. 



(') 



If the base, instead of being a full circle, is a ring, or collar, 
whose interna! and external radii are r-y and r.^ , the friction per 

unit of enrface is - 



Y , and the moment of friction ii 






(2) 



156.] Wearing away of the Step. The piece which supports 
a pivot, and in which it revolves, is called a sf.ep. When 
the pivot revolves, the friction against the step wears away its 
own surface and that of the step. The amount of wear at any 
point of the step depends on the magnitude of the force of 
friction and the relative velocity of the rubbing surfaces at this 
point. Thus, suppose that ABC (I'ig- 203) represents a section 
of the step through the axis, £P, of the pivot, and that Q is any 
point of contact of the pivot and step. 
If/ is the magnitude of the force of 
friction at Q, the wearing at Q in the 
direction of the normal will be propor- 
tional to /' and also to the amount of 
rubbing surface which passes over Q in 
a unit of time. Supposing the pivot 
to revolve round ita axis with an angu- 
lar velncity ai, the point of the pivot in 
contact with Q moves in a horizontal 
circle with a velocity = o> . QM, or co .y ; 
perpendicular from Q on the axis of the pivot. 

But the amount of rubbing surface which passes over Q in a 
unit of time is evidently proport.ional to the velocity at Q. 
Hence the normal wearing of the surface at Q is proportional to 




; QM, I 



, being the 
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'ill 



Fig. J04. 



If « be the magnitade of the normal pressure per unit of Burface 
at Q, and fi the coefficient of friction, we have^ = fj.n. 

Hence the normal wearing of the stirtace at Q is proportional 

to ^^„y. („) 

157.] FiictioD of a Conical Pivot. Let ABC (Fig. 204) 
represent a section of a conical step ' 
a plane through the axis, £P, of 
pivot, APC being the surface at whick 
the pivot enters the step. 

Supposing that the pressure on the 
top of the pivot is uniformly die- 
tributed, it will evidently be uniformly 
distributed over the area JFC ; that 
is, there will be a constant normal 
pressure, », per unit of area on APC. 
Now it is impossible to determine the law of distribution of tbt 
pressure on the step. The following investigation proceeds 00 
the assumption that the normal pressure per unit of area, cr as 
it is properly called, the normal miensitj/ of jtretture, is constant' 
over the surface of contact. 

Let K be the constant pressure per unit of surface of the steji. 

If ih is a small element of the line BC at Q, the distance of 

which from BP is ^, the corresponding elementary strip ol' 

conical surface ia 2Ttyds, and the moment round BP of the 

friction on this strip is 

or 2nTiJiy'^d«. 

Pitting d.= 4i- 



step from y 

whole friction equal to 



and integrating over 
to ^ = PC = r, we have 



the surface of thf 
he moment of thf 



If i* = the whole pressure on 
hence the moment of friction 



the top of the pivot, w = -j 



3 sin fl ■ 



Comparing this with the result in Art. 155, we see that llif 
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inical is g;reater than in the 

dvot of equal i*adiu8. 

^ OP Anti- Friction Chirve. In the case 

of the step is not uniform at 

ieicnt time the pivot will not l>e in 

•I'-p, If, however, the step has such 

iir is the same at all points, the pivot 

.1' piece which supports it, and remain 

. . L;iiuuyhout ita surface with the step. 

to investigate the form of the step in which the 

will be the same at 

Let Fig. 205 represent a 
Sion of the step through the axis 
pivot, and let CC be the 
tieal wear at C, and QQ' the ver- 
tical wear at Q. Then CC = QQ', 
Q being any point on the curve JiC. 
Hence the new curve, HQ' C\ is 
simply the old curve BQG moved 
through a vertical distance C(j 
= Ql^'=h, suppose. 

Now (Art. 156) the normal wear at Q, per unit of surfeee is 
proportional to tofxMy, Hence, if Qq is normal to the step at Q, 

qq = kui^ni/, 
» being the normal pressure per unit of surface on APC, which 
we also take to be the normal pressure per unit of surface on 
the step, and k a constant. 




p 

'b 



the curve at Q. Hence 



QJE being the tangent to 









kh 



or QZ'= a constant. 

Therefore the curve BC is such that the length of the tangent , 
terminated by PB, or the axis of so, is constant at h11 points. 
This curve is known as the Tractorv. If ^ =; the constant 
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IcDgth of the tangent, and PC is the asis of^, wc have 




the minns sign being given to the sqnare root, becanse M(^ 
diminishes as x increases. Integrating this last equation (bj 
assuming^ = /sin ^) we have for the equation of the tractor)' 



'log- 



-+a-+ V/*-?^ = 






I 



The carve approarheB PB asymptotically, and the step is formed 
by the revolution of the cnr\'e round P]S. This pivot is known 
as Schiele't AHli-friction Pivof 



EXAHPIEB*. 

ifomi red lingular board, ABCD {Fig. 206), rests iu 8 
rie ngain?t two equally rough pegs, P and Q, in the same 
horizontal line, two adjacent sides 
of the board being each in contact 
with a peg. Find the position of 
limiting equilibrium. 

Let K be the angle of friction, " 
the inclination of the side AB ti> 
the horizon in the jioeition ol' 
limiting equilibrium, G the centre 
of gravity of the board, PQ = i< 
Md AG = e. 

Then if the board is on the point 
of flipping down at Q and up at 
Fig. 20'i- P, the total resistances at P and Q 

will act in the directions PO and 
QO, which are inclined at the angle K to the nonnala at P and Q to 
the tides AB and A£), respectiToly. If 0' (not represented in Figure) 
be the jioint of meeting of the normals at P and Q, it is clear that 
a circle will pass through tlie points APO'OQ ; and therefore LOAO' 
~ A. And since AQ' = PQ = a, we have 

A0 = aoosA. (1) 




' Many of the followi 



mples : 



taken from JuU^tt's Theory 



I5S.] 



Again, Bince lO'QP = 6, wo have IQOG = ^~(K + 0), ami 
e-ridenUy, IQOA = 0, therefore Z^Off = ^ -(X + 20). If Zff.45 = a, 



— (fl+a). Now the position of equilibriui 



it is clear that lAGN = 
is found by the equation 

AO. Bin AOG = AG. amAGN. 
Sabstituting in this equation the vulue oi AO from (1), wo have 

acosX.cos(\+2e)=c.coB(« + fl), 
which defines the position of equilibrium. 

2. A heavy uniform beam rests again t a ough h n nt 1 p 
and against a rough vertical wall, the vert 1 plan th gh tl 1 
lieing at right angles to the wall and th gr unJ d t m 
weight of the greatest mass that can he fli d to t t p 

so that equilibrium may he preserved. 

If the heiim be inclined to the vert al 
angle of frietion for the beam and tbe g u 
broken by attaching a mass, howevei g 



Q a gl 1 tl an th 
qujl bn u can t b 
t J I mt f th 



Let AB (Fig. 207) be the beam, 9 its n U t 
its weight, 2o its length, P the weiglit f he i 
the point Q in the beam, JiQ = x,\ and X th a 
and B, reBpectively. 

Draw the lines AO and BO, making th 
normals, An and Bm^ at A ami B. 

Then when the resultant of JTandf pa 1 
be at its limit. For, if this resultant 
acts iu a line to the lelt of 07, the 
vertical through 0, it will be possible 
to find an infinite number of points' 
on It such that when joined to ^1 « 

and B the joining lines will he 
possible diroclioiis of total resistance 
at A and B (see Art. 150). 

If the resultant of IT and F acts 
in a line to the right of OT, there 
will he no point on it inside both 
cones of I'riction, and therefore equi- 
librium will he impoasihle. Hence for limiting equilibrium, we have 
by taking moments about 0, 

W.GY=P.QV, 
G l>eing the centre of gravity of the beam. 

The lengths CTand Or are ejisily obtained from the data. Wo 
may observe that if the point Q lies between G and Y, equilibrium 
can never be broken, however great P may be. For it will then be 
impossible hy increasing P to bring the resultunt of P and W to the 
right of or. 




Fig. 207. 



1 
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These results follow also from the yum&l mode of solution of such a 
problem. 

Let E and S be the normal reactiona at A and B, and /x and fx' the 
coefficients of friction at these points. Then, resolving horizontally, 



resolving vertically, E-^-f/S^F+W; 
taking moments about B, 

2aE{coB ^— fx sin 0) = (Pa?+ Wa) cos 0. 
From (2) and (3) we have E = j> 

and by substituting this value of i? in (4), we get 

1+fit/— 2(1— /xtan^) 



(2) 
(3) 

(4) 



F=Wa 



2a(l— fittan(9)— aj(l+/ut/)' ' ' 

Now it is easy to see that B0 = 2a ^^(^ + ^) ^^ BV^^BOx 

v/ 1 i. /I COS (A— A) 

cos A _ . __ ^ 1 — utan^ .^,. . ^.^ 

;: ; therefore BV= 2a — 7—, and (5) may be written 

cos^' l + fX/X V / / 

BV-x 

from which it appears that if a; = jSF, the required force is infinite ; 
and if x>BV, it is negative, or equilibrium can never be broken by 
any downward force. 

The second part of the problem follows from (5), because if 
fxtan > 1, or, in other words, if the angle nAB < A, the denominator 
will be negative. That it is impossible to break equilibrium in this 
case is evident from Fig. 208. For the point is now at the right 
of the vertical wall, and at whatever point along AB the resultant of 
F and W acts, it is possible to find points on it which are within both 
cones of friction. 








Fig. ao8. 



Fig. 209. 



3. Two unequal uniform beams, connected by a light rope attached 
to their middle points, rest in a vertical plane, an extremity of each 



so 
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n resting on a rough homoiital plant'. If the coefficient of friction 

I graduallj diminished, which heum will slip first 1 

^ Let the beams be AB and A'B" (Fig. Z09), and let C and Cbe their 

i, and AB > A'B'. Now the beam AB in in equilibrium tmder 

e influence of three forces, viz., its weight, the tension of the rope 

', and the total resietauce at A ; and since the flr^t two meet in C, 

e third must also pass through this point, that is, the resistance at A 

te along the beam. In the same way the resistance at A' acts along 

K^; and by considering the equilibrium of the system, we see that 

I Tertical through G, the common centre of gravity, must pass 

_h 0, the point of intersection of the resistances. Now the 

Igles which these resistances make with the normals at A and A' 

e equal to mOi and mOA', respectively; and the comparative safely 

t the equihbrium at A and A' depends on the magnitudes of tbese 

angles. Now mOA' > taOA. For, draw C'q horizontal and Cq 

vertical ; then, since CG < CG, qn < nO', and d, fortiori, pn, < nff. 

Thereforeylm<mJ': but — -.= wi therefore, i»OJ'>mO^. 

tnA tan mOA 

and if the friction were gradually diminished, the total resistance at 
A' would reach its liniiting inclination before that at A. Hence the 
short beam will slip first. 

4. A cylinder is supported on a rough inclined plar 
coiled round it in a direction perpendicular to its a) 
passing over a amootb pulley and sustaining a given mi 
limits to the direction of the string. 

Bound A^ the point of contact of the cylinder and plane, describe 
the cone of friction, the section of which by the plane of the figure is 
nAm, the angles nAG and CAm being each =^ A. 

Let OB be any direction of the string, intersecting the vertical 
through the centre of the cylinder in 0. Then, so long as is 
between the points m and n, equilibrium is 
possible, because AO \i a possible direction 
of total resistance at A , There is, of 
rour?e, a particular magnitude of the 
weight, P, corresponding to the diiection 
OB of the string, and this mugnitude is 
lound by taking moments about A. If 
is the angle made by the string, OB, with 
the inclined plane, we have 



I being the inclination of the inclined plane. 
If, the direction of the string being OB, 

F have a value greater or less than th;s, 

' the cylinder will roll up or roll down the pla 

~ Drawing from m two tangents, mt, and 



; by a string 
s, the string 
m. Find the 
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have the extreme directions of the Etring ; that is, the point at which 
the string leaves the cylinder must lie between the points of contact 
of m(i and mt^ , on the upper portion of the cylinder ; for it is evident 
that if the string leaves the cylinder at any point outside these limits, _ 
the point in which its line intersects that of TT will be 'vertically'] 
above m, that ia, outside the cone of friction. ' 

6. A heavy sphere is placed on a 
rongh inclined plane at a point P 
(Fig. 3 T I ), and is kept in position by a 
heavy rough beam, AB, which is inovB- 
ahle about a fixed extremity, B, the 
coefficient of friction for the sphere and 
the beam being the same as that for the 
sphei'e and plane. Supposing that the 
friction ia gradually diminitihed at both 
points of contact, P and Q, or that the 
sphere is puslied fui'tlier up between the 
plane and beam, determine the natunj 
of the initial motion. 
The total resistances at F and Q must meet in some point, 0, o 
vertical through C, the centre of gravity of the sphere. Beyond thi 
however, their directions cannot be detei-mined. The coroparatlrt 
safety of equilibrinm at /' and Q will di'pend on the relative magni^ 
tildes of the angles, CFO and CQO, whiiii the resistances at th«( 
points make with the corresponding normals. Xow it is easy to ehe/i 




that GQO>GPO ; for sin CPO = ~ sin 
nCPO _ mi COP _ 
aVQO ~ ainfy^' 



a COR, therefore 



COP, and sin CQO = 
but COR > COP, thei 



CQO > CPO, and if from any cause the friction ia diminished, ( 

e pushed higher up, slipping must take place at Q and rolling at P 
6. A cylinder is jiluced on if 
rough inclined plane, and a light 
rope is coiled round it in aplane 
perpendicular to its axis and 
containing its centre of gravity; 
this rope, after passing round 
tlie cylinder, is attached to the 
middle point, ^(Fig. a 12), of an 
edge of a cubical block whose 
height i<i equal to the diameta 
of the cytind<^r. Supposing the 
inclination of the plane to b 
gradually increased, determin 
Fig, III. the manner in which eqnil] 

brium will lie broken, the c 

efficient of friction being the same for the cylinder and plai 

the cube and plane. 
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FTIie motions which are here geometrically possihle 
{Ij The cylinder may roll and the cul>e muy turn o 
(2) The cylinder may roll and the cube may slip. 

^3) The cylinder may slip sad the cube may eiip. 

(4) The cylinder may slip and the cube may turn over. 

Now if is the point of inlereection of the vertical through the 
centre of gravity of the cylinder with the rope, it ia evident that 
the total resistance at A acts lu the line OA. In tbe same way if 
0' is the point of intersection of the vertical through G, the centre 
of gravity of the cube, with the line of the rope, the total i-eaistance 
of the plane on the cube must pass through 0', and if D is the jwint 
in which the line of action of the weight of the cube intirtecte its 
base, the total reKistance must evidently pass through some point 
between C and D. 

Now this total resistance, wherever it acts, makes with the normal 
to the plane an angle greafer than £A0; for ta.nBAO= Jtant', 
t being the inclination of the plane, and the angle which O'D makes 
with the normal to the plane = i; hence the angle made with this 
normal by a line joining 0" to any point between C and i> ia > i, and, 
dfirliiiri, > BAO. Consequently the cylinder can never slip before 
the cube, and cases 3 and i are to be rejected. The choice then is 
to be made between I and 2 ; and {pee Art. 150) if the cube can turn 
over, it will do so. Hence we solve on the supposition that the 
cube turns over (7, and if this does not require l«o great a value of 
t^e coefficient of friction, the cube will turn over. 

The problem is to be solved by equating the values of the tension 
of the rope derived from the consideration of the equilibrium of the 
cylinder and that of the cube. 

For the equilibrium of the cylinder take moments about A, and wc 
have T= i JTsini, (I) 

'f being the tension of the rope and IT the weight of the cylinder. 

Again, since by supposition the cube is about to turn round C, the 
total resistance of the plane acts through this point. Taking n 
about C for the cube. 



T.CH = 



'.CG\ 



"(I--). 






or 2'=t?P'(coBi. 

Equating the values of T iu (1) and (2), a 
»" 

But in order that C(/ may be a possible direction of total 
the angle IICO' must be< A, or t&allCO' <ix. Now, it 

tan EC<y = — 

W+ 2 Tl'' 



(3) 
e.oistance, 
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Hence if J — — rj^ < ft, equilibrium will be brokeu by a rolling of 

the cylinder and turning over of the cube. If /li is less than the 
(quantity in (4) the cylinder will roll and the cube will slip, and there 
is no difficulty in determining the inclination of the plane when this 
happens. We may either draw from (X a line making' the angle of 
friction, A, with the normal to the plane, and then determine Thj 
the triangle of forces, or resolve along and perpendicular to the plane 
for the equilibrium of the cube. If E is the normal reaction of the 
])laiie on the cube, we find in the latter way 

tiierefore T z=iW^ {\i cos t — sin t). 

Equating this to the value given by (1), we have 

^"^ * " wTW 

which gives the inclination at which the cube slips. 

7. Two equal carriage wheels whose centres are connected by a 
smooth bar are placed on a rough inclined plane ; determine whether 
the equilibrium of the system will be best preserved by locking the 
liind or the fore wheel. 

Let C and D (Fig. 213) be the centres of the wheels, and first sup- 
pose the hind wheel to be locked. Since there is no fiiction between 

the bar CD and the axle at C, 
the action of the bar on the 
lower wheel consists of a force 
through C (see p. 159). 

The weight of this wheel also 
acts through C, and therefore 
the total resistance at A, which 
is the third force keeping the 
wheel in equilibrium, must also 
act through (7. 

Let G be the centre of gravity 
of the two wheels, and consider 
the equilibrium of the system 
formed by them. There are 
three forces acting on the sys- 
tem, viz., its weight through G, 
the total resistance at A (which 
lias been j^roved to act in a line AC)y and the total resistance at B. 
If, then, is the point of intersection of CA and the vertical through 
(r, the total resistance at B must act in the line OB. 

We shall now determine the inclination at which equilibrium is 
broken. 

Since the hind wheel slips, the angle DBn = A ; also let r = the 
rfidius of each wheel, CD = 2 a, and i = the inclination of the plane. 




Fig. 213. 



2a + lJ.r 

The inoliuaiion of the plane when 
ire given by the equation 

L Again, suppose tlie fore wheel alone to be locked, lu tliis case the 
■ il reaistaiice at S acta in the line BD, and that at A acts in AO', 0' 
bg the interEection of BD with OG. If i' is the new inclination 

E which equilibrium is broken, we have, since LGAO' ^ A, 






I>G _ 

^ Dm,' 



Noi 



(2) 
jnsequently, 



lear that t' is greater than t, and that, c 
equilibrium will be safer when the fore wheel is locked than when the 
hind wheel is locked. 

8. A cylinder is supported on a rough inclined plane by a light rope 
coiled round it in a plane perpendicular to its axis passing through 
its centre of gravity, the rope being attached to a fised point. Find 
the direution of the rope in order that the inclination of the plane may 
be the greatest possible. 

Let ffB' (Fiff. 214) be the line of the rope, and CO' the vertical 
through the centre of gravity of the cylinder. Then evidently the 




total resietance at A, the point of contact with the plane, must act in 
the direction ilC. If the rope took the direction OB, which is hori- 
zontal, the direction of the total resistance would be AO, and evidently 
the angle CAO<CAO'\ or, in other words, the equilibrium of the 
cylinder will be farther from its limit, when the rope is horizontal 
than when Jt takes any other direction. For a given inclination, i. 
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ol' the plai 



, the ( 



e CAO ^-, and it is clear tliat when CAO 



ia equal to the auyle, A, of friction, the inclination of the plane 
will be at its greatest. Hence the greatest incliuntioa of the pi 
= 2X. 
If the coefficient of friction be >1, the greatest iuclination of 



will be > — I and the figure of limiting equilibrium will be 

Fig. 215, in which the angle CAO (= X) is > |. 

whether the cylinder will stay in thii^ position or not depends on &e 
initial arrangement. Unless the rope is pulled with such a force as 
to cause the resultant of this force and W to act in the line OA , equi- 
librium cannot be preserved by the resistance of the jilane. In fact, 
unless this requisite tension of the rope is produced by preadng and 
scraping the cylinder against the plane, it would be possible for the 
cylinder to take a motion of and round its centre C which would keep 
its surface out of actual contact with the plane ; and in this case the 
plane would not exert any reaittonce. 

9. If in the preceding problem the rope, instead of being attached 
to ft fixed point, is attached to a iiiats whiL'h hangs freely over 
smooth pulley, find the coudttiouB of equilibrium. 

Let O'S" (Fig. 2 '4) IJB *''e direction of the rope, P the weight 
the suspended mass, W the weight of the cylinder, i the inclination of 
the plane, K the angle of frictiouj 8 the angle which the rope make^ 
with the inclined plane. 

Then for equilibrium it is necessary that A (/ should be the dlrectiod 
of total resbtance at A, nnd tliat the moments of P and W Aboat A 
should be equal and opposite. Hence we must have 



i 



CAO'-- 



r <A, 



the second conditio 




being equivalent to that obtained by the triangle 
of forces for equilibrium at 0". 

If the angle CA^KK, wnd F is slightly 
increased above the value in (3), the iuitii4 
motion will evidently be a rolling up, a 
moment of P about A > moment of W about 
A ; but if P is slightly diminished the roll- 
ing will bo down. 

10. A heavy uniform beam, .^JI(Fig. ai6)i 
is to be sustained in a horizontal pisitioii, 
one end, B, testing on a rough inclined 
plane, while the other end, A, ia attarhed 
IS over a smooth pulley and sustains a ~ 
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(a) The limits to the direction of tlie rope, and tlie ccrrospondiiig 
baiting values of the weight of the suspended mass. 

(6) The least weight that wUJ sustain the beam. 

Let W he the weight of the beam, F the weight of the suspended 
DBM, and BN the normal to the inclined plane at B. Tlien if J be 
K'Ahe line of the ri>pe, iutersectiag the vertical tlirough the centre of 
I graivity of the beam in 0, BO must be the direction of the total 
1 xeaistance at B ; and in order that this may lie a possible dii'ection of 
I total resistance, the angle ^BO must be <A, the angle of friction, 
r Hence the limiting directions of the rope are obtained by drawing 
f £0 and BO' making the angle A. with BN on opposite sides. If the 
I rope takes the direction AO' the beam must be on the point of slipping 
I 'Bp, eince the force of friction acts doien the inclined plane ; and if 
I the direction of the rope is AO, the beam in on the point of slipping 
1 down. The corresponding magnitudes of P are easily determined by 
I taking moments about B. Xiet j), and ji^ be the perpendiculars from 
' S on AO and AO', respectively, a half tbe length of the beam, and 
f F, and P^ the corresponding values of P. Then 

/*, = H' - , 



The values of 'p^ am! p^ t 



ae, be easily expressed i 



If the rope takes a direction intermediate to AO and AO', and if /< 
B the length of the perpendicular from B on its direction, we have 



= 11- 



Hence, if P is . 
Kow p will be i 
rope is vertical. 



p must be a maximum, since Wa is given, 
when it is equal to AB, that is, when the 
ise the total resistance at B should also be 
vertical ; but if the inclination of the plane > A, tliis is impossible. 
Hence wlien i>\, ji is a maximum (ciinsittently with ttie conditione 
of the pmht^n) when tbe direction of the rope is AO ; and therefor;.' 
in this case i*, ia the least value of P. 

If i<A, the vertical at .B is a possible direction of total resistance, 
and therefore AB is an admissible value of p. The corresponding 
value of P is therefore \ W. 

The student will easily see that if the angle of friction i 
than the complement of the inclination of the plane, there c. 
limiting equilibrium iu which the beam is about to slip up. 

11. A cylinder is laid on a rough horizontal plane, and is 
with a rough vertical wall ; a string coiled round it at right angles to 
the axis passes over a smooth pulley and sustains a weight which is 
gradually increased till equilibrium is broken. Determine the nnti;re 
of the initial motion. (Jellett's Theory of Friction^ Example 21, p. 214.) 



s greater 



n contact 
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Let W be the weight of the cylinder, P tbe weight of the Buspended 
mass, d the angle made hy tiie string with the horizon, X and \' the 
angles of friulinn at A and S, the points of contact of the cylinder 
with the vertical und homontal planes, and the point iu which the 
line uf the airing intersects the vertital 
through C, the centre of gravity of the 
cylinder. 

Now, in accordance with Article 150, 
we first consider what motions are geu- 
metrically possible. These are 

(1) Boiling round A up the vertict! 
plane, 

(2) Slipping forward iit B while con- 
tact ceases at A . 

(3) Slippingat J nndBsimultajieoiiBlr. 
If ( 1 ) con happen it «M"fl ( see Art. 150) ; 

Fig. J17. let us suppose, therefore, tliat the cylinder 

is on the point of turning roand A auil 
I'oming out of contact at B. In this caee there are only three fan*; 
keeping the cylinder in equilibrium, namely, W, P, and a total re- 
sistance at A. This last force should, for equilibrium, pass throagli 
and act in the direction OA. Now whether the angle OAC is less 
or greater than A, Ibis is not a poeEible line of action of totiil resistance, 
liecause the plane cannot j>m7/. Hence (1) is physically impossible. 

Suppose that (2) happens. Then, as before, there are only three 
forces keeping the cylinder in equilibrium, namely, W, P, and the 
resistance at B. This last must pass through 0, and must therefore 
act vertically. But it is obvious that such a force could not equi- 
librate H'and P; therefore (2) is imposaible. 

There reniains the third case, which alone is possible. To deter- 
mine the value of P corresponding to limiting equilibrium, draw tk 
lines AO' and BC/ making with the normals at A and B the angles, 
A and A', of friction for the cylinder and planes. Then by taking; 
moments about 0' we easily obtain the value of P, which may also be 
obtained by the ordinary equations of resolution of forces. Thus, let 
R and £' be the normal pressures, and therefore }iR and ^'.^ tbr 
forces of friction, at A and B. 

Taking moments about B. we have 

R{\+y)= P(l-cos5). (1) 

TakiDg moments about A, 

R'{\^^')= W-P{\+mv,d). (2) 

Resolving horizonlallj-. 

ti'lf-R^ PcosB. (3) 

Substituting in (3) tbe values of R and B" given in (1) and (2), we 
obtain the value of /' corresponding to limiting equilibrinra. 

It will be a useful exercise for the student to vary tbe position uf 
the pulley in each a way as to render possible a case of limiting eqni- 
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a in which the cylinder is about to ascend the vertioHl pliu 



. A heavy right cone is placed ivith ita bat 
inclmation of wLitli ia grBdnally ■ 
ther the initial motion of the cone will 



rough inclined 
iletermine 
of sliding Dr 




t ABC (Fig. 218) he the vertical sectiou of the cone through its 
I, on, and let G be the centre of gravity of the coue. (Oti ia \ 
J Bfl will appear iu a. subfequent Chapter.) 
in accordance with rule 3 of Art. 150. 
B poBBible for the cone to turn over the 
mt A, the cone will do so. Solve, there- 
in the supposition that equilibrium is 
I by turuiiig rouud A. In this case, 
I two forces acting on the coue are itm 
ight and the total reristnuce of the plane, 
I through A ; and 
) forces must be equal and opposite, 
, tlie total reBiatance must act in the 

lical line AG. Now this will be possible only if AG makes with 
:)rinal to the plane an angle le^^s than the angle of friction, A. 
e for a tumbling motion AG/f<K. But if a = ACM, 
\a.-aAGU= 4tana. 

> 4 tan o, the ioitial niolion of the cone will be 

tumbling, and if fi< 4 tana, the initial motion will he tlidiug, and 
this eliding will evidently occur when the inclination of the plane 
reaches the value X. 

13. A heavy uniform bar-, AB, rests on a rough horizontal tahle ; 
nt a given point, P, in it ia attached a string which ia pulled per- 
pendiculaily \a AB \vi the plane of the table; find the point, /, about 
which the bar will begin to rotate when the tension of the string is 
sufficiently increased. 

Let ir=weight of bar, AB = 2a, Al^ i= e, III = x, ji = coefficient 
W 
of friction. Then — is the weight per unit IfUgth := the pressuie 

Q that, when the bar is alwut to rotate 
>n any element of length, dn, of the bar 



I the portion Bl will be 

!e on the poi-tion J7they 
resultant friction on BI 



is fi— ■ rfa. Now these forces of frictio 

all perpendicular to (he bar in one eeuBe, 
will all act in the opposite sense ; nlso 

acts at the middle point of III and ■= 



the force on AI acts at its middle point and ^ fi— (2a — a;). Again, 

since all the forces on the bar are just in equilibrium, the resultant 
of these forces of friction acts at P, opposite to the tension of the 




or ur-2{2a^c)x+2a{a-e) = 0, 

which gives two positioDH of /, one of which la outsitle the bar. 

The values of x are 

2a-6±v'a'+(«-c)«, 
which give the following coneti-uctiou : at (', the middle point of Jj 
erect a. perpendicular, CQ, equ&l to a, to AS ; with f as ceutKU 
PQ ns rodiuH describe a circle wliidi will cut A£ in two pointe, /, 1 
one of which, I, is within AB^ and the other outside it. The Ft 
is manifestly irrelevant siuce for the corresponding value cf a 
tension of the string is negative. 

Wheii c = a, i.e., when the string is apphed at the middle [ 
the whole bur moves in the some tcLse, aud tlie tension =: fiW, 
(i jn-iori evident. 

14. A circular cylinder, or a uuilorm circular plate, Kea on a 
horizontal table ; to a givei 
on the circumference is attache 
It string which is pulled 1 
zontollybya gradually increa 
force ; show that the body wi 
begin to rotate about some poll 
on that diameter of the 1 
which is perpendicular to 
direction of the string. 

Suppose that /(Fig. 219) is 

point about win chrotationbegini 

then if W is the weight of tl 

body aud S the area of tlie b 

the normal pressure on the 1 

Pig' ^'9- is uniformly distributed and i 

— per unit ai'ca, so that on an element, d», of area at any point 
'^ ... IT 

the force of fiiction will be /x — - (fe when rotation begins. This for 

is represented by the arrow at P perpendicular to PI, the r 
bein;; supposed to take place counter-clock wise. Draw the diameter 
10 ; then we can find a point, P', situated at the other side o 
diameter, symmetiically with P, at which if we take the san 
da, of area the force nf friction will be the same as before, and n 
be perpendicular to P"! in the sense of the arrow at P*. But thea^ 
two forces give a siero component parallel to 01, theii' resultant boini 
manifestly perpendicular to 01 and towards the right of the figurs^ 
At all pairs of symmetrically situated points, Q, ^, below the liui 
tiirough / perpendicular to 10, the rewultaiit of the forces of fricticd 
on equal elements is perpendicular to 0!, but towards the left 
Hence the total resultant of friction acts perpendicularly to 0I\ 






\ 1 


\^(y 


^oy 



j:.ry 
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, if ^ is the point of attochmciit of tlie string and AT its 

ectiuu, since the 1 esultaiit of friction is exacllj equal and opposite 

^ 1', the tension of tbe atriog, 01, rauat be peqiendicular to A7'. 

W To dett rmice tbe point /, let a = radius of base, O/l ^ c = per- 

*cd;cular from on AT, and 01 ^ x. Then exprcHsing (he element 

■ Burface at P with respect to / as pole, let IP = r, and let (f>-l;f 

e angle which IP makes with 01. T!ie element, ds, of area at Pis 

'rdip, aod the perpendicular from B on the line of action of the 

iction at P is r+{e+x) cos </). Hence equating to zero the sum of 

a moments of all tlie forces of friction about Ji (which is a point on 

'r resultant), we have 

r^ +(e + x)T cos ^]dtl>dr= 0. 

which -fi= '/a' — a?sh,'<f-xcoa<t>. 
Integrating first with respect to r, it is obvious that all the rational 
and vanish because each of them is of the form 

il we have BJmply 

(5 " S/'"^"' ■** "^ ^(' " ?) ('"^ ■** " "■ 

. which A= A / 1 jsiu'^, according to the usual notation 

of elliptic int^rals ; and of course the upper limit may be taken an 
But it is well known, by methodB of reduction, that 

fA...,=?(2-j)('A..*-i(.-^)y;'^/. 

lete integrals of the fii'st and feeond kinds 
e equation for x becomes 



Hence, denoting the complete integrals of tbe fii'st and hi 
lij* JT and E, lespettively, the equation for x becomes 



ft transcendental equation for m. 

15. If one cord of a sssh window breaks, find the least coefficient 
of friction against the sash in order that the other cord may still 
support thu window. 

Ana. ^=^ -, where ft is the height and h the breadth of the 
window. 

1 G. A moss whose weight is n If is attached to a »na11 ring which 
is threaded on a rough circulsr hoop of weight IT and radius a, whose 
plane is vertical and which hangs from a fixed rough peg, the angle 
of friction between ring and hoop being A ; show that tbe hoop will be 
in equilibrium with its centre at any distance not greater than 
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a Bin A from the vertical through the peg if the coefficient of 



that there is a length ft ^^ ur^ 'P *^" -^-^ ^^^^ that if the contact 



n+ I 

friction hetween the hoop and peg he not less than a certain quantity, 

which find {College Examination, Cambridge, 1888.) 

Ans, The angle of friction between hoop and peg most be 

17. Two uniform bars, AB, AC, are rigidly united at A) their 
weights are W^ W ) AB is placed on a fixed rough peg, the cceffident 
<»f friction being ft ; if p is the perpendicular from C on AB, show 

W 

wlTw 

with the peg is anywhere within it, the system will rest. (Ibid. 1884.) 

18. A heavy bar passes between two rough pegs, A, B, whose 
distance is a, the line, AB, joining them being inclined at an angle t 
to the horizon, A being the higher and B the lower peg ; find the 
limiting position of the bar. 

Ans. If X is the distance of the centre of gravity of the bar from 
B, and /x and /x' are the coefficients of friction at A and B, respectively. 

tant — u' 
X = 7— • a. 

M + M 

19. A uniform heavy bar, AB, moveable in a vertical plane about 
a smooth horizontal axis at A, has a cord attached to B, this cord 
passing through a small ring fixed at a point C in the horizontal line 
through A such that AC = AB ; the other end of the cord is attached 
to a mass P which lies on a rough horizontal table in the line AC: 
find the position of limiting equilibrium. 

Ans, If AB makes the angle 6 with AC, fx =. coefl&cient of friction 
between F and the table, W = mass of AB, there are two positions 
given by ^ „ ^ 

20. A uniform bar rests with its extremities on two rough in- 
clined planes whose line of intersection is horizontal, the vertical plane 
through the bar being perpendicular to this line ; find the limiting 
position of equilibrium. 

Ans. If t, i' be the inclinations of the planes, A, A' the angles of 
friction between the bar and the planes, respectively, and the 
limiting inclination of the bar to the horizon, 

2 tan = cot (t + A)— cot (t'— A'). 

Another limiting position will be got by changing the sign of A and k'. 

21. A heavy uniform rod rests with its extremities on the interior 
of a rough vei-tical circle ; find the limiting position of equilibrium. 

Ans. If 2 a is the angle subtended at the centre by the rod, and A 
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h angle of friction, the limitiiig inclinalioH of the rod to the horiz 
Q bf the eqiiatioD 



coa2\+coB2a 
, A heavy uuifonn ladder rests with cue end against a rough 
izontal and the other end against an equally rough vertical plane - 
i the least coefficient of friction that will allow the ladder to rest 
|ftU positions. j^_ Unity. 

^3. In the previous question let the centre of gravity of the ladder 
' ' I it into two segments, a and 6, the latter Begment being in 
bitact with the vertical wall ; given the coefficient of friction, ^ 
itween the ladder and the ground, find the least coetHcient of friction 
1 the ladder and the wall which will allow the ladder to rest 
I all positions. . a 

^"' ^- 

t24. Two equal bars, AC and OS, are connected hy a smooth 

_ I at C, and are placed in a vertical plane with their lower 

remities, A and £, resting on a rough horizontal plane; from 

serving the greatest value of the angle ACB for which equilihrium 

■ possible, determine the coefficient of friction for the bars and the 

" me (Walton's Mechanical Problems, p. 96, second ed.). 

Atm. If the greatest value of ZAVS is ^, 

' 25. A triangular prism, whose section by a vertical plane through its 
mtre of gravity perpendicular to its edges is ABC, rests with its base 
AS on a rougli horizontal plane ; a rope is attached to the middle 
point, C, of its upper edge, and, passing over a fixed pulley in the 
liorizontal line parallel to, and in the sense of, BA, is pulled with a 
gradually increasing force. Find the nature of the initial motion. 

Ana. If AB = c, AG = h, and the height of the prism = h, the 
prism will tilt over the edge through A if 
e + bcosA 

otherwise it will slide. 

26. Prove that the work done in drawing a mass from one fixed 
point to another along a rough curve by a force which always acts 
tangentially will, with certain restrictions, he the same whatever be 
the shape of the curve. {Math. Tripos, 1884.) 

27. A circular wheel is placed on a rough plane whose inclination 
to the horizon ia gradutilly increased; the plane of the rim is vertical ; 
to a given point, A, on the rim is attached one end of a rope the other 
end of which is attached to a fixed point, B, on the plane ; find the 
inclination of the plane when the wheel bi'gins to slip. 

Ans. Let he the point of contact of the rim with the plane, 
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C llw cenrra of tU wiml, a = OC'.J, ;) : 
frictioa, 1 ^ tnclinstion cf plane ; then 

^.^ co.(a+;j)- 

28. Twt) imifcrrm beuns are placed with their lower 
rcstii^ on a roagfa horizontal plaoe, their upper extremities 
a^inst each other. Show how lo cat a plane face from the tqiper 
eitremilT of one of the beams, in order that slipping muy l^e about Id 
ensue at their point of cuntact. 

Ant. retermine the line of action of their mutual reBiEtance Bsiii 
p. 229) then cat a face inclined to this line at the coiuptement of the 
angle of friction. 

29. A he*vy unirorm circular wheel rests, in a vertical plane, J 
against the ground at A and is in contact at B with an olistacle 
given height ; the wheel is to be pulled over the obstacle by w» 
of a rope (of given direction) attached at a given point to thft 
wheel: find— 

(a) The condition that the initial motion of the wheel ehall be \ 
roiling over the obstacle ; 

(6) The condition that the initial motion may be slipping at i 
and B. 

(e) ^Vliat ultimately happens when the initinl motion is slipping it 
.1 anil B. 

30. Two rough inclined planes slope in the same direction ai4 
intersect in a horizontal line. A cylinder placed at their intersecdot 
anil touching both all along Its length baa a rope coiled round it b a 
plane through its centre of gravity perpendicular to its a,na x 
I'ope passes over a fixed pulley nud is pulled with gradually iiicres 
force. Discuss the ways in which eqailibrium may be broken bj 
varying the tension of the rope, finding (with a given position of the 
rope)— 

(a) The condition that must be aatiified in oi-der that eqnilibnni 
should be possible at all ; 

(6) Tbe condition that the initial motion should be naa of slippiq 
1)1) bolh planes; 

(e) T)ie value of the tension of the rope when this slipping tnlri 

31. A uniform bar, of which one end rests against a roag 
vei-lical wall, is sup[>ortfd by a light cord attached to the other end 
iiud to a given point in the wall ; find the limiting positions of equilf 
l.riuni. 

Am. If 2o = length of bar, 2e = length of cord, X = angli 
friction, tf = inclination of bar and ^ = inclination of cord to tb« 
vertical, we have 3 cot = cot (/> 

fi'itni wliich Ixith ^anil (^ may lie found thus : take any two points J, ili 



m 



AB to C so tliat AH ^ 
= 5-X; then P and </) 



SC ; at draw the line CL malciiig 
,re the angles PBC, PAG made by the 



ACL 

IB joining B iind A ta a. point of iutorHection of the line CL with the 
'e which ia tlie locus of the vertex of a. triangle having AB for 
i, the ratio of its sides AP, BF being e, : a. Hence, in general, 
e are two Bolutiona, which may, of course, become imaginary. 

I difficulty in forming a quadnitic from tlie above 
uitioiiB for cotO, or iu thence proving that there will be no limiting 
ilibrium unless „^ 

1.32. AB and CD are two equal weightless bars connected together bj- 
jonoth axis at G, their common middle point ; they are placed in a 
tical plane with their ends A and C resting on a rough horiiiontal 
Ine, while a cord of given length connecfs their upper ends, B and 
Cand on this cord slides a ring from which a heavy body is su.*- 
nded ; find the limiting inclinations of the bars to the ground. 

Atu. Let AB=CD = 2a, length of cord = 2c, A. = angle of 
1 the bars and the ground, 6 = inclination of either 
r and <^ ^= inclination of either portion of cord to horizon. Then, 
pj. and C are about to slip from each other, 

2cotfl = cot(/> + tanA, (!) 

acosfl^ceoa^, (2) 

ich give the following construction ; draw a line QN ^ a ; between 
E^«nd Q take M ho that QM = c ; between M and Q take L so that 



, at q 

two equal lines 



{ = ML; at L draw the line iS making IQLS' 
draw QR perpendicular to QL ; to this line QR dran 
fi-om N and M so that they intersect in a point, 
^^' tl'ei 6 = PML and 4> = PNL. 

If P cannot be found at the upper side of QN, the limiting equilibrinm 
is BOch that A and C are about to slip towards each other, and P 
must be sought on the line LS at the lower side of QN ; or LS may be 

drawn making SLM = ~ — \. 

33. A rectangular block ia placed, with one of its edges horiKontal, 
on a rough plane, the inclination of which to the horizon is gradually 
increased ; determine whether the equilibrium of the block will he 
broken by a motion of sliding or one of tambling. 

Ans. If a and h are the lenjjths of the edges which are not 
horizontal, b being the length of the edge which is perpendicular to 
the inclined plane, the initial motion will be one of tumbling if 



H > Y I and of sliding if f* < r • 



)iigh inclined plane and s 
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tained by a rope, parallel to the lin d plane, attached to the middle 
point of the upper edge (whicl ho izontal) ; the rope lies In tlie 
vertical plane which coiitaiiiH th ent of the cube and is perpen- 
dicolar to the inclined plane. Sh w tl at the greatest iselination of 
the plane Is n , M , 

35, A solid triangular prism is placed, wilh its axis horizontal, on 8 
rough inclined plane, the inclination of which is gradually increaaeil ; 
determine the nature of the initial motion of the prism. 

Ans. If the triangle ABC, of area A, is the section perpendicukr 
to the axis, and the side AS is in contact with the plane, A being 
the lower vertex, the initial motion will bo one of tumbling if 
y + Sc'-a' 

^^^TK 

36- A frustum of a solid right cone is placed with its base on 1 
rough inclined plane, the iucliuation of which is gradually increased 
detennine the nature of the initial motion of the body. 

Ang. If the radii of the larger and smaller Eections are B and i 
and h ia the height of the frustum, the initial motion will be one t 
tumbling or slipping according as 

4^ H' + Hr+r^ 
'^^'^ k 'li^ + 2Jir + 3r'' 

37. ABCD is a section of a heavj- rectangular block through il 
centre of gravity parallel to one of its faces ; it is placed with AB O 
a rough horizontal plane; a bar rests against the vertical face AD % 
a given point B, and against the ground at a point P in BA produced 
a gradually increasing load is suspended from a point G in the bar 
detennine how and when equilibrium will be broken, with til 
following numerical data r — 

AB = 6, AE = 8, F9 = 7, GE = 10, /i along AB = \, 
fi' B.tE= 1, and /' at f = (firstly) J, and (secondly) f . 
Ans. With the first value of /i" (viz., J), the bar will begin 1 
slide before any load at nil is applied, the block remaining at reB 
With the second value of fj.", wlien the load hag reached the vain 
irS ^' *^^ block will begin to turn over S, and the bar to revol* 
about F while slipping between them takes place at E, W being tJ 
weight of the block. 

38. A bidder, AB, 15 feet long, rests against the ground at J u 
Bgainst an equally rough vertical wall a.tB; to a point J) in the ladi 
at a distance of 10 feet from A is attached a rope which, passing tr 
ft pulley at a point on the production through D of the line joining J 
to the intersection of the vertical plane and the ground, sustains 
weight equal to half that of the ladder; the centre of gravity, G, t 
the ladder ia 6 feet from A ; the coefficients of friction are each eqtu 
to 1 ; find the limiting inclination of the ladder. , , 

Ans. tan '|. 



|39. An elliptic cylinder is placed, ivith its axis horieontal, on a 
igh plune iuclinert to the horizon at an ungle less thtta the angle of 
fotioD ; prove that the cylinder cannot rest if the eccentricity of the 









1 pcrpendicnlar to the a 

inclination of the plane. " " ' 

. A cylinder, the Bection of which perpendicular to the asis is any 
ve, is to be placed, with the asis horizontal, on a rough 
bed plane ; how must it be placed bo that it shall he least likdy 
KKlipi the cylinder being in contact with the plane along a single 

I 41. An elliptic cylinder rests in limiting equilibrium between a 
PHgb vertical and an equally rough horizoutal plane, the axis of the 
minder being horizontal, and the major axis of the ellipse inclined to 
e horizon at an angle of 45°. find the coefBcient of friction. 

. vTTsI'-e'-i 

M = ^3^2 ' 

■being the eccentricity of the ellipse. (Emplov the Theorem of 

16-) 

wi2. The cireumBtances of the preceding problem remsaning the 
nie, except that the vertical plane is smooth, show that the coefficient 
■friction is \e' (Walton's Mechanical Problenn, p. 82). 
Bif the horizontal plane alone is smooth, is it possible for the cylinder 
Jrest in any position 1 

■43. A uniform circular plate lying with its face on a rough inclined 

me can turn in its plane about a point on its rim, find the condition 

t it should rest in all positions. [Cambridge Examinatione, 1888.) 

An». If ^ is the coefficient of friction, { = inclination of plane, 

b condition is q^ 



f > 



32 



If this is not satisfied, the greatest angle, 6, that the line joining the 
fixed point to the centre can make with the lines of greatest elope 
ia given by the equation 

.,.,«-l?s,„,.- 



44. A cylinder is placed on a rough horizontal plane, and a uniform 
plank rests with one end on the gronnd and the other against the 
cylinder (the plank being at right angles to the axis of the cylinder). 
If the plank is gradually lowered until equilibrium is about to be 
broken, show that slipping will take place only at the point of contact 
of the plank and cylinder, whatever be their dimensions. For any 
position of the plank find the direction of the reaction of the ground 
on the cylinder. 

Ans. If Q ia the angle made by the plank with the ground, 
P ^ weight of plank, W = weight of cylinder, r ^ radiua of cylinder. 



292 EQUILIBTUDM OF BOUGH BODIES. 

2a = loBf^ of plank, i^ = angle maile with tlie verticnl by Ibe 1 
reftction of tlie ground on the cyUader 

2ir, 



n rough Jill 



V". 



string coiled round it 
the string aftei' passing rouni] 
heavy particle which aleo i-eata oi 
,Ily tilted up, d 



e the uatnre of tlu ■ 



45. A cylinder placed oi 
in a plane at right angles to 
the cylinder is attached to a 
plane. If the plane is gradus 
initial motion. 

Ana. The cylinder will roll and the particle slip if both are equally' J 
rough ; and if i is the inclination of the plane when this happens, 

._ 2^P oos'a 

' K'co82a + 2-/'cos'a + fiir8in2u' 
where tV and F are the weights of tlie cylinder and the particle, fi ti 
coefficient of friction, and 2 a the angle between the atring andtJ 
iuc lined plane. 

46. A heavy cylinder is laid on a rough inclined plane, its axis 
hoiizontal ; a heavy uniform plank rests on the cylinder and a 
the inclined plane, the plank being horizontal at right angles 
axis of the cylinder, and toticliing the cylinder at its highest point] 
Supposing the inclination of the plane to be gradually increased, the 
liorizontality of the plank being always preserved, determine the 
nature of the initial motion of the system and the inclination of the 
plane at wliich equilibrium is broken. 

A}i8. The plank will slip at its point of contact with the plaue, a 
rolling motion taking place at the otlier points of contact in the 
system ; and the inclination (i) is giveu by the equation 



(- cot - - 1 ) I"/' cot- tan (A-i)- W] = P+ W, 



= weight {^M 



where r = radius of cylinder, 2a = length of plank, i 
cylinder, P = weight of plank, and X = angle of frictio 

47. Two particles, A and B, whose weights are denoted by A and JBfi 
are connected by a string fully stret^'heJ, and placed on a rougljT 
horizontal plane, the coefBcieut of friction for each particle heing fijJ 
A force P, which is KfL^A + B), is applied io A in the direction B4^^ 
and its direction is gradually turned round through an angle S in t 
plane. Find the nature of the initial motion of the systen 

he particle A nlone i 
If P > H ^A' + Jf', 



Am. If P<iJ.-/~A-' + S' and >ij.A 
slip, and this happens when sin 6 = —■• 
_r+j£{B'-A') 



slip when costf ^ - 



2i^JlP 



48. A heavy rod is placed in any manner resting on two points J 
and 5 of a rough horizontal curve, and a string attached to a potut d 
of the chord AS is pulled in any direction in the plane of the c 



EXAJHPLES. 



2m 



^t tlie rod is on the point of motiou. Prove that tlie locus of the 
terEection of the lines of action of the frictions at A and B ie aii arc 
rcle and a part of a straight line ; except when C is the centre 
jf gi'Bvity of the rod, in which case (he directioue of the frictions will 
e always parallel to the string. 

L 49. A har rests with two short legs, iiiced at A and Jl, on a rough 
eoutal plane ; a cord is attached to the har at a given point, M, 
. pulled horizontally with gradually increasijig force ; find the 
iwtion of the point, I, ahout which the bar will begin to tuni. 

w. Let F, Qhe the pressures on the legs A, B ; describe the 
raular locus of the vertex, C, of a triangle whose base is AB and 
o of sides CA:CB = P. AM : Q . BM ; if this circle intersects the 
1 C, the point / is the intersection of perpendiculars at A and B 
p CA and CB, respectively. 

miform bar of weight W, bent into a semicircle, rests on a 
igh horizontal table; AB is the diameter joining its ends and C is 
le middle jwint of tbe arc. A string tied to G is pulled gently in the 
rection CA, and the tension is increased until the bar begins to 
nvfl ; show that the tension at this instant is equal to 

!. Jolm'e Coll -g laSb) 

61. A uuifo m la n^ (or a hollow circular cylinder) of small 

thickness is pla d w th t axis vertical on a rough horizontal plane; 
if a string atta h d t a g ven point in ihe body is pulled with 
gradually inc ea ng f e u a g^ven horizontal line, find the poijit 
about which th h dy vill begin to rotate. 

Arti. If a = rad u of tl e ring, c = perpendicular from centre on 
the string, th p mt f tu n ng will be on the diameter perpendicular 
to the string at a d tan f om the centre given by the equation 

(.-«)(. + «). S = (,+^)(a-a=)./f, 
where E and K are the complete elliptic integrals of the second and 

.first kinda with modulus ■■ 





CHAPTER XI. 

CJOmOIDS AXU CENTRES OP U&S8. 

159.] Theorem of Ham Moments. We have alreadj (m 1 
Art, 90) defined tlie cento of mass of any eystem of portadi^ \ 
whether they fonn & cfsimnnouB body or not, and shown bow 
to find the distuice of this pdnt from any plane. 

In the caae of a continaons body, if we take any point, P, 
in it, and at JP take an indefinitely small element, dm, of mass, 
and multiply dm hy the distance, z, of P from the plane of 
reference, we obtain the ntass moment, 

of the parbiele with xwpwst to the plane. The earn of theee , 
mass moments for all the elementa of mass of the body is eqtul i 
to the product of the whole mass of tite body, If, and the 
distance, z, of the centre of mass of the body from the plane ; so 
tliat , _ /zdm 

'- M ' <•) 

This gives the distance of the centre of mass, G, &om the 
particular plane of reference ; but to determine the point com- 
pletely, we require, in general, to know its distances from any 
two other planes of reference. 

If throngh any fixed point, 0, there be drawn any three 
lines Ox, Ot/, Oz, usually taken rectangular, and if x, y, z denote 
the co-ordinates of F, the position of the indefinitely small 
element, dm, of mass, and if x, f, z denot« the co-ordinates 
of G, we have in addition to (1) the equations 
fxdm _ fydw. 

These expressions hold whether the co-ordinates are rectan- 
gular or oblique. 

Sometimes, owing to some simplicity of the fignre of the 



r 
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given ^Miy, we know at the outset a particular line on which G 
liea, and in snch cases the point G will become known if we 
calculate its distance from any one plane. 

We may obviously define the centre of mass of the body us 
the point whose distance from any plane is the mean distance of 
the given mass from the plane. 

Let it be particularly observed that no snch theorem of mass 
moments holds with respect to a Hue. Given any right line, Ox, 
we may, indeed, calculate the mean distance of the body from 
the line thus : if / is the perpendicular distance of the point P 
of the body from Ox, the expression 

M 

gives the mean distance of the body from the line, and all points 
lying on a cylinder of this radius having Ox for its axis are at 
the mean distance of the body from the axis ; but the centre 
of masg of the body, defined as in p. 129 — i.e., the centre of mean 
position of all its points for multiples proportional to the ele- 
ments of mass at these points- — is not, in general, one of these 
points ; and, moreover, there is no single point in the body such 
that its distance from everi/ line in space is the mean distance 
of the body itself from that line, whereas the unique property 
(lo':» belong to the centre of mass — i.e., the distance of this 
point from ever^ phne is the mean distance of the body from the 
plane, as is at once seen from the method by which this point, 
G, is deduced (Art. 90), a method which consists in dividing 
the lines joining particle to particle in ratios which have nothing 
to do with any planes of reference. This uniqueness of the 
point G may also be verified analytically from the expressions 
(1), (2) for its distances from three particular pianea of reference. 
For, let any other plane of reference be taken, and let the 
equation of this plane with respect to the three selected axes 
Oj-, Oy, On be 

kw + ,i.y + vs-p = 0, (3) 

where A, ^, v are the three directaon-cosines of its perpendicular 
from and p is the length of this perpendicular. Then if 
a; y, z are the co-ordinates of the point P in the body, the 
of the perpendicular from P on the plane (3) is 




^^^^vz- 



A 
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so thab the mean distance of the body iioiu the plane is 



M 






nr Xj^-^fiff + vz-p, 

which ifl precisely the distance of the point G from the plane. 
Henoe if G is determined with reference to any three planes, we 
shall arrive at the very same point whatever other planes of 
reference we take for its determination. 

It has been already pointed oat why the centre of moss of 
a body or any system of bodies coincides with its centre o/gravUg, 
when we consider the system as acted upon by the attraction 
of the earth. 

We might, in the very same way, define the centre of volume 
of a body. Thus, if i^ is any point in the body, and if dv is an 
indefinitely ^mall clement of volume described round P, ^'being 
the volume of the whole body, the expression 

/i:dv 

'—f- 

is the distance of the mean volume-point of the body fi'om 
n plane, and this will coincide with the distance of the centre 
of mass if the body is homogeneous ; for, if p is the mass per 
unit volume at P, the mass inside dv is pdv, so that the distance 
of the centre of mass is fpzdv 
~M~' 
which agrees with the previous expression if p is the same at all 
points, since it can then be taken outside the sign of integration. 
If instead of a material body we have a mrface of any form — 
a mere area — we can define in the same way the point whose 
distance from any plane ia the mean distance of the surface from 
the plane. Thus, if P is any point on the surface and if dS 
is an indefinitely smidl element of the area described round P, 
i.he whole area of the surface being S, the expression 

is the mean distance of the Burface from the plane from which 
-- is reckoned; and rejilacing (hii by dS in (l) and (2), and 



1S9-J 
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J ty 5, we arrive at the co-ordioates of the point G which 
f Bometimee epoken of as the centi-e of gravity of the surface. 
a point is now more usually called the ceiUroid of the Burfacc, 
r its ceiitTe of area. If instead of a mere geometrical surface 
I imagine •$ to be an indefinitely thin membrane of uniform 
ess and density, the centroid may be regarded as the centre 
8 of the mcmbiane. 
I Given two bodies of iiny shapes and sizes and the centre 
a of each, to find the centre of mass of the two combined 
Kls not uecessarj' to resort to any integration. We have merely 
p. join their centres of mass, g^ and g^, and on the joining line 
\ take a point, G, dividing it into two segments inversely 
toportional to their masses, m-^ and m,^, respectively ; thns 

e,, _», 

[And a Zy, z^ are the distances of ^j, g^ from any plane, and 
e distance of G from the plane. 

Again, given the centre of mass, G, of a mass M, and also the 

intre of mass, ^j, of a portion, m-^, of the mass, the centre of 

, g.2, o£ the remainder is a point on the line giG produced 

An obvious and important property of the centre of mass 
f fmy material system is that l/ie taass moment of the tystem with 
I any j)la7ie passing through its centre of mass is zero ; 
a»t is, if %, Mj, ... are any masses whose centres of mass are 
,z^, ... from any plane passing through ffj 

md conversely, if the mass moment with respect to a plane 
Danishes, the plane passes through the centre of mass. 
If the system forms a continuous body, 

fzdm = 0, (6) 

for any such plane ; and for a continuous surface 

/,dS=0. (7) 

The possibility of the vanishinjf of the ma.ss moment depends, 

of course, on the fact that the distances of points at opposite 

sides of the plane of reference from this plane are affected with 
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opposite signs, i.e., some of tlie 7'a in (5) are poaitive while 
others are negative. 

Hence a fundamental difference between the mase moment 

fzdm (8) 

with Inference to a plane and another kind of mass moment, 

/«•*», (9) 

which has often in Kinetics to be calculated for the aysteni, 
i.e., an expression in which eaeh element of mass is multiplied 
by the »qiiare of its distance from the plane. This latter ex- 
pression can never vanish for any plane— unless we imagine 
a system in which some elements of mass are positive and some 
negative — since, whether 2 is + or — in (9), each term of the 
integral ia +■ The expression (9) when divided by M, the 
whole mass of the system, gives the mean square of distance of 
the body from the plane, and this must be carefully distin- 
gnished from the square of ike mean distance of the body 
from the plane. The latter is z^, the square of the distance 
of Q from the plane, and it can vanish, of course. It ia 
well, in view of errors which are not unfrequently made, to 
call the attention of the student to the fact that though for 
many purposes in Statics and Kinetics, a material system may 
be considered as concentrated at its centre of mass, it cannot 
for all purposes be so considered. We have just seen that for 
the calcnlation of the mean square of distance of the system from 
iv given plane it cannot be concentrated at G ; and there are 
many other cases — as, for instance, in the calcnlation of Attrac- 
tion and of Moment of Inertia about an axis — in which it 
is not allowable to concentrate a body at its centre of mass. 

160.] Meaaura of Density. When a body is of the same 
constitution throughout, i.e., when its ultimate particles are 
nndistinguiahable from each other, and when there is the same 
number of them in a given volume wherever this volume ia 
taken in the body, the body is said to be iumoffmeoiis or of 
uniform dettsiiy ; and its density is measured by the quantity of 
matter contained in (some selected) unit of volume. But when 
the particles are more or less crowded together in one region of 
the body than in another, instead of speaking of the density of 
the body, we must speak of the density nt each iiartic«!ar point. 
To measure this, take any very small volume, dv, round the 
point, and let t/m be the qunntitv of matter contained in it; 
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ihen the limitins" value of the ratio -r- 1 when dv (and therefore 

" 4v ^ 

ilm.) is indefinitely diminished, is the dentiti/ of the body at the 
_2iomt contidered. Density may he measured in grammes per 
cubic centimetre, or in pounds per cubic foot. 

We now proceed to the more elementary cases of the deter- 
mination of Centres of Mass, 



Elementary Ca»es. 

, 161.] Centre of t/Laaa of a Triangular Iiamina of UnifOFm I 

bickness and Density. Let ABC be any triangular lamina of I 

loiform thicknesis and density, and let it be div-ided by an 

lefiniteiy great number of lines parallel to the base BC into 

1 indefinitely great number of strips. Then the centre of mass 

Eof each strip is its middle point ; and the middle points of all 

I'tiie strips lie on the line joining A to the middle point of BC. 

1 Hence the centre of mass of the lamina lies on this line. 

I Similarly, the centre of mass lice on the line joining B to the 

I ipiddle point of CA. It is therefore the interseciitm of the 

\ Mtectors of the sides drawn from ihe opposite vertices. 

Again, the centre of ma»t of a ■umform triangvlar lamina coin- 
\ eides mUA tie ceaire of mas» of three equal particle* placed at Us 
\ verticet. 

For, the centre of mass of the two equal particles at B and C 
b middle point of BC\ and the centre of mass of the three 
lies on the line joining this point to A. Similarly, it lies on 
the line joining B to the middle point of CA. Therefore, &c. 

If the mass of each particle is ni, the centre of mass divides 
the line joining A to the middle of BC in the ratio 2m:»i, 
or 2:1. Hence the centre of ma»a of a triangular lamina of 
■uniform thickness and density lies on the bisector of any side drawn 
from the opposite vertex at the point of triseetion {nearest to the side) 
of the bisector. 

Cor. If the distances (rectangular or oWique) of the vertices 
of a triangle from any plane are «], w^, and x^, the distance of its 



centre of mass from this plane i: 



'2+«. 
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1 G;^.] Ceatre of Mass of a Triangular Pyramid of TToifom 
Densitjr. Let ABCIj (I''i;,'. zio) be a trian^Qlar piTamid. Koir 
il' any virtex, iJ, be joined to the eentroid, -A', of the oppoeit* 
face, the joininj"- line [tastes through the centroids of ; 
triBng:le8 in which the pyramid is cut by planes parallel 
this face. For, let aic be a sectioa of tbe pyramid panllel 
lhe base, ABV. Draw the plane Cl^Ii containing the lines t 
and BN; this plajie bisects the hi 
AB in //, since (Art. 161) CN bieeet 
AB. Let the plane CNLf intersect ti 
fece ABD m the right Hne HkB, 
being the point in M-hicb this Ki 
meets at. Then since in the triai^ 
ABB, III, is i^arallel t-o AB, and li 
bisects AB, h is the middle point of t 
Again, if the line i>iV^ meets the pk 
ahc in n, the points h, n, and c are in 
right line. For these are evidently poii 
commou to the planes Cl^B and alie, and since two pi 
intersect in a right line, the points h^ n, c are in a right line 
that is to say, « is a jioint on the biaeetor of the side ab disi 
through c. Similarly, w is a point on the bisector of Ic drai 
through a ; therefore n is the centroid of the triangle abc. 

To find the centre of mass of the ])jTamid, let it be divided 1 
jilanes parallel to ABC intc an indefinitely great number 
triangular lamina;- Now we have just pi-oved that the cent 
of mass of all these lamime lie on the line, BN, joining tJ 
vertex JJ to the cenlroid of the opposite base. Similarly, the 
centre of mass of the pyramid lies on the line joining the verbv 
A to the centroid of the face BCB. It is, therefore, the poinl, 
G, of intersection of lines drawn from any two vertices to the 
centroids of the opposite faces. But this is exactly the con- 
struction for the centre of mass of a system of four equal 
particles placed at the vertices of the pyramid. Hence — 

T/ie centre of matt of a triangular pyramid eoineidee with lhe 
centre of mats of four egual particleg placed at it-* veriiceg. 
AXso— 

2'he centre of mag» of a triangular pyramid iV one-fourtk of 
iray vp tie line joining tie centroid of avi/ fa 



tie 
< fie opjMmk . 
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^K For, if lit the vertices there be placed four equal particles, each 
^B moss m, their centre of niaas is found by joining D to A' 

fcd taking ^= ^ - *, therefore GN = iGD, or 

■ NG = iND. 

^KCos. 1. The perpendicular distance of the centre of mass of a 

^Hpngtilar pyramid from the base is equal to i height of 

^^bamid. 

^HpOB. 2. If the distances (rectangular or obliqae) of the 

^^Htices of a pyramid from any plane are x^, x^, tr^, x^, the dis- 

^^pce of the centre of mass from the plane is -* ^ - ■■ ^ — * ■ 

^BlF3.] Centre of Mass of a Cone of Uniform Density 
^bving any Plane Base. Consider a pyramid whose buso in a 
^blygon of any number of sides. Then, by dividing the base 
^^no triangles we can consider the whole pyramid as composed 
^Hta nnmber of triangular pyramids. Now (Art. 162) the centime 
^Kmass of each of these pyramids lies in a plane whose distance 
^Km the base is one-fourth of the height of the pyramid ; there- 
^Ke the centre of mass of the whole pyramid lies in this plane— 
^ftftt is, its perpeiulicuhr distance from the base is one-fourth of 
^Be height of the pyramid. 

^m Again, dividing the pyramid into an indefinitely great 
nnumber of lamina, as in last Art., the centres of mass of these 
lamina all lie on the right line joining the vertex to the centroid 
of the base. Hence the centre of mass of the whole jiyramid 
lies on this line ; and by what we have just proved, it must be 
one-fourth of the way np this line. There is no limit to the 
number of sides of the polygon ; hence they may form a eon- 
tinnouB curve. 
Therefore — 

The centre of ma»» of a cone who»e bage is any plane curve iekat- 
ever it found by joining the centroid of the bate to the vertex, anrl 
faking a point one-fourth of the ioay vp this line. 

164.] Theorem. If the mats of each of a system of bodies he 
multiplied by the square of the distance of its centre <^ mass from a 
given point, the sum of the products thus obtained is least- vhen the 
/}iven point it the centre of mass of the system of bodies. 

This theorem, which is well known in elementary geometry, 
idmits of a very simple analvtical proof. 
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Lei (ff, f, i) be the (Mi-ordinatos of the centre of mass, G, tS 
tin syvtMU with reference to rectangular axes throngh any point, 
0, and let {»i,jri, 2,), (*j,^t, 'Ji-... be the co-ordinates of the 
eeatna of mass, J,, ^,..., of the bodies whose maseee an 

•i."i Then 

(?J,' = {S-.,)' + 5-y,)"+(j-^,)'. (.) 



MTthqiyiiig the sides of these eqnatione by nij, m^, ,„, and 
addii^, we luve 

S(«i.GJ«) = (i*+ji« + a*).2M— 2i,2»M— 2y.Si«f 

-2i.2««+2«(a(* + »«+«»). (3) 
Now (Alt 159), 

Hotoe (8) beeomcs 

Sim. GA^) = lm(^+f» + !^)-{^+y'+j^).S,m, 
or 2(m.(?J^) = 2(m.0J^-0G«.Em, {*) 

fion wliidi equation it appears that £ (ta . GA') is alnrays less 
tihan 2 (« . 0^^) by the qoantaty OG' .Sm. 

K cen be ehown that, if r,j denote the distance between the 
cenlzes of mass of the masses n^ and m,, and Jf the sam of iii 
themaases, if .l{m . GA^) = SimiVt^rJ). 

For, let the centre of inaes, 6, be taken as origin. Then, 
denoting the co-ordinates of the points J^, A^,... with reference 
to G by (t/, J,/, 2,'), «, j^;. ^0. -. 

Also (Art 159) 

= M,*,'+Bf2*g'+-.- 

Sqoaring both sides of each of these last three eqaatdons, adding 
the resnlts together, and subtracting their sum fiom (5), we have 



HeDce 


foan(4), 

oe 
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ider whieli form Lagrang* espressea tte distance of the centre 
a of a syBtem of bodies from a, given point (see Mecanique 
Sitalyiiqiie, p. 61). 

Equation (4) can be employed to prove the well-known ex- 
pression for the distance between the centres of the inscribed 
and circumscribed circles of a plane triangle, viz. : 

iJ2 = ^ii— 2-Hr, 
D being the distance between the centres, and r and R being 
their radii, respectively. 

(Suppose a system of particles at the vertices, the mass of 
each being proportional to the opposite side. Their centre of 
mass is the centre of the inscribed circle. The remainder is left 
to the stndent as an exercise.) 



ESAI 



nitre of inasa of the frustuni of n 



I 



1. To find the position of the 
])yramid. 

Let the frastum be formed by the removal of the pyramid aid) 
(Fig. 23o) from the whole pyi-amid ASCD; let h and 7/" be the per- 
pendicular heights of tliese pyramids, respectively ; and let m and 3/ 
denote their masHes. 

Now if the pei-pendicular distances of the centres of mass of the 
pyramid ABCD, the pyramid ahcD, and the frnstum, from the base 
ABC be denoted by e,, s,, and a, respectively, we have (Art. 159) 

M^ = mz^ + {M-m)!,. (1) 

Ji I 

H—\h. Also the massea of the 

the cahes of their heights ; therefore 
A'(ff-|A)-|-(ff^-A')^, 
■1 (ir~h') z = H^-^UK -I- 3/i* 

= (H~hY{IP + 2Hh + ^l,^) 
_ (H-k) { H^+2Hh-{ 
''■ *~ 4 ■ B'' + Iik + 
Instead of the heights we can use the square roots of the areas 
the bases, to which the heights are proportional. If these areas n 
denoted by A and a 

u I A . n ./TL I !>_ 

(3) 



B.t,,= - 


'. = {*"- 


pyramids ar 
(1) give. 


e to each other 



(2) 
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The ccutre of mtus, C of tht frnstiim ohviously lies on the lii 
(Fig. 32o) between N snil G ; itnd (3) evidently gives 

It is clear that the position of the centre of mass of the fi'iietam of 
)i cone etaiKliug on any plane l>iL»e is niso given by these equatioi 

2. To find the centre of mass of a board of uniform thiykneaa luid 
density whose figure is that of a quadrilateml. 

Let ABCD be the quadrilateral ; draw the line AC\ which divide 
the quadrilateral into ttvo triangles ; let L and M be the cetitroidsd 
the triangles ABC and ADC, respectively; and let the lijie LXmeA 
AC in S. 

Tlien the centroid of t)ie quadrilateral is a point, G, on LM si 
MG _ area ABC _ area ALC _ perp. from L oi^ AC _ 11 

" LG ~ urea ADU ~ area-iJ/f ~ perp, from.lfon JC ~* MN^ 

thei^fore ^.= ^4?' ">■ ^lG=L^\ 

LAI LM 

The centre of muss is tlierefore liiuinl by taking n, point, G, on LM, 
such that MG = LN. 

Another construction. The student will find little difficulty in 
proving the following construct ion. Draw the diagonals AC and 
BD, meeting in the point 0. On AG take a. point C, such that' 
AC=CO, and on BD take a point B', auch that 33" = £0 
Then the centroid of the qnndrilateral is the centroid of the triandl 
B'OC. ^ 

3. From a triangular board of uniform thickness and density 
portion constituting the area of the inscribed circle is removed ; pr 
that the distance of the centre of mass of the remainder from any 



A being the area, and g half the sum of the sides, of the Iward. 

4. If a tetrahedron be f;;rmed by the centres of mass of any 
jLiaaees, prove that each mass ia proportional to the tetrahedron 
standing on the opposite face and having for vertex the commM 
centre of masH of the masses. 

5. If at the vertices of a triangle there be placed three masaei 
of which is proportional to the opposite side of the triangle, prove 
that their centre of mass is the centre of the circle inscribed in 
ihe triangle. 

tl. Prove that the centre of mass of a system of uniform bait 
forming a triangle is the centre of the circle inscribed in the tr' 
foi-med by the middle points of the bars. 

7. A figure is formed by a right-angled triangle whose sides art 
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d e, and the squares constructed on these sides ; find the 
Btauce of the centroid of this figure from the greatest side (c). 
a6 3c'-.'iab 
3e' 'ic'+ab ' 
[ 8. Prove that the centroid of a trapezium divides the hne joining 

! middle points of the two parallel sides in the ratio - — —, tlic 
iffthe of these sides being a ajid b. ^a+o 

t Prove also the following construction for the centroid ; — 
[ The vertices, in order, heing A, B, C, D, and the piirallel sides AB 
1 CD, produce BA to A\ and AB to 5', so that AA' = BB' = CD ; 
© produce DO to C, and CD to I)', so that CC = DD' = AB ; then 
B point of intersection of A'G" and ffD' is the required centroid. 
,fl. A right line passing through a fixed point intersects two fixed 
jht lines ; find the locus of the centroid of the triangle formed hj' 
e variable line and the two fixed lines. 

M. If the co-ordinates of the fixed point with reference to the 
D fixed lines as axes are a and b, the locus is the hyperbola 

(Sx— n) {Sy—b) = ah. 
10. If the right line in the last example, instead of passing through 
\ point, cut off a triangle of constant area, find the locus of the 
'd of the triangle. 



Ana. If ft) is the 
I, the locuB is the Ityperbola 

93)ysin 
, 11. From a sphere of radius It 

mce between their centres being 
e remainder. 

Atit. It is on the line joining thei 
-, from the centre. 



the fixed lines, and i? the constant 



removed a sphere of radius r, the 

find the centre of mass of 



, and at a distaiici 



12. Every body has one and only one centre of mass. Qenee show 
that the lines joining the middle points of the opposite sides of a 
quadrilateral bisect each other. 

(Consider four equal particles at the vertices.) 

13. From the vertices of a given triangle let perpendiculars be 
drawn to the opposite sides. Find the distances of the centroid of 
the triangle formed by the feet of these perpendiculars from the sides 
of the given triangle. 

Ans. The distance from the side a ia ^a s\a A wb{B — C). 

14. A thin uniform wire is bent into the form of a triangle ABC, 
and particles of weights, P, Q, R, are placed at the angular points 
A, B,Cy respectively ; prove that if the centre of mass of the particles 
coincides with that of the wire, 

P:Q:R = b + c:t:+a:a-\-b. 
(Wolstenholme's Book of Mathematieal Problems.) 



306 



flENTBOms AND CENTRES OF : 



15. Find the centroid of the triangle formed by the points in wW 
the bisectors of the angles of a given triangle meet the opposite sidi 

Ans. If A denote the area of the given triangle, whose siJ 
Fire a, h. a, the distance of the centroid from the side a is 
2a+ b+c 
^^{a + b){a + cy 

16. A uuiform vire of given length is formed into a ti'iangte 
which one angle is given ; find the locus of the centre of mass of t 
wire referred to the sides containing the given angle as axes. 

Am. If C is the given angle, and 41 the length of the wire, t 
locus is the ellipse 



-1/Y+Hi- 



'2l—x—p)Bit?- + ixff\ 



1 7. If particles be placed at the angular points of a tetrahi 
proportional respectively to the areas of the opposite faces, 
centre of mass will he the centre of the sphere inscribed in the tetfi 
hedron. 

(Wolstenholme's Sool: of Matliematical Problemg.) 

18. Prove that the centroid of the surface of a tetrahedron is tj 
centre of tie sphere inscribed in the tetrahedron formed by joini) 
the centroids of the faces. 

19. If z,, 3j, 2j, a, are the distances (rectangular or oblique) of ti 
vertices of any quadrilateral area from a plane, and f the distance 
the point of intersection of its diagonals from the plane, the distaa 
of its centroid from the plane is 

20. On the base of a solid homogeneous hemisphere is conatnictt 
a solid cylinder ; determine the height of the latter so that the 
of mass of the compound body may be the centre of the sphere, beb 
given that the centre of mass of a solid hemisphere is |^ r from tl 
i^eiitre, where r ia the radius. 

Ans. ij-/2. 

21. A hollow thin metallic cone without a base is held with ita 
axis vertical and vertex down ; the radius of the base is 5 inches, tbe 
height 12, the thickness ^^ inch, and the i^pecifiu weight of the met^ 
8 times that of water. If the cone is filled to the height of ~ ' 
with water, find the position of the centre of gravity of the water 
vessel. 

Am. It is about 6'6 inches from the vertex. 
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Section II, 
Cenlret nf Ma»g in General. 
Jl65.] Sale. The general formulae of Article 159, for the 
jrdinates of the centre of mass of a quantity of matter 
in any manner, assume particular forms according as 
) matter is arranged in the form of a wire of any shape, an 
, or thin lamina of any shape, or a solid. Then, again, 
' asgnme particular forms in each of these cases according 
k the manner in which the matter is supposed to be divided 
^to elementary portions. 

I Many stadcnts are in the habit of remembering a special 

vavht for each of these numerous cases ; such a habit, however. 

Iliot only useless but injmious. It ia much better to consider 

a fundamental formula (I } of Art. 159, or the method of p. 131, 

Efnmishing the following Rule which covers all possible cases : 

mjhvide the qtMntity of waiter, in ani/ wag, into elementary 

ftiong; Jind the position of tie centre if mas« of each of thete 

Uona; iken muUipli/ the mast of each portion by the co-ordinate* 

Jiiti centre cf maM, and take the integral of this product; awl 

^lly divide /his integral hy the whole quantity of matter. Thi- 

mii is the co-ordinate of the centre ofmasi required. 

' 1C6.] Centre of Mass of the Aro of a Cnrre. If the 

^tter whose centre of mass we desire to find is arrtmged in 

3 shape of the arc of any curve, the co-ordinates of its centre 

f mass are obtained from the formulae of Art. 159, in which 

V denotes the mass of an elementary length of the curve. 

Let ds denote the length of an elementary portion of the curve 

contained between two points, P 

and Q (Fig. 221); let k denote 

the mean area of a section of the 

curve between P and Q ; and let p 

denote the density of the matter 

in the neighbourhood of P and Q. 

Then, since the quantity of matter 

in any space is equal to the product "^' 

of the volume and the density, the quantity of matter between 

P and Q is hpdg. 
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Again, the centre of mat^ of this element b eridaitij tiie 
middle point of PQ. 

And since to obtain G, the centre of mass of the wb<^ mw, 
the co-ordinate>> of thi^ middle piint most be multiplied bj tbe 
iniinitesimal ipiU, the co-ordinate:^ .of the centre of mass of PQ 
may be taken to be the same as thoec of P. 

Beplacing </«■ in the general formulae by ihe linear element 
kpA, we obtain (ex the position of the centre of maise of 
arranged in the form of any curre the equations 
_ _J'ipjrih 

^ fkpd* ' 

■ ~fkpd* ■ 

The quantities k and p must be given as foDctions of ^ 
poeition of the point P Ijefore the integrations can be peifonned. 



ExAXPIiES. 

I. To find the position of the centroid of a circular arc of imifMni 
thickiieaa and density. 

Let AB be the arc, M its middle point, and the centre of tk 
circle. Then it is manifest from eymmetnr that the centroid mnst Ik 
on the line OM. Take OM as ana of x. Then, since k and p w« 
constant, we have fxdg 

■X being the co-ordinate of any point, P, in the arc. Let be tbe 
angle FOM and a the radina of the circle. Then 

a; = a COB 0, and d» = add. 






.Ah 



J'de 

the integration to be extended over the whole arc. Now if the angle 
BOA ■=■ 20, the integration must be taken from d ^ — a to = & 
Therefore j 



Hence (Ae dUtanee of lite centroid of the are of a circle fivtn Ih 
centre i» the prodticl of tlie radius and the chord of the are dividtd iy 
the length of the are. 

5!he distance of the centroid of n Bcmicirde from the centre is — ■ 



2. Find the centre of mass of a. circular arc of nuifonn Eeutioii, the 



ileuKity varying ) 

Let AB be the i 
OA he taken as &} 



the length of the arc meafiured frum one extremity, 
re ; let the density at any point /* = ^ , AJP, and let 
is of le. Then if lAOB = a, and AP = s, we have 



/axdg 


f'ecoBSdB 


fads 


f'ddB 


aeir 


,a + coaa-l 


,A.W- 


rdsmede 


fads 


rede 


.. . ^^^ " 


— acoaa 



3. One extremity. A, of the arc, AB, of a curve being fixed, while 
the other extremity, B, varies, it is required to construct at any point 
the tangent to the locus of the centroid of the variable arc AB. 

Let AB be a. portion of the arc of any curve, and let S be the 
ceiitroid of AB. Then if 5* be a point on the given curve very close 
to S, the centi^oid of the whole aic AB' is obtained by joiniug the 
centroid, G, of AB to the centroid of BB", and dividing the joining 
line inversely as the lengths of AB and BB". But tbe centroid of 
BB" is its middle point. Hence the centioiJ of AB" lies ou the line 
joining G to the middle point BB". In the limit, therefore, the 
line joining G to its next consecutive position is the line GB, which j 
is, then, the tangent at G to the locns of G. 

4. Find the position of the centroid of the aro of a eemi-cardioid. 
Ana. The equation of the curve being r = a(l+coaO), the 

co-ordinates of its centroid referred to the axis of the curve and a 
perpendicular line through the cusp aa axes of x and y are 



5. Find the equation of the line joining the centroid of the a 
half a loop of a lenmiscate to the double point. 

Arts. The axes of x and ^ being the aitis of the curve a 
perpendicular line, the equation of the required line is 

6. Find the centroid of the arc of a Bemi-cycloid. 

Ana. The axis of x being a tangent at the vertex, and a 
radius of the generating circle, 

- / *\ - 2 



-•.■ -■ •■! 
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7. lind the distanoe of the oentroid of Um 

y= !(.• + .-•) 

from the axis of ab, the coire beiiig JUrided into two eqwl porlioM If 
the axil of y. 

Afu. If 22 is the length of the ourre end k the ofdbefo of ib 

extremity, the eentroid lies on the exis of if at a dietanoe — r^— bm 
theaxia of as. 



21 



8. Find a law of densitj of a wire of nnifoirm aeetioii bent intDtti 
shape of a cycbid so that its centre of mass shall be half wi^ if 
itsaxb. 

An$. If the densitj Taries as the length of the are nesiand 
from the vertex, the result will follow. 

9. If the density of a oyclmdal arc Taries as the w^ power of tke 

arc measnred from the vertex, find the position of the oentre of mstf 

of the curve. 

n+l 
Ant, On the axis at a distance 2 — --r- a from the vertex, • 

»+3 

being the radius of the generating eirde. 

10. One extremity of a circular arc is fixed while the otiber vaiiei 
along the circle ; trace the locus of the centroods of the varying wm, 
and prove that the al^ftbraie sum of the intercepts of the locaa on fbi 
diameter perpendicular to that passing through the fixed extremity rf 
the arcs is equal to half the radius. 

167.] Centroid of a Plane Area. Let APQB (Fig. 222) be 
any curve whose equation is given, and let it be required to find 
the centroid of the area, CABJ), of a lamina included between 

a given portion, A£y of the 
curve, two extreme <»di- 
nates, AC and BB, and 
the axis of «, the lamina 
being supposed of uniform 
thickness and density. In 
accordance with the role 
of Art. 165, we break up 
the area into elementary portions. Suppose that this is done by 
taking rectangular strips, such as BQNM, included between two 
very close ordinates, BM and QN, and let ^ be the centre of 
mass of this strip. 

Let the co-ordinates of P be (a, y) and those of Q {w-hdx, 
y+dy) ; let p be the density and i the thickneas of the lamina. 
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3 mass, 'Im. of the rectangular strip is 
kpydx. 

I the co-ordinates of ? are fai + t,^ + *'J ' * """^ *' ^^'"S^ 
[tremelr small quantities of the same order of mag'nitade as 
If and d^. 

I Following- the rule of Art. 165, to ohtain the abscissa of G, 
i centroid of the area, we shnll have to take the integral of 
e product ^py (a; + f ) dx. 

■diB 18 an infinitesimal of the second order, and ia there- 
j to be neglected in the integiul. Hence if 5: and y are the 
-ordinateB of G, wo have evidently, since k and p are constants, 
_ Aydx ffdx 



' fyi^ ' 



j, = i 



fydx 



we integratio 



sxtending over the whole area CABD, 



Examples. 

1, Find the ccntroid of the area of a semi -cycloid. 
I Taking the line joining the extrenjities of the arc of the whole 
3 aa axis of x, and a perpendicular through the vertex as axis of 
e curve is given by iJie equations 

y = a(l+cosfl). 



Het 



eydx 



i< 



-d$, and -v 






Jl 



To find leeos*-dd, write it 
Jo 2 

^r 6 {1+voB eydo, or ^-£e{'^-\-2coee + ^coB2e)de. 

Sov/6eOBn8d6 = ^ — ■ -■ Hence the integral , 

3ii'-16 
question = — — — ■ 
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And evidently p=^ -a. 

2. If the ordiaates of a given curve, U, be all diminiBhed Mf in- 
creased ill a given I'atio and a new curve, U', thita formed, prove 
that the centroid of any portion of U' uut off by a right line is 
ubtained by diminiBhing or increaaing in the Baine ratio the ordinate 
of the centroid of the corresponding portion of U. 

Let one line parallel to the axis of p meet U and U' \a P and 
P" respectively, and let another such liae meet them in Q and ^. 
Draw the right lines PQ and P'Q'; then these lines cut off cor- 
responding portions of the two curves. From any point, M, on U 
draw a line parallel to the axis of y meeting the right line PQ in N, 
and V and P'(^ in M' and N', respectively. Denote the oidinatea 
of M and N by y and 2 ; then it is clear that if k is the number by 
which the ordiiiates of fare ranltiplied to obtain those of V, the 
ordinate^ of M' and N' are ley and kz, respectively. All these points 
have a common abscissa, ic. An ordinate drawn with the abscissa 
x+dix includes with the ordinate MNM'N', the curve U, aud the 
line PQ a atrip of area equal to {y — z) dx, while the corresponding 
strip of the area of U' cut off by P"^ is k{y—z)dx. Again, the 

ordinate of the middle point of the fiist strip is —^, aud that of 

the middle point of the second strip is h^-— • 

Hence if y and y' denote the ordinatea of the centrotds of the 
portions of U and U' cut off by PQ and P'Q', reapeetively, 



»'=i-^ 






= i.l. 

Let PQ cut off in all jiositions a constant area from U ; then it h 
evident that P'Q" cuts off a constant area from f '. Suppose, more- 
over, that in this case the locus of the centroid of the portion of U is 
a curve whose equation is y^^,^ y)=0; 

then clearly the locus of the centroid of the corresponding portion of 
^" of constant area cut off by a right line is the curve 

/•(-,f) = o. 

If the linea PQ and P'Q' are replaced by two curves, the second of 
which is deduced from the first as U' was from (/, the same results 
evidently follow. 

3. Find the centroid of a quadrant of an ellipse. 
46 



tey.] EXAMPLES, 313 

. A right line cuts off a uonBt&iit area from &n ellipse ; dud the 
B of the centroid of tlie portion cut off, 
Ans. An elUpBe cunueutric aud couKa! with the giveu one. 

I S. Find the centroid of a, quadrant of the 



-©HD"'- 



3.5.7.9 tt' " 3.5.7.9 ir 
Bsume 3; = acoa'0, y = 6 sin^i/i,) 
I 6. Find the centroid of any segmeut of a parahola cut off hy u 

An^. On the diameter conjugate to the given Jine at a distance 
curve equal to f of the portion of the diameter intercepted 
r the given line. 

, Through a given point, 0, is drawn a fixed right line meeting 

tcurve in A ; through is also drawn another right line meeting 

I in P. It 18 required to construct at any point the tangent 

jl the lofUB described by the centroid of the area AOF aa the line 

. Let G be the centroid of AOF, and take a point Q on OP 
h that OQ = ^ OP. Then 6Q is the tangent to the locus at G. 
e Example 3, p. 309.) 

8. rind the centroid of a semi-ellipse cut off by any diameter. 

. It 19 on the diameter conjugate to the given one and at a 

I 4 a' 

distance — — from the cenlre, 2a being the length of this conjugate 

diameter. 

9. Find the centroid of the area, 
tangentt 



duded by a parabola and two 
and b are the lengths of the tangents {which are taken 
axes of a; and y), *=gJ ^ = 5' 

3. 1 ..I 
(The equation of the parabola is ( - ) 



The particular manner in which 
it ia advisable to break up the 
urea whose centroid is required 
varies with the nuturo of the 
area iteelf. Thus, let the area be 
that included between the axis 
X and two curves, AC and JSC 
(Fig. 323), whose equations are 
given. In this case the area 
may be broken up into thin atrips, such aa PQQ'F', jwirallel 
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to the axis of x, Liet {x, y) be the co-ordinates of P and (1/, y) 
those of i". Then the area of the strip is [3^~x)dif, and tbe 
co-ordinates of its ceotroid are i{a/-t-«) and _y. Hence if nu 
portion of the area coneidtred is above a parallel to Ox drawn 
through C, the co-ordinatea of its centroid are given by the 
equatioDB 

^ />'-«')«> ' ^ " /{^~^)dy 
in which the limite of jf are and the ordinate of C. The valnM 
of x' and x are of course given in terms of y &oni the equatioM 
of the two curves. 

For example, let it be required to find the centroid of the arw 
included between a parabola and a circle described with the vertex 
of the parabola as centre and a radius equal to f of its latua rectum. 
The centroid is on the axis of the parabola. Let the equatiou of Uw 
parabola be y''=imx; then the equation of the circle is a!'-t-y'=|iii';. 
and the ordinate of G, their point of intersection, is m-^2. 






.ni' 



!/• 



)* 



/""Vj"'-''-!^)* 



aa the student will find without much difBcultj. 

EXAMFI^E. 

1. Find the centroid of the area included between the arc of a 
semi-cycloid, the circumference of the generating circle, and the line 
joining the extremities of the cycloid. 

Am. The common tangent to the circle and cycloid at the vertex 
of the latter being taken as axis of a;, the vertex being origin, and a 
the radius of the generating circle, 



2. Find the locus of the centroid of the area of a parabola cut off 
by a variable right line drawn through the vertex. 

An*. If 4m is the latus rectum of the parabola, the locUB u 
another parabola whose equation is y* = - mx. 



CENTMID OP A I'LANK AEEA. 



\ (The studeot may verity the coiiBlriictioj 
"" B tangent to this locus.) 
t 3. Find the centruid of the portion of 
iug the extremities of the major and m 

An --- — ■ --- ^ 



of Example 7, p, 313, for 
m eUipse cut off by a Hue 




i8.] Oraphio Constructioa of the Centroid of a Plane 

The following- method of determining the centroid of any 
lane area is taken from Collignon'a Staiique, p. 315, 

Let AFBQ be any plane area, and let Ox be any line in its 
Eplane. Then, if the distances of the 
centroid from Ox and any other line 
in the plane are known, the poeition 
of the point is known. 

Draw any line, (/w', parallel to Ox 
(axis of x) in the plane of the curve, 
and let the perpendicular distance 
between Ox and OV be a. Let the 
area be broken up into narrow rect- 
angular atrips, such as PP'Q'Q, by 
lines parallel to the axis of x. Then 
if PQ = £, the area of the strip 
= zfly, the distance of PQ from Ox 
being ^. 

Hence the distance, ^, of t 
is given by the equation 

,- _ fy^'iy _ fy^^s 

^ ~ f^dy ~ A, ^ 
A-i being the area of the figure, and the values of^ running from 
the ordinate of A to that of £, at which points the tangents are 
parallel to Ox. Now take any point, 0, on Ox ; draw OQ, and 
draw P(/ parallel to OQ. Let the line Off meet PQ in R. 
Then by similar triangles 

3A- 9E. Qfl _ OR 

RP ~ Rff' ■'■ 7Q~ Off' 
or, / denoting the length QR, 

./=p. (2) 

Let the locos of R corresponding to all strips of the given area 



introid of the area from Ox 



(1) 



1 
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Im contracted. It will be u curve, Ji?5. jiassing throiigb itf 
pcMnti A and ^. 

Sobftatotill^ the value ofji: from (2) in (1), we have 

in #lueh tlte limits of y are the e&nie as before. But //dj a 
the KW^ J<) f Wrween the curves AJtB and ^^ QS. HeiLce 

The dJBteTwe of the centroid &om Ox is therefore knows. 

orly its distance from any other line cun be found, and 

e the jjosition of the point ia determined. 

If a point S is dednced from It in the same way as that is 

which S WM deduced from P, and i£ QS = z", we shall have M 

before 



If therefore the locus of -^ is constmcted, the area included 
between it nod //Q-5 multiplied by a^ will be the value of the 
integral f^zAy extended over the orijjinal area. 

By the construction of successive curves eueb as ARE we 
represent the values vi J'y'ziiy, J'y^xdy, &c., giapbically. 

An in^nious instrument founded on these principles — the 
Integrometer of M. Beprez — is described by Collignon in the 
AnnaUi det Pontt et CktmttSe* for March, 1872. 



EXAHFLZ. 

In finding by this method the centroid of a portion of a parabola 

cut off by a double ordinate at a distance A &om the vertex, prere 

that if the tangent at the vertex and the given double ordinate are 

taken as the lines Ox and (/x', the equation of the curve ABB will be 

Ay = 4ma:(fc-2iB)'. 

This curve (both branches being drawn) has a loop between the 
values a; = and x = \h, and pseses through the extremities of tlie 
double ordinate. 

169.] Polar Elements of a Plane Area. Let it be required 
to find the centroid of a portion of a plane area or thin hunina 



POLAR KLEMENTS OF A PLANE AREA. 
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Hinded by a portion of any curve, A£ (i'ig- 235), and by two 
reme radii vectoree, OA and 0£, drawn tKrong'h a g'iven 
Mnt, 0. It is obvious that in this case 
■is advisable in applying the rnle of Art. 
£6 to decompose the area into tri- 
■ular strips, such as POQ, included 
ween two very close radii vectores. 
tOI> = r, and IPOcc = 6, the element 
farea, POQ, ia equal to 

f the thickness and density of the 
oina are uniform, the centre of mass 
f thia element is a point ff which 
lay be considered as on OP at a distance § r from 0. 
Hence if Ox is the axis of a; the co-ordinates of y are ultimately 

f r COS 0, and ^ / sin 6. 
Applying the rule of Art. 1G5, we then have 




,yv 



/''lie 



/'' 



fr'c 



Tor example, to find the centroid of a loop of Bernoulli's Lemois- 

e whose equation is r' = n" cos 2 6. 

The axis of the loop being taken as axis of x, the abscisfa of the 
mtroid of the whole loop is evidently the same as that of the half 
jop above the axis ; 



-=-£: 



si 2 Do 



-ff> 



i'e)i.dBi 



) this integral becomes 



Therefore 
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ExAMPLee. 



1. To find the centi'oid of a given sector of a circle. 

Ana. It ia on the diameter bisecting the arc, at a distance fnan 
the centre equal to § of tbe product of the radius and the chord of th« 
arc divided by the length of the arc. 

2. Find the centroid of a portion of an equiangular spiral included 
by the initial line and a given radius vector. 

Ana. The initial line being taken as axis of x, the equation of the 

fipirul being r ^ ae*^, ami a being the angle of the given radius vector, 

Oca fi3*-siQa + 3Se»*"coaa-3i 



' 3{1 + 9A') 



-1 



" 3(1 + 94°) e**"— 1 

a ;= in the preceding question, find the 



and y, and explain tlie result. 

i. Find the centroid of tlie porti 



hetwi 



Q the 



parabolic a: 
radius vector drawn through the focua. 



Ans. If 4m is the latna rectum, and t the tangent of h 
angle hetween the given radius vector and the axis, 
_ _ 2m 1— JC. - _ 2«( t + \e' 

" ~~3 ' i+^f" ■'' ~ ~3~ ' r+j7»' 

170.] Double Integration. When the density of the lamina 
varies from point to point it may be necessary to divide it into 
infinitesimal portions of the second order instead of stripti 
(trianguiar or rectaDguIar) whose areas are infinitesimals of the 
first order. 

Thus, suppose that the lamina J05(I''ig. 225) is notof nniforra 
density. Then if we break it up into triangular strips, euoh as 
POQ_, the element of mass will be no longer proportional to the 
area POQ or IrVfl; and, moreover, the centre of mass of the 
strip will not be I?" distant from 0. 

Let a series of circles be described round as centre, the 
distance between two successive circles of the series being d/. 
These circles wUl divide the Etrip POQ into an indefinitely great 
number of rectangular elements ; and if one of these is included 
between the circles of radii / and / + d/, its area will be 
rd/dQ. 



70.] DOUBLE INTEGKATION. EXAMPLES. 31!! 

If p is the density and k the thickness of the lamina at, this 
ament, the element of mass will be 

Ibo the rectangular co-ordinates of the centre of maaa of the 

jment are altimately r cosfl and r' sinS. 
Tow to find the abscissa of the centre of mass we niuet 
form the summations fsidtti and fdm over the whole area 
ddered. 

The contribntioo to the first of these sammations given by the 

ip POQ is evidently 

C.OS0 del kpr'^d/-. 

td the contribution to the second is 



de kp/dr'. 

In each of these latter intef^rala the values k and p in terms 
r and 6 must be substituted, and the integrations ore to be 
rfbrmed on the supposition that is constant while / runs 
wn to r. 

The quantity cos Odef ip/^dr' will then assume the form 

(r, S) . COB 8 d6. But since the curve AB is given, r is given 
a function of Q. Hence this quantity assumes the form 
^).cosdde, which is the final form of the contribution of 
! strip I'OQ. If we wish to find how much is contributed 
all the strips of the area, we must integrate y(6), cos flrffl 
m 9 = AOx to6 = BOx. 

This double process of integration — first with regard to /, and 

en with regard to Q — is expressed by the symbols of double 

tegration thus : — 

xdm^ / hp/'^ao&Odr'dB, 

Mid (3 denoting the angles AOx and BOx. 
Hence we obtain 



/ / kp/'^cosed/dB i I ^ 



J I 'kpr'dr'de rj'kpr'd/de 

Ijet it be required, for example, to find the centroid of the area of 
a cardioid in which the density at a point varies as the n'^ power of 
the distance of the point from the cusp. 




:::?» Tora^n^sj ^sz t^xzsxs c* xass. [170. 

^-=^ . = ^- ■- lal i s rnBRKzr 'aa-rv^iBre. th» abeciaHk bnng the 



. • - • 




r>*a* aaziOfr i2!5^t*j* ir*f ir»-Z kaovzL DiTiding the nninerator 

.1.5.5 ..2«^3 T 

*CM aagit:m-^r>ir rv ; — - -, 






■»■ — « « % — r 






rwiCFLrs. 



I f':r. .i "rl'it- :-z:r* ::* ::ia5s o: i circular sector in which the density 
^^r:t'* A5 tr.t* ••■- iv^er c^t the distAnoe irom the centre. 

.i ^vv ' — ^ . ^ . "n'r-rre .: is ihe nidins of the circle, / the length 






^: tnc Arv\ *nd • :he .er.rrii of the chorvi, of the sector. 



:^. Fiud the iv^sitiou o: the centre of mass of a circular lamina in 
\\h.\-h ;he luuisity at any point varies as the n"^ power of the distance 
••\^:i', A jiiveii ix'^ir.t on the circumference. 

-iHjf, It is on the diameter passing through the given point at 
,% xusT*«oe from this point eqiuU to " - a, a heing the radius. 



I 
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^i Methods of double integration are also often employed when 
e elements of area are expressed in Cartesian co-ordinates. 
1 thia case, let the element of area at a point P, whose eo- 
Jin&teB are {x', y'), be a small rectangle included between two 
Ory close lines jiarallel to the axis of x and two very close lines 
iT&llel to the asia of y. Then the element of area will be 
fd/\ and if p and k are the density and thickness of the 
ina at the element, the element of mass, 

dm := kpdx'il^'. 
) the co-ordinatea of the centre of maes of this element are 
timately iu' and y'. Hence 

_ f/hpifiyily' _ _ f/kpy'da/d/ 

' f/k^dx'd^ ' ^ - ffkpd^d/ ■ 
A single example will suffice to illustrate this method. 
3jet it be required to find the centre of mass of a quadrant of an 
ipse included by the eemi-nxes, the density at any point being pro- 
rtional to the product of the co-ordinutes of this point. 
Here p = ft . o^'^, and since k is supposed constant, 

f/a^yda^d^' * f/x'y'di/d'/' 

. the integralions be performed firat over a strip parallel to the 
I of y. Then we integrate with respect to y', regarding 3^ as 
Dstant, from y'= to y*^ y, the ordinate of a point on the ellipse. 
_ _ .f^^li^dnf 

3 must substitute the value of y in terms of »', and thus 
'6"' _ _ /■x''(»'-»^i(ti;' 

I which BummationB the abaciaaa iff is to receive all values from 

to a. 

We easily obtain —a aiiA —h for the co-ordinates of the centre of 

Cases may occur in which, although the density of the lamina 

iries from point to point, the process of double integration can 
B avoided by the judicious selection of iin clement of area. 

Let it be required to find the centre of mass of a lamina in 
the form of a quadrant of an ellipse in which the density at any 
point varies aa the distance of the jioint from the axis major. 

Here, by dividing the area into rectangular strips parallel to 
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t)i6 ftxii nugoTy we obtain infinitwriinal dements of the JM 
coder thzooglioat eech of which the denaity is conurtMii. Heose 
oqr equations are 

Making the umial eooentrie angle sabatitatioiis for m and jr, we 

*»d . S ^ Sir. 

8^ ^ 16 

171.] Oentrold of a Sorlkoe of Be¥«>lation. Let a plaiie 
curve AB (B%. %%^ revolye round a line Om (taken as axis of i^ 
and generate a surface. Then the rerolution of the elementaij 
arc PQ ( = ^) generates a portion of sur&ce whose area ii 
2%yd4 ; and if p is the density of the matter in this zone and 
i ite thickness, flie element of mass is 2vipjfdi. Also theoentn 
of mass of the zone is ultimatelj the point Jf, whose abeciaBi ii 
9. Hence the centioid of the surfiMse generated (which obvioodj 
lies on the axis of revolution) is at a distance from O given hj 
the equation ^ fhpxyin 

the integrations being extended over the whole length of the 
generating curve. 

For example, to find the centroid of the surface of a semi-ellipsoid 
of revolution round the minor axis, the density of any zone being 
propoi*tional to its distance from the equatoreal plane, and the thick- 
ness being constant : — 

The area of a zone at a distance y from the equatoreal plane being 
2TTxd8, the position of the centroid is given by the equation 

/xyds ' 

the integration extending over the arc of a quadrant of the generating 
ellipse. Using the eccentric angle, we have 

a; = a cos <^, y = 5 sin <^, ds =: ^/a* sin^ <^ + 6' cos^ 4> . cl^, 
a and b being the semi-axes of the ellipse. 

Hence rf 

/ cos <^ sin^ <f> V a* sin* <^ + 6* cos* (f> . d<t> 

I Jo 
y = b — j 

/cos (f) sin (j) \/a* sin* + 6* cos' <f> . dil> 

To find the integral in the numerator^ put t for sin^, and it 
becomes 



»72.] CENTEOID OF A SPHEEICAL SUKPACB. 

c'. This, again, is equal to 

itegral depend o 



S thiB, by making the first 



the Eecond, i 






integral in this i 
K tlie Integral Calculus. 



Bthe 



f The integral in the denominator if 
if v'6^+?"^ 
« equal to ~,{a»-6=). 



Therefore 



36 



-6' log 



8 c[a'~b'} 

JFor a sphere of radius a the value of y is easily proved by direct \ 

nilation to be §a; and tlio student may esercise himeelf in the 

lation of indeterminate forms by deducing tbis from the value 

Ry given above. (For this purpose it will be udvieable to put 



- Into the form \ It 



1 and expand.) 



172.] Centroid of any FortloQ of a Spherical Surface. 

Let dS denote a,ny portion of a spherical surface, and let d^ 
denote its projection on any plane passing through the centre of 
the sphere. Then, if this plane be taken as that of xy, and if e 
denote the distance of the centroid of the element dS from the 
plane, the distance of the centroid of any portion of the spherical 
snrface from the plane is given by the ec^uation 

._/z,IS 

' - JdS ' 
the integration being extended over the whole portion of the 
tipberical enrface considered. 



0) 
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Now if f is the radios of the sphere, the cosine of the angle I 
between the tangent plane to the sphere at the element '/'¥ uu) | 

the plane of xy is - ; therefore 

r/2=-rf5. (^ 

Hence JzdS = r/d'S. = rS, 2 denoting the projection of the 
whole spherical area considered ; and making this Bahstitnlion 
in (I), we have j 

'=•■«■ w 

where S is the area of that portion of the sphere whose centnud 
ia required. 

Equation (l) gives, of course, the distance of the centroidrf 
any surface whose element ia dS from the plane of ay; and it 
clear that if the surface is generated hy the motion of a ephen 
of constant radius whose centre moves along any curve in the 
plane of ay, the cosine of the angle between the tangent pi; 

at the element dS and the plane of x^ will still he - . since the 

given surface and the generating sphere have the same tangent 
plane. Hence equation (2) holds in this case, and therefore alea 
equation (3). 

173.] Gentroid of any Surfbce. Let dS denote an element 
of any surface, rfS the projection of this element on the plane of 
xy, and y the angle between the plane of ay and the tangent 
plane to the surface at the element dS. Then, if s is the distance 
of the centroid of dS from the plane of ay, we have 

_y£secy,rfS 

~ y'secy.rfS 

It is not unusual to sujipose the element dS cut off froiB the 
surface in the following manner. 

Let w (Fig. 236) be a point in the plane ay whose eo-OTdinaUri 
are j/, y'\ let mn he drawn parallel to the axis of x and equal MP 
dn^; let mq be parallel to the axis of ^ and equal to dy'; aniT 
complete the rectangle tnnpq. On the base timpq describe i 
prism whose edges, Mm, Nii, Pji, Qg, are parallel to the axis of r, 
This prism will intercept on the given surface an element, 



iID OF ANY SURFACE. 



3'^5 



^JS'PQ, which is dS. The reetangailar projpftioD, rfS, is then 
""■■npq -viWox area hsidifdy'. Substituting this value in the above 

«l,„tio„, »e h.ve i = -4 0"'° ''fv? -' . 

'■ne integrataoDB being extended over the whole projectinn of 
^oe given surface on the plane jy. 

It easily follows that /Ae eenlrotil 
*if the pri^eetion {orthogonal or ob- 
' ique) of a'ly plane area on an^ plane 
** (he projection of the centroid of 
the area. 

Take the plane on which the 
given areft is projected as the plane 
ofj'^j'; let w be the angle between 
this plane and the plane of the 
area, and let j-, y be co-ordinates 
of the centroid of the given area. Then 
_ _ fxdS _ y « Bee tt 




since <o is the same for all elements. But the co-ordinate of the 
centroid of the projection is evidently given by this equation. 
Therefore, &c. ; and a similar proof obviously holds for an 
oblique projection, because at all points of the given urea the 
ratio of dS to d^ ie eonstant. 



Examples. 

1. A Bection of a sphere is made by any two parallel plaues ; prove 
that the ceDtroid of the spherical bui'Jace included is midway between 

This is very easily proved either by direct calculation or by the 
application of the result of last Article. Collignon {SCuti^Vie, p. 295) 
gives an elegant geometrical deiiionatratiou which depends on the fact 
that if a cylinder is ciicurascribed to a B]ibere along any one of Ita 
great ciicleB, the portion of the area of the cylinder included between 
any two planes at right anglids to its axis is equnl to the portion of 
the area of the sphere included by these planes. By taking in- 
definitely close planes it follows that the spherical nrea niay be 
transleri'ed to the cylinder, and the centroid of any portion of a 
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is evi^eallj I 



igrtiadfiaalsTM tut ofT by planes perpeodicular to the 
mdMvy tebiMea these pUnea. 

OoBa Hw ceutraid of tbe sorfnce of a hemisphere is at & distaon 
vqnsl to half Ibe radius from the ceotre. 

Th* uthw is indebted to Mr. J. Rendel Harris, of Clare Hall, to 
tb* fidlowiiig application of this result to find the centre of mau of i 
nUd benuiraere. Suppose AB to be the diameter of the solid hemt- 
afben, it* centre, OE the perpend icnlar to the plaiie base at 
tatMiag tha surface of the hemiaphere at /^ ; draw tbe tangent plane, 
CD, at X, tho ]>otiit8 C uud D being du the perpendiculars at S Bad i 
toa»hm> AS. 

Divida tbe noliJ hemisphere into an infinite number of thin con- 
oentrio hniUB[dierical sliell?, and replace each Bbeil hj a cylinder of tbf 
■ains thickneu, having the plane base of this shell for its base, and lie 
radtiM of tluB ehell for its length. In this way the solid hemisphere 
will be replaced by the solid which is obtained by cutting out of the 
oylindw ABCt), which surrounds the surface of the given hemisphere, 
the oooe COD^ Hence, if r is the radius of the hemisphere, and; 
n of the centre of mass of the given solid hemiephere from 0, 



j 

B-4, 



= !>•. 

2. To 6ll(l tlie centroid of a spherical triangle. 
Let ABC be any spherical triangle, and the centre of the sphere. 
Produce the aides AC and AB until they 
C ,----.' become quadrants, AE and AD, and draw 
tlie arc DE of a great circle. 

We slia.ll find the distance of the centroid 
from tbe plane BOD, which is perpendicalar 
to the line OA. 

The projection of the area ABC on dita 

plane is evidently the same as the projectioB 

of the sector, COB. Now if p, is the per- 

Fig. 117. pendicular arc from A on the side BC, the 

angle between the planes COB and MOD 

is 90°—^,; also the area of the sector COB is \ar, a being the 

length of the side BC and r the radius of the sphere. Hence if 2 

denote the projection of the area or the triangle on the plane BOD, 

S = |ar ein^ ; 
and if A, B, C denote the circular measures of the angles of the 
triangle, and S its area, 

S = r'iA+B+C~'n). 
Hence, by (3) of last Article, if x denote the distance of the centini 




from the plane, 



,= 1. 



EXAMPLES 

\ It is evident tbat x is the distance troir 
introid on the line OA. Its projections > 
toined by writing 6 and pj, c and /"j , i 

. To find the centniid of the surface of a i 
ipaotd cut off by the plane of the two greater 
jet the axes in order of magnitude be a, b, c, 



of the projection of the 
n the lines OB and OC are 
i^ead of a and ji^, in thia 



arly spheiica! t 



t Now if dtr^di/ is the projection on the plane xj/ (which is the baee 
"^ " li-ellipsoid) of au element of surface, dS, we Lave 



dS = 






p being perpendicular from the centre on the tangent plane at 
the element, and z the distance of the element from the plane of ay. 
Hence, S denoting the surface of the EeraS-ellipBoid, we have 
fd^'dy' 



-r 



k'x 



Again, ~i = '^+ti" + ^=^^' 
Therefore, rejecting all powers of k and A' beyond th< 



*"/", 



-//' 



(1- 



i^Y'- 



2d' 



) dx'dy' . 



Integrating from af=^—x to a^= a;, the co-ordinates of a 
the circumference of thu base being x, y, we have 



./. 



nd y ill terms of the eccentric angle, and integrating 
i^ + A", 



Tiohe{\ - 



|(i'+*-)}- 



Now (Williamson's Integral Calevlus). 

s=.awnr ^^ 

7(1 (6»aiu"fl + e'coB'9)*(a'sin'^ + 

r^ sin Qde 

Jo (a'6in'fl + c=co=«0,*(6=sin^S + f 
which is easUy proved to be 2ffc' { 1 +5 (A' + A^)}. 



••«)» 



^L Hence finally, 
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4. A inrabola reTolves round its axi« ; fiod tbe ceatroid of 
pwtkin of tke earfuce IfCtw-een the vertex atid a plane perpeiidiculir 
to the sxia »t a distance from the Teriei. equal tci ^ of the ktot' 



A* 



. Its distance fioro the Tertex ^ — (latus rectum). 



5. Find the centroid of the EDrface generated by the rerolatkm Af> 
a cycloid roniid ite axis. 



It U c 



the a 



1 distiince 



2(15ir-8) 



&01U tht 



15(3ir-4) 
vertex, a being the ndioa of the generating circle. 

6. Prove that tbe centroid of the lateral Burface of the frustum of a 
right coue or pvi-aniid lies in a plane whoGfl distance from the base 

^ ",- - h. where !> and p' are the perimetets of tbe base and unp 

section, and h the height of tbe frusttim. 

174.] Centre of Haas of a Solid of Bevolation. If the 
eurve AB (Fig. 222) revolve round Ox, tbe rectangular ares 
PQNM will generate a cylindrical volume equal to tt . P3l- . MN, 
or Ts^^ilx. Hence if tbe density of tbe solid is uniform, we hava 
for the poidtioa of its centre of mass (wliich obviously Uee on Ost) 
.._ fxftix 

the integrations being extended over the wliole of the a 
CABI), of the revolving curve. 

If the density varies, the element of mass may require to be 
taken difierently. If the density is a function of x alone, i.e. 
if it is the same all over the rectangular strip PQNM, the 
volume may be broken up as above, and the element of mass 
= Ttpy^dx. Hence we shall have, in this case, 
. ^ /pxfi/x 

Suppose the density to vary as y alone. Then if we take 1 
small rectangular area, tlx' d/, at a point whose co-ordinates are 
x', ^ , this area will generate an element of volume equal t^ 
lny' ild dy' ■. therefore the element of mass = lufi^ daf i^,% 
we have _ _ // px'/,lx'di^ 

The integi'ations are to be performed first from j'' ^ to^ ^JJ 
the ordinate of a point P on the bounding curve ; and then froA 
x' = OC to a;' = OB. 



l74*] CENTRE OF MASS OF A SOLID OF EEVOLUTIOK. 329 

Bn example, let the curve AS be a quadrant of a circle of which 
ind OS are ladii, and let it be required to find the centre 
ss of ttie solid hemisphere generated by the revolution of this 

tclrant round 0£ (tukeu ub axis of x) ; firstly, when the dttneity la 
; aecondJy when it ib conatnut over a section perpendicular to 

9 and proportional to the distance of this section from the centre ; 

d thirdly, when it is the sail e at the Eime distance from OB, and 

)portional to this distance 

Jydx 
s the radius of the circle, and integrating between 6 = and 



k Firstly, i 



Puttin 






(1) 






fhirdly, /> = ny', therefore 

/fafy'^dafJy' J'xtf'da: 

fj'y'^chfdy' ~ J'y'dx ' 
^d the previous substitutions for x and y give 



15ir 



(3) 



In thia case the double integration migbt have been avoided 
f breaking the area up into rectangles parallel to the axis of ic. 
The student will do well in such examples as this to cheek his 
alts as much as possible by a common-sense view of the 
KBtion. Thus, having proved that the distance of the centre 
s of a homogeneous hemisphere from the centre is | r, itis 
r that when the density of a section is directly proportional 
its distance from the centre, the centre of mass of the 
hemisphere must be at a distance ixom the centre > | r, since the 
matter is most dense in the space remote from the centre ; white 
in the third case above, since the ordinates of the portion of the 
curve near A are greater than those of the portion near if, and 
since the density increases with the ordinate, it is evident that 
the centre of mass must be nearer to the centre than in the 
homogeneous hemisphere. 

The most udvantugeous method of breaking up a mass of 
varj'ing- density into elements depends entirely on the law of 
variation of the density, and while all these methods are embraced 
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in the rale of Art. 166, it would be impofldble to grre fixmiiihe 
suited to all 



LtfiLioe, bjr aMoniiiig the diange of the pvenufe from rtntamto 
stEmtamoftiieearUitobepniportuMMd to tlM change in the aoiiaierf 
the density, prorea that if the atnta of nuifonn density are apherittl, 
the density of a stntom of ladina • is given by the epilation 

sin — 

p = — • > 

/A 

a bong the radios of the earth, p^ the density at the oentre, and /i t 
constant nunber. 

Let it be required to find the centre of mass of a hemisphere whose 
density follows this law. 

Here the element of mass of muform density is the stratum in- 
cluded between the hemispheres of radii a? and £9+ <2ia?. Henoe 

dm = 2irpg^dx 

= 2 va/DL — sin — dflB. 
^|4 a 

Also the distance of the eentie of mass of tlus stratum from the 

centre is ~ (Example 1, p. 325). HenoCi the axis of w hmg the 

diameter perpendicnlar to the base of the hmnisphere, the distance of 
the centre of mass from the centre is given by the equation 



/ ar Bin — ax 

,=j.A- — 1_ 

/ a; sin — dx 
Jo a 

(2 —/m') cosM + 2/1 sin /lA— 2 



= a 



2 fit (sin fi— fi cos fi) 

as will be easily found. When /ui = the hemisphere is of nnifonn 
density, and the student will see that this value of x becomes } a, in 
accordance with our previous result. 



Examples. 

1. Find the centre of mass of a hemisphere in which the density is 
proportional to the n^ power of the distance from the centre. 

Ans. It is at a distance = • — from the centre, a being the 

radius of the hemisphere. **+* 

2. Find the centre of mass of a portion of a paraboloid of revohi- 
tion cut off by a plane perpendicular to its axis. 
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Ant. If A is the distance of the plane of section from the yertez, 

= **■ 

. Find the centre of mass of a BQiiii<e11ip8oid of revolution ronnd 
r axis, the density at any point being proportional to its 
tonce from the base which is the plane perpeodioular to the aiis of 
rolutiou. 

Ane. ^ = T— 6, where 6 is the semi-minor aiie. 

I 4. An ellipsoid of resolution round the minor axis is cut hy a plane 
ing through this axis ; find the centre of mass of the portion 
included between one seini-ellipsoid thus cut off und the concentric 
hemisphere whose diameter is the minor axis. 

Ans. If a and 6 are the axes major and minor of the generating 
ellipse, tlie required centre of mass ia ou the major axis at a distance 

, , 3 a' + ab + V. ^, 
equal to - - j — ■ from the centre. 

Verify this result in two obvious cases. 

175.] Centre of Ma^s of any Solid. In the solid take any 

point, P, whose co-ordinates are x, y, z, and also a close point, Q, 
whose eo-ordinat*s are x + <lx, y-¥dy, 2 + dg. Then evidently 
the volume of the parallelopijied whose diagonal is PQ and 
whose edges are parallel to the axes of co-ordinates is dxdydz; 
and if p is the density of the hody at P the element of mass at 
P is pilxdydz. 

Hence the coordinates of the centre of maea of the solid are 
given by the equations 

^_ fffpxdxfly/h __ Jffpydxdydz ^^ fjfpzdasdydz 
^ " jy/fitio'd^d^ '^ fJ'J'pdxdydz ' ffj'pdxdydz ' 

the integrations being extended over the whole solid. 

It may not he necessary to take intinitesimal elements of 
volume of the third order. From what has preceded, the 
student will have learned that the beat mode of breaking up the 
given mass into elements depends entirely on the law of density 
which prevails. 

In many cases the symmetry of the solid enables ns to simplify 
the problem by choosing elements of volume which are in- 
finitesimals of the j¥r*^ order only. 

The various elements of volume which it may be necessary to 
take are exemplified in the following problems. 

Find the centre of mass of the eighth part of an ellipsoid, ABC 
{Pig. 2«8), included between its three principal planes — 
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[>;5 

(1) When the deneity at »ay iKtiot is eimplf a fnnction of ii- 
distance from the principal plane BC (plane ol'^z). 

(2) When the density at any point is a ftmction of ii* 
distances from the two principal planes JCand j5C (planes of j.- 
and .^;). 

(3) When the density at any point is a fonction of ite 

distances fiom the three piin- 
cijial planes. 

In the tirst case, the den- 
dty will Iw constant over a 
section DIT perjiendicular to 
OA. Hence, taking two Buch 
sections, J)1I and EF. at u 
diiitance dx from euch otber, 
the density of the solid between 
them may bo considered uni- 
form, and this portion of the 
solid may be taken as the ele- 
ment of mass. 
In the second case, the density will be constant throughout a 
portion of the body in which x and y are constant ; that is, along 
a. perpendicular to the plane -:J-S; and the element of mass may 
be taken a^ the prism ^V Qtiq, the area of whose base is i/x dy, and 
which intersects the bounding surface in the area N3IQP. 

In the third ease, the density is not the same at any two 
points, and the element of mass must bo taken as a small rect- 
angular prism, i/r, whose volume is dxdi/dz. 




1. In the problem just discussed, find the centre of ma 
the density at any point is i)ruportional to its distance f 
plwie BC. 

Here p ■= fix ; also, the equation of the ellipsoid being 

^ y* «" , 
ihe ellipse 1)11 satisfies the equation 



'■(i-J 
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which shows that the axes GH and GD are 




0^ / ^ X 



6 A / 1-^ and CA / 1-^ 



respectively. Hence, IG being = dx^ the element of mass is 

'niihcxil 9^dx] 

a*' 

and since the centre of mass of this element is ultimately a point 
whose co-ordinates are 



46 /, x" ^ 4c /, a^ 



8 
a? =^^-T ^ = — -a 



j2 S 

- 46 Jo -^^^ o^^"^-^ 166 
and y = --— • ^^ ; = — — - , 

dx 



(see Ex. 3, p. 312), we have 

pa ^ 

Jo « 

' a?(l z) dx 

^' 

the value of z being, of course, -— — • 

2. If the density at any point of the ellipsoid is fJ'Osy, find the centre 
of mass. 

Taking a prismatic element of volume NQnqy the element of mass is 

fjLxyzdxdy, 

z being the height, Jfm, of the prism. 

The co-ordinates of M being a?, y, z, those of the centre of mass of 

z 
this prism are evidently x, y, ^' Hence 

_ ^ ffo^yzdxdy _ __ ffxy^zdxdy - _ i ff^^^^^V 
^ " ffxyzdxdy ' " f/xyzdacdy ' ~" ffxyzdxdy 

The integrations may be performed, first with regard to y, from 
2^ = to y = GH ; and then with regard to a?, from a? = to a? = Oil . 

x^ v' \ 
Now, ffxyzdxdy = cffxy{\ - ^ — ;^) ^^a^^^^/J 

and, integrating first with regard to y, we have 

7o 2^(^"^-6^)^" = y('-^)' 



334 GENTBOIDS AND CENTRES OF MASS. [175. 

since from the equation of the ellipse AB, the value Off of y makes 

1 5 — 75- vanish. Hence 

a' 6* 

//xyzdxdt, = -^jjxil - J)*«to = ^- 
In the same way, 

//x'yzdxdy = ^ / aj«(l - -5) dx, 

o Jo fit 

which, by putting a? = a cos 0, is easily seen to be — -— — • Henc? 

96 

ac = — • a, and y = — - • h ; and it is easily found that z ^ —e, 

3. If the density at any point in the solid is proportional to the 
product of the co-ordinates of the point, find the centre of mass. 

Here, at any point, >^ e have p = /ui . xyz, and the element of mass 
being fixyzdxdydz, we have 

f ffoi^yzdxdydz 

X ^m. — —^ ^ 

J'J'J'xyz dxdydz 

with similar values of y ai:d z. If we first integrate from z^= to 
z=:mM (Fig. 228), we shall have the contribution of the prism NQnq 
to the summation. Integrating, then, with respect to z, considering 
X and y constant, we have 

///x^yzdxdydz = \//3i^y{mM)*.dxdy 



=tJh^'-i-F)'^''-'' 



since Af is a point on the bounding surface of the ellipsoid. Let this 
latter integration be first performed with respect to y, considering x 
constiint, from y = to y = Gil, and we shall then have the con- 
tribution of the mas3 contained between the sections />// and FF. 

Hence fff^yzdxdydz =-^ j^ ''''^^ ~ a«) "^^ = "T05"' 
as easily appears by putting a; = a cos </>. 

It will be found without difficulty that fffxyzdxdydz'=:. * 

Hence »= —a, y = —76, and 2; = —c. 

60 00 00 

4. Find the centre of mass of the portion of the elliptic paraboloid 

^^ = 2- included between the planes xz and yz and a plane 

a* h^ c 

perpendicular to the axis of « at a distance /* from the vertex. 
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POLAE ELEMENTS OF MASS. 



s'i- 



At each point, M, in the Bemi-axia mnjor of an ellipse, is drawn 
I perpendicular to the plane of the ellipEe, ils length being 
fcoportional to the distance of M fi-om the centre ; the extremity of 
■'b perpendicular is joined to the point P on one quadrant of the 
luch that PM is perpendicular to the axis major. Find the 
mtroid of the volume thus generated. 

Am. If at any distnnce, x, from the centre the perpendicular to 
it plane of the ellipse ia hs, and if the sses of a;, y, and z are the nxen 
f'ihe ellipse and a perpendicular to them, we have 



2'=!' 



T^ka. 



. Through a diameter of the base of a right cone are drawn two 
cutting the cone in parabolas ; find (lie centroid of the volume 
;he cone included between these planes and the vertex. 

Am. It is on the axis at a distance from the vertex equal to f of 
ight of cone. 

lane cuts off u constant volume from an ellipsoid ; find the 
B of the centroid of the portion cut off. 

M. An ellipsoid similar to the given one, and similarly placed 
B Example 2, p. 312, the theorem of which is equally appKcable to 



176.] Polar Elements of Maes. Let ^■g. 22g represent the 
'■ portion of the volume of a solid included between its bounding- 
Burfuce and three rectan- 
g-ttlar co-ordinate planes. 
Then the solid may be 
broken up into elements in 
the following manner : — 

(1) Through the axis of 
z draw two close planes 
cutting the bounding sur- 
face in curves z/i and iS 
(called memfians) ; und let 
the angles liOx and SOxhe 
denoted by <l> and 4' + d-p, 1%. "9. 
respectively. 

(2) Bound the axis of 2 describe two right cones with the 
semi-vertical angles zOP and sOQ, equal to 6 and 8 + d$, 
respectively. 
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(3) With as centre, describe two close spheres whose rtuJii. 
0« and Of, are equal to t and r + dr, regpectively. 

These places, cones, and spheres will then determine the small 
rectangular parallelepiped inntq, whose volume = maxtq X«(. 

Now, perpendiculars from w and s on 0; will each be equal to 
0*.sin?0*, or t sinfl, and they will include an ang-Ie equal 
ROS, OT dtjt ; therefore M* = rsinflr/iji. Also, 

sq = Os. sin »0q = rdB ; and st = dr. 
Therefore the volume of the elementary pamllelopi] 
— r' sin S dr d9 dip ; and if p is the density of the solid at 1, 1 
element of mass is pr^sinddrdedif). 

Again, the co-ordinates of the centre of mass of this element ; 
ultimately the same as those of » ; therefore they are 
r sin cos tji, r sin S sin ^, and r cos ; 
and for the centre of mass of any finite portion of the solid 
have _ _/f/p r'^ &in^e cos tl>dr do d<l, 

"^ ~ ~7/yVr^ sin e dr do d<p ' 
- _ ///pr^am^dBm * dr dddt}, 
^~ ///pr^ sine dr do d^p ' 
/// pr^ sin 9 cos Sdrdd dip 
^^ ///pT^s\nddrd0d.p ' 
the limits of integration being determined by the figure 
the portion of the solid considered. 

The angles 6 and <j> are sometimes called the rofatif-ude s 
longitude, respectively. 



ExAMPtEB. 

1. Find the centre of mass of a portion of a solid sphere contiui 
in a right cone whose vertex is the centre of the sphere, the dent 
of the solid varying as the m"" power of the distance from thi 

Take tlie axis of the cune as that of z, and any plane throogh 
Bs that from which lungitnde is measured. Then it is ' '* 
x-^y ■=(), and we have 

, _ // /r'^^^hi cos edrdddip 

*" fffT'*Hui6drded^ 

Performing the integration first with respect to r, considering $ ancl 

constant, from r = to r = a, the radins of the sphere, we hftve 

. _ « + 3 //sin dcoB9ddd^ 



THEOEEMS OF PAPPUS. 



Perfonrring the integratioi 
which runs from to 2i!, ? 



■ with respect to (ji. the longitude. 



= the semi-vertical angle of the cone, the limits of 9 are and a. 

Therefore i = — • - ( 1 -(- cob a). 

ind the centre of mass of a prism whose base is a given splierical 
Ikngle and whose vertex is the centra of the sphere on which the 
'uigle is described. 
Let (Fig. 227) he the centre of the sphere, and take OC as axis 
" OKI C draw the perpendicular p, to the hase A£, and lei S 
» the radius of the sphere. 
I The value of 5 given as a triple integral may he modified in the 

ItLet dS denote any amttU element of area at any point P ; then 

M volume of a cone whose hase is this element and vertex the centre , 
BUie sphere is ^ EdS, and the distance of its centre of mass from tl 
' ;y is (Art. 163)f iicosfl. Hence 
3 /CQS0<;5 

^ Now COB 6. dS is the projection of the element dS on the plane fflf 1 

; therefore the numerator is the projection of the whole area A "" 
pi tiiis plane, which, as in Example 2, p. 326, is \ cR sinp,. Hence, J 



8J+5 + C-.r 

, A cnrdioid revolvea round its axis ; find the centre of mas 
did generated. 

It is at a distance from the cusp equal to |- of the a 



. 177.] Theorems of Fappus. If 
angle round a line in if.a j)lane, 
f volume ffexerated ii equal to the 
» of the revolving figure muUiplied 
^the length of the path described hy 
\ (xtttroid. 

■ liet AB (Fig. 230) be the revolving 
Tlg^e, and Ox the line about which 
it revolves. Let the area be broken 
ap into an indefinitely great number ^ 
of rectangular strips, such aa PQqf, 
by lines pei-pendiewlar to Ox. Then the voli 

VOL. I. Z 



area revolve through 




Fig. 330. 
me generated by 
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angle at is evidently equal to 
Mp^).]im, 



this strip in revolving- through a 

or \o>[Si-9^)^'^' 

denoting PM, pM, and Mli by y^, ^j, and dx. Hence if V 
denote the whole volume generated, 

Now the distance of the centroid of the strip from Ox is -—— j 

and the area of the strip is (y^— ^i) dse. Hence, denoting these 
quantities by^ and dA respectively, 



A denoting the whole revolving area and y the ordinate of its 
centroid. Now in revolving through the angle (u, the centroid 
of the area describes a circular arc whose length is my. Hence 
the theorem is proved. 

If the axis Ox intersects the revolving figure, the theorem 
still applies with the convention that the volumes generated by 
the portions of the ligure at opposite sides of Ox are affected 
with opposite signs. 

Again, if the arc of any plane curve revolve through any angh 
round a line in 0* plane, the area of the surface generated is eqvo/ 
to the length of the revolving arc mKltiplied by the length of ih 
jmth de»eriied by its centroid. 

For, the surface generated is 

w/^A or loL.y, 
L being the whole length of the revolving arc and y the ordinate 
of its centroid. As before, lo^ is the length of the circular arc 
described by the centroid of the revolving ace, and the theorem 
is evidently proved. 

If the revolving arc intersects the line Ox, the theorem is b 
with the previous convention of signs. 

178.] Extension of the Theorems of Fappus. The previoj 
theorems can be easily extended to the case in which the pla 
of the revolving figure, instead of revolving round a fixed 1 
roll^ without sliding on any develojtalle surface, and the 
theorem will then become — 
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f> If the plane of any plane area rolls vdthout glidinff oh a develop- 
't gurface, the volume generated by the area in moving from one 
tUion to another will be equal to the area of the revolving figure 
vdtxplied by the length of the path deierMed by its cetttroid. 
I A similar enunciation givea the second theorem. 
[ These propositions are evidently true, because in an indefinitely 
bJI motion the figure is revolving round a generating* line of 
B developable, and for such a small motion the theorem of 
^puB gives the volume generated equal to the area x small 
3 described by its centroid. Taking the sum of all such 
ments of volume from one ^msition of the figure to another, 
B have the theorem of this Article. 

I It is clear also that the theorems hold in the ease of a plane 

1 which moves in such a manner as to be always normal to 

) path described by its centroid. For the area may at any 

bant be considered aa revolving round the Kne of intersection 

I two conaecutive normal planes of the curve which the centroid 

jcribes, and the theorems are then directly applicable, 
I 179.] Volume of a Truncated Cylinder or Prism. Let A 
1 B denote the sections of & cylinder or prism made by any 
ifo planes. Through any line L passing tlirough the centroid, 
F 5 draw any plane, .ff*, inclined at an angle to B. Then 
' ia the centroid of the section _B', since this section is the 
eojection of B made by lines parallel to the generators of the 
Inder or edges of the prism, and since {Art. 173) the een- 
[oid of the projection of any plane surface is the projection of its 
aitroid. Also, the volume between the sections B and If on one 
f the line L = the volume between them on the other side, 
see by breaking up the area B into an infinite number of 
ifinitely small elements of area, and constructing slender prisms 
beach one, (IS, of these elements, the prisms being terminated 
C S. If ^ is the perpendicular on L from the middle of (/S, and 
: angle between the planes B, S , the volume of the correspond- 
l prism — tan y .ydS\ therefore the total volume between the 
mes B, Jf is tan yfydB, which =■ 0, because L passes through 
be centroid of the area B. In other words, the volume of the 
; cylinder contained I>etween the sections A and B is 
pal to that contained between the sections A and If . Allowing 
5' to revolve again about L through any angle, the same reason- 
ing applies, and we see, finally, that for the sections A and B 



I 
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may be ^nbetitnted anf two passmg throog^i their respective Cen- 
tr*>ids, and the ioclttded volame will be nnaltered. Let two 
parallel sections, each perpendicnlar to the asis of the prism or 
cylinder, be ^nbstituted, and the inelnded volume will he H .h. 
where H is the area of either normal section and i the disbtD>'>> 
between them. 

180.] Eqnilibriom of a Heavy Body on a Horizontal Plane. 
When an indefonnable body rests on a horizontal plane, the 
contact takisjv place at several point*, either continnoos or not 
it is kept in equillhriam by two forces — namely, it« own weight 
and the reaction of the plane. The condition necessary and 
sufficient for the eqnilibrimn of sach a body is that these ivn' 
foreea mnst be equal and opposite. Now this will be imposaliK 
unless the points of contact of the body with the plane can be n) 
eonnected by rig'ht lines as to form a polygon within the area of 
which the vertical through the centre of gravity of the body 
intersects the plane. For, wbetherthe plane be rough oremootli. 
i-esolve all the reactions at the points of contact vertically. Then 
it is e%'ident that the resultant of the system of parallel vertical 
forces at the points of contact must necessarily fall within some 
polygon whose vertices are these points : therefore, &e. 

The student must be careful to observe that this condition, 
though necessary in the case of a deformable system, is nnt 
sufficient (see Article 86). Thus, in Example 16, p. 253, it e 
not true that the deformable sj-stem of two bars, AB and BC. 
will rest in any position in which their common centre of grarih' 
falls between the props. 



EXAMPtEB. 

1. To find the volume and surface of a tore. 
(A tore is a surface generated by tlie revolution of n circle 

line in its plane.) 

Let r be the radius of the circle, and e the distance of its ceutH 
from the axis of revolution. Then the volume of the tore ie evident!] 
■ni'x2-7te, or 2Ti''cr'; and the surface is 2Trrx2iic, or ■its' 

2. A tnangle revolves round aline in its plane; find the volni 
generated. 

An». If the distances of the vertices from the lines are ar, , 



u of the triiuigle, the volui 



-(j^i + i.+I,). 
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3. From the Theorems of Pappus deduce the volume and surface of 
a frustum of a right cone. 

(Consider a trapezium one side of which is perpendicular to the 
two parallel sides.) 

4. A pack of cards is laid on a table ; each projects in the direc- 
tion of the length of the pack beyond the one below it; if each 
projects as far as possible, prove that the distances between the 
extremities of the successive cards will form a harmonic progression. 
(Walton, p. 183.) 

5. A rectangular column is formed by placing a number of smooth 
cubical blocks one above another, the base of the column resting on a 
horizontal plane ; all the blocks above the lowest are then turned in 
the same direction about an edge of the column, first the highest, then 
the highest two, and so on, in each case as far as is consistent with 
equilibrium. Prove that the sum of the sines of the inclinations 
of a diagonal of the base of any block to the like diagonals of the 
bases of all the blocks above it is equal to the sum of the cosines. 
(Walton, Und.) 




EQTnLIBEreM Of FLEXIBLE STRINGS. 

181.] Perfectly Flexible String, A string is said to be 
perfectly fiembie when at every point in its length it can be bent 
ronnd all lines parsing; through the point perpendicnlarly tfl 
the tangent line withoat the expenditure of work. 

From this definition it follows that the internal forcCj or 
mutual action between the particles at each Kide of any normal 
section of such a string, has no component in the plane of the 
section ; this force must, therefore, he entirely normal to the 
section ; or, in other words, the internal force in a jieifect/y 
flexible siring is at every point directed along tke tangent Hue to 
the string. 

This internal force we have called the tentinn of the string, 
and, like all internal forces in a system, it is a mutnal action 
between parta of the system. This has been sufficiently ex- 
plained already (p. 31). In the sequel we shall use the term 
flexible gtring as equivalent to perfectly flexible string. 

182.] Imperlbctly Flesdblc String. No effort is required 
to bend a perfectly Hexible string- at any point ; but if we 
attempt to bend an imperfectly flexible string, or a vrire, we 
encounter a certain amount of resistance according to the degree 
of inflexibility or rigidity of the string or wire. If we consider 
the nature of the mutual forces existing between the particles 
on each side of a normal section of such a body, we shall find 
that these forces are not necessarily reducible to a single re- 
sultant at all In the general case of a wire bent and tw4sted 
by the action of any external forces, these internal actions on 
the particles at one side of a section may, of course, Ijc reduced 
to a single resultant force and a single couple ; and the re- 
sultant force may be applied at any point in the section, the 
couple varying according to the point chosen. All this will be 
evident from the general reduction of a system of forces in 
Chapter XIV. 
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3.] Three Uethods of Investigatioii. There are three 

iods by which the equilibrium of a string or wire may be 
™elj, 
. We may isolate an inGniteeimal element of the body, 
iplying to it at each extremity the action exercised by the 
ighbonring- portiona which are imaj^ined to be removed, 
s is the principle of separate equilibrium, (Art. 34.) 

, We may apply the general condition that for any system 
magined small displacements — involving, of course, in general, 
slight extensions of the elements of the string-— the whole work 
of the system of forces, internal as well as external, is zero (see 
P- 121). 

3°. We may consider the eqnilibrinm of any Jinite portion of 
the body, treating it, inhen the figure of equilihrium has been 
assumed (see p, 17), a* a rigid body. 
(See Thomson and Tait, Nat. Phil.) 

We begin by considering the equilibrium of a perfectly 
flexible string which suffers no elongation under the action of 
the forces which will keep it in equilibrium. Such a body is 
called a flexible inextensible string, and it is scarcely necessary 
to add that it exists only in the abstractiona of Rational Statics. 



Section I. 

Flexible Inextensible Strings. 

184.] The Common Catenary. Before deducing the general 
equations of equilibrium of a 
string acted upon by any system 
of coplanar forces, we shall dis- 
cuss the case of a string hanging 
under the action of gravity. 
And firstly, let us suppose the 
string to be inextensible and of 
uniform cross-section anddensity. 
Let its extremities be fixed at 
two points B and C (Kg- 231) 
which, so far as the general *'ig. ^31- 

properties of the curve formed by 
the string are concerned, need not be in the same horizontal line, 
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Dor need there be a liortzoat«l tangent to the cnrre at e 
point of the string between them, aithongh the fi^fore represent 
a case in which there ia Each a tangent (at J). The first obvioi 
property of the corre of eqailibriom is one that has aheai 
appearDd in the case of a funicular polygon (p. 41) from who 
vertices any masses, equal or uneqnal, are sospended— viz., t 
horizontal compMenC of tie tention m eonglant at al-l point* on t 
furce. For, let i* be any point on the curve, A the lowest p 
the tensions at these points being T and r, respectively, ai 
consider the sejiarate equilibrium of the portion AP of tl 
string. Since grarity produces a vertical force acting throng 
the centre of gravity, G, of the portion AP, if we reeoli 
horizontally we have simply 

Teoe 9 = T, (1 

where 6 is the angle which the tangent QP at P makes vH 
the horizon. Moreover the string must take 8ucb a shape tb 
the vertical, GQ, through the centre of graWty of the arc i 
passes through the point, Q, of intersection of the tangent 
at A and P. Indeed, it is obvious that the tangents at any twQ 
poiiik>, P, /*', of the curve must intersect on the vertical throng! 
the centre of gravity of the portion PP" of the string ; for, 
suppose P' to be any point on the cur\-e between A and P, a 
consider the separate equilihrium of the portion P'P. Thia 
forces keep it in equilibrium, viz., the tensions along I 
tangents at P' and P, and its weight. Theee forces must mi 
in a point (Art. 105), therefore, &c. 

Again, for the eqnihbrium of the portion AP resolve verticallj 
If ;f is the weight of the string per unit length, and if t 
length AP is *, we have 

Take the horizontal and vertical lines through A as axes ( 
X and J', respectively. Then if (m, y) are the co-ordinates of P, 

we have cos 9 = — , sin S = -j^- ; also (1) and (2) give 

tan fl = '^, (S 

i.e., the tangent of the inclination of the corve at any point, Pj 
is proportional to the length of the arc, AP, measured from th 
lowest point. The tension t may be regarded as equal to '^ 
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I weight of a ccrt.ain length, c, of the Btring, Put, then, t = w . c, 

liftiid we have i ^ * /,\ 

I tan fl = -■ (4) 

1 Hub shows that if along the tangent at P we measure a 
' leDgth PT equal to the length, «, of AP, and at T ei-eet the 
perpendicular TM to meet the vertical PM through P in M, the 
length TM is constant whatever point, P, is chosen and ia equal 
to c. Hence PM = -/^^T^. (5) 

The equation of the curve is easily found &om (4). Thus, 
since tan 8 = -yz' we can obtain the relation between y and » : 



dx 



^t./J^ 



(6) 



•/c' 4- *^ . f/y ^ gfh, 
which gives by integration 

l=V^T? + C, (7) 

where C is some constant. For the point A, we have, with the 
chosen axes, j* = 0, « = 0, .■. C=^ — c, so that (7) becomes 

= PM. (8) 

Now instead of drawing the axis of x at A, draw it at a 
distance c below A. Let AO = c, and let Ox be the new axis 
of ^. This point we shall call IJie origin of the curve, and the 
line Ox its 'Hrecirix. Then the new ^ of P is e + the previous y. 
Hence the point 3[ which we previously determined as the 
intersection of a perpendicnlar to the tangent PT at T (where 
PT = «) lies on the new axis of x whatever be the position 
of P on the curve, and therefore 

, = FM 



W( 



s can find the relation between i 
■^d^ — da^. This gives 



(3) 
» from (6) by putting 



(10) 



which gives by integration 




(g+ ^c^ + g^)+c. 
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where C \s some eoostant, Bud t denotes the Napierian base 
of loguithms. Xowat J we haTeir= 0, «= 0, .". (?= — l'^^'". 



; = i»g.- 



-%{'■-'-■)■ 



(II) 

(12) 

(13) 

In the Qotstion of hvperholic fimetions 

i(«' + <'-*) = eoshff; i ((*-«-•) = sinhfl, (M) 

go that for the carve of eqailibriom of a uniform string under 
the action of giantj, we have 

» = esinh-- (15) 



Again, since; = y**— r* = ^A/ ^iJ>" 1, 

ysroodi— 



we have 



= |(^+r^, 



(18) 



which is the simplest equation of the curve in rectangular 
co-ordinatee. 

The curve of eqoilibrinm of a uniform flexible inestensible 
string under the action of gravity, and suspended from two 
points, is called the Common Calenary. A uniform chain with 
fine links, suspended from two points, may also he considered ■ 
as forming the Common Catenary. 

If one end of a string is fixed at B, and the other end at a: 
point such as P, we may determine the curve BPAC of whi 
the given portion, BP, of string is part., and we may 
the point P released and the string continned through P to a 
other jioint on the curve and there fised. If this were done, ti 
portion BP woold be in precisely the same state as 
which it is actually when the string baa its ends fixed at i 
and P. It is well to set down briefly a few of the more pro 
minent geometrical properties of the catenaiy. 
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Since at all pointe P the length MT is equal to c, the length 
of the perpendicular on the tattgeKt let fall from the foot of the 
ordinate w eonttant. 

Hence, given the catenary, to construct its origin and hori- 
zontal axis — 

On the tangent at any point, P, meamre off a Uagth, PT, equal 
to the arc AP; at T erect a perpendicular TM to the tangent 
meeting the ordinate of P in M ; thejt the horizontal line through 
M is the directrix <f the curve. 

In making a proper figure this rule will be found of great use. 

The involute of the catenary which afartg from the lowest point is 
the Traclory. 

To get a point on this involute we meamire on the tangent, 
PT, at any point, -P, a length equal to the are AP. From (5) 
we see, therefore, that T is a point on the involute; and since 
PT is a normal to the involute, its tangent at T must be TM. 
But from {6} TM is conetant ; hence the involute is a curve such 
that the length of the tangent between its point of contact and 
a fixed right line, Oai, is constant. The involute is, therefore, 
a tractory (see p. 271). 

The tension at any point of the catenary is equal to the weight 
of a portion of the string whose length is equal to the ordinate cf 
the point. 

For, by (2), if T is the tension at P, 

T=w.a cosec e = w.PT cosec P2fT 

= w.PM=w.y. (17) 

It follows from this that if a uniform inestensible string 
bangs freely over any two smooth pegs, the vertical portions 
which hang over the pegs must each terminate on the horizontal 
axis of the catenary. 

In the catenary the length of the radius of curvature at any 
point is equal to the length of the umtaal between that point and 
He directrix. 
I For, differentiating (4) and observing that Tj = P- where p is 

the radius of curvature at P, we have 1+— = -. ,-. p = ~ , 
cr c c 

and the length of the normal between P and the axis of x is 

■ ysec^ or'^ . 
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iVom this followa the result that */ the catenary revolcfg round 
Us (Ureclrix, Ox, it will generate a surface at eaeh jtoint of «rAieh 
He radii of curvaivre of the two principal sections are equal anil 
J J l For, at the point P on the anr&^e the two principal 

ti n a those made by the plane of the figure (i.e., the 
plan f the revolving carve) and by a plane through tha 
n mal t the curve at P perpendicular to the plane of tl 
h d the radii of curvature of these sections are the radii 

f rv t of the revolving curve, and the length of the noi 
between P and the axis of revolution. 

Again, ffiieti any two poiuig, A, S, and any line. Pi, coplanar 
A and B, the curve (^ given length passing through A and B « 
eentroid is at a maximum distance from the line L is a catena* 
For, imagine the curve of given length to be formed by 
uniform flexible incxtensible string, and let the plane of Z, A, 
he placed so that the line L is horizontal and above both A ai 
B or above one of them. The extremities of the string beii 
fixed at A and B, if the string is displaced in any manner, 1 
know that it will return to the catenary form. But (Art. 121 
it will always return (o the form in which its centre of ma 
is in the lowest position that it can occupy ; therefore tl 
centre of mass of the catenary form is lower than that of at 
other form into which the string may be altered. Aootb 
property is this — if a parahola rolls along a right line, wilho 
sliding, the locus <f its focus is a catetiary. If a rough 
in the form of an inverted catenary with its axis AO (Pig. 231 
vertical is fixed in a vertical plane, and a uniform rectanguli 
board whose height is 2 c is placed with its centre of gravil 
vertically over the vertex A of the curve, this board will 1 
in equilibrium in all positions into which it can be displace 
by rolling along the curve. For, when it rolls so that its sic 
becomes the tangent TP, its centre of gravity will be M, eini 
MT = c, and M is vertically over the point P of contact of tl 
board with the curve, and if the angle TMP is less than tl 
angle of friction, the board will rest in this position. 

It will be readily seen that the differential equation of tl 



catenary can be written in the form o- 



dx"' 



y, and that the a 



OAPM= twice the area of the triangle PTM. 

It is well to observe that if any mass is suspended from 
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given point of a catenary, the continuity of the curve ceases at 
that point, and the portions of the string at opposite sides of the 
point must be treated aa hranchea of two distinct catenaries. 

1 85.] Any String under the action of Gravity. Let Fig. 23 1 
represent a strinij; whose mass per unit length varies according 
to any law, with any two points in it fixed and hanging- in 
equilibrium under the action of gravity. Let tc he the weight 
per unit length at any point of the string. This quantity we 
may imagine aa measured thus : at any point take an in- 
definitely small length, A^, of the string, and let Aff^ be the 

Air . 

weight of this jjortion ; then - -- — is, when A s is taken infinitely 

small, the weight of the string at the point per unit length. 

In the notation of the Differential Calculus, w = — ^ ■ 
j as 

Consider, as before, the separate equilibrium of the portion JP. 

The weight of this portion is / trd^, and the string must assume 

such a form that this force passes through Q, the point of inter- 
section of the tangents at the ends A and P. Denoting by 6 
the angle made by PQ with the horizon, and by r the tension 
at A — the tangent at this point being supposed horizontal — 
we have Tcosfl = t (l) 

>Tsine = f%edg. (2) 

If the end A is such that the tangent at it is not horizontal, 
let T„ and^fl he the values of Tand fl at it ; then in (1) we have 
merely to put ToCosfl^ instead of t. From (l) and (2) 

7tanfl= f'Krh. (3) 

The difl'erential equation of the curve is obtained by differen- 
tiating (3) with respect to« ; thus, 

■ Taking vertical and horizontal lines through any fixed point 
as axes of ^ and ^, respectively, and denoting the co-ordinates of 
P by (■£, s)> the last equation becomes 
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which. deterniineB the law of vaiiation of the mass per w 
lengih at each point bo that the etring should hang in the form 
of any given curve. In (3) the differentiations may be expressed 
in terms of x alone or^ alone. Thus 



(': 



CoE. In order that the string should assume the form of i 
rig'ht line, tan d must he the same at all points, .*. k 
as is a priori evident. 

186.] Catenary of Uniform Strei^lth. Suppose the atring to bft 
composed of homogeneous material and to have a cross-sectioa 
of variable area, in such a way that at every point the area of! 
this section is proportional to the magnitude of the tension at 
the point ; then the curve is called a CaletiaT^ of uniform gtrengtk, 
To find the form of the string, let w now stand for the weight o 
the material per unit volume, and let a be the area of the crosfr'' 
section at any point P. Then the weight of a length A* at J^ 
is w<tA», and the weight per unit length is tea. Also let 
T = piT, where ^ is a constant (evidently a force per nnfl 

area). Then the weight per unit length is — .or — „ 
' e r- a ^ 7) cos tf 

and substituting this in (4) instead of tr, we have 
-.- (tan fl) = — sec (J, 

and putting sec'^fl = I +taii^fl, we have by integmtion 

where C ia a constant. If tJie axes are taken through th^ 
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lowest point, A, of the curve, 3 = and a^ = at ^ .■. C= 


1 




(hi , 


1 


from (3) 


and the integral of this again is 


1 


where C 
Hence 


'^=-log,cos!^%t^', 
is a constant, which is zero ■.■ « = 0, y = at A. 
, = il.g.,ec-, 




which is 
•vertex. 


the equation of the curve referred to axes through its H 


The equation of the curve in the differential form (l) leads to 1 


a very remarkable expression *. Thus, denoting ^ by 


.,. ■ 


constant linear mafrnitnde, (l) gives, since p = -^> 


1 




cos = - , 
P 


(e) \ 


which by 
from (6). 


-» ^.4. „ 1 


Integrate this, and observe that (6) gives p = a at the lowest 1 


0, 


, = |(;>r=) 


(0) 1 




= a cosh - ) 


(10) 1 


which is of exactly the same form as the Caiiesian equation of H 
the Common Catenary, p and « taking the places of y and x. H 

Givm the Kliole weight, W, cf the catenary, and the »pan, 2 b, ■ 
expTess the area of the crogs-sedion at each point »o thai there H 
shall he a comtant temion, p, per unit of area of croga-ieciion. H 

Here W = w/adg, where to ia still the weight per unit B 


T 
TOlnme of the material. But a = — = - sec 0, 

P P 


1 


L^ 


KM noticed, I beUeve, in the firet edition of this wort 


J 


M 


i ^ .^fl 


H 





» 


= 


jI-"" 


= 


?i'r„e 


flf/i 






= 


~fy 




itr 


by (3) 






f> 










= 


P 










ich determines 


r, and since 


" 


~1' 


«,». 










r 

'-2/ 


cot 


•Hi 

P 


seofl. 





1 



But by (6) we have sec ff - 



, liy (10); hence 



2;; 



- cot — ooeh - 



(12) 



(13) 



I 




Fig, 232. 



which determines the area of the cross-section at each point. 

187.] The Parabola of Suspension Bridgea. Snppoee a 
string to be attached to two fixed points, and let each element 
of its length be acted on by a force in a constant direction, the 
magnitude of the force 
being proportional to the 
projection of the elemenl 
on a line perpendicular to 
the direction of the force. 
Then it can be shown 
geometrically that the 
figure of the string n 
that of a parabola. 
Let 0^ (Fig- 232) be the direction opposite tothatof the force 
on each element; Ox a tangent to the curve, perpendienlar t' 
this direction ; P and Q any two points on the string, the 
tangents at them being PT ami QT; PM and Ql^ perpendicnlais 
on Ox. Consider the separate equilibrium of the portion PQ 
The forces acting on it are the tensions in the directions TP and 
TQ, and the I'csiiltant of the iiaxallel forces on the elements of 
PQ. This resultant must pass through T, and it also passes 
through the middle point of ]\IN, since its constituent forces are 
oil proportional to the elements of the line J/iV. Hence, drawing 
TV parallel to Oy, and meeting J'Q in V, the poiut f" must 
bisect the right line PQ. 
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The carve of equilibrium of the atring ia therefore such that 
a right line drawn from the point of interteciirm rf any two tangent* 
parallel to a Jixed direction lisects the chord joining their poiuta of 
contact. 

Thin well-known property identifies the curve with a parabola. 

It is to be observed that the acting- forces in this case are not 
a conservative system. Hence the function }' (see sequel) 
does not exist. 



EXAMPIBS OF StEINGS TltTDEB ACTION OF QkAVITY. 

1. A uniform string of length I hangs over two fixed points, which 
' nre in 3. horizontal line ; from its middle point is suepeuded by one 
end another string of equal tliicknesa and length I'. Supposing each 
of the two tangents of the former string at its middle point to make 
an angle with the vertical, to find the distance between the two 
fixed points, and to show tliat 6 can never exceed a certain value. 
(Walton's Mechanical Probkma, p. 123.) 

Let the fixed points he P aad Q (Fig. 233), RQCPM the string 
hanging over them, CD the etring of length V suspended from G, the 
middle point of the first string, and 2d the distance PQ. 

Then (Art. 184) the arcs PO and QC 
belong to two distinct catenaries. Sup- 
pose the semi-catenary to which PC 
belongs to be completed, and let A be its 
lowest point. Tlien if the portion AC 
were supplied to the string UPM, and 
the point A fixed, the string CD and the 
portion CQS might both be removed, 
and we should have the string APM 
hanging in equilibrium. Hence (Art, 
184) PM teriiiinatea on the horizontal 
axis of this catenary. Tlie same re- 
marks apply to the portiou CQR, and 
since the two portions CPM aod CQR 
are exactly similar, it follows HM is t 
catenary A P. 

"We sliall next prove that AC = iCD = ~- 

Let w he the weight per unit length of each of the strings; let T 
be the common tension of the portions CP and CQ at C, Then 
resolving vertically for the equilibrium of the point C, 




Fig- '33. 



. of the 



2 2'c 






But T = to . CJf {Art. 184), If being the point in which CD raeets 
the axis. Hence 2 C.A' 00s fl = I'; but it is evident from Fig. 231 that 
CA^coB e = AC; therefore AC = i I'. 
VOL. I. A a 
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Again, c being the parameter of the catenary, we have c:= AC 
xi&nO; therefore c = | Z' tan 6, (1) 

Also, denoting ON by a?, being the origin of the catenary, we 
have X X 

or -• = —tan d(e^ —e^ ) > 

/. 2cota = e'' — « '' 

Squaring both sides of this equation, adding 4 to each side, and 
taking the square root, we have 

2cosec(9 = e'' +« ' ; 

which, by addition to the last result, gives easily 

V 

X = TT tan 6 log cot — • (2) 



Again, 



and 



AP 


= 2<'' 

< 


«+d x+d 


PM. 


= |(. 


^ +e ^ ); 


we have, since CP + PM 




Z + Z' 


jr+d 



Substituting in this equation the values of c and x given by (1) and 
(2) ; and taking logarithms, we have 

r. y nf . /%! /Z + Z^ tanid- ,. 

2<f=rt»nfllog(^.-^), (3) 

which is the required distance between P and Q, 

Since d cannot be negative, the expression whose logarithm is 
taken in (3) must be > 1 . Hence (Z + 1') tan \0>V tan 6 ; and substi- 
tuting for tan in terms of tan \ 0, we find the limiting value of $ 
given by the equation i_f 

2. A uniform chain hangs over two smooth pegs in the same hori- 
zontal line, and at a given distance apart ; find the length of the chain 
when the pressure on each peg is a minimum. 

Let P and Q be the pegs, 2 a the distance between them, / the 
length of the chain, the angle which the tangent to the chain at P 
makes with the vertical, PM the portion which hangs over the peg P, 
and C the lowest point of the chain. 
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Then CJ' + PM = ce^ (by adding the values of CP ar.d PM), o 



{!) 



an eqaation which determmes I in terme of c. 

Again, CP = e cot 9, and T'jIT = c cosec 9, therefore by addition 



Now, the pressQi-e on the peg P in tlie reaultnnt of two equal 
tensions, one alonj; PM and the other along the tangent to the chain 
at P. Hence, if ff denote the pressure, and T the tension at i*, 



Substituting for T the value ^«Tc(e'4-e '), and for cos— its 
yalae obtained from (2), we have 

il = ™(.^+l)'. (3) 

Now, c must be determined eo that R is least : hence -y- = 0, and 

dc 
■we obtain easily ?^ » 

for the detennication of c in terms of a; lie then known from (1). 

3. Find the law of variation of the mass per unit length at each 
point of a string acted upon by gravity only and suspended from two 
fixed jioiotB in order that it may hang in the form of a semicircle 
whose diameter is horizontal. 

Let AB{:= 2a) be the horiKontAl diameter, the centre of the 
circle, P any point on the curve, the angle between OP and the 
Terticai. Then by (4), Art. 185, 



where y h the distance of P from the diameter AB. 

4. A heavy string whose mass per unit length is variable, aua- 
pended from two fixed points, hangs under the action of gravity in 
a curve whose intrinaic equation is s ;:; f{'^\ the lowest point being 
the origin ; prove that the mass per unit length at any point VMries 
inversely as cob'3./(9). 

5. Prove that the area of the normal section at any point of the 
catenary of uniform strength ia proportional to the radius of 
curvature. 

A a 2 



I 
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6. Find ihe law of variuUon of ma^ per unit lengtli in order th»t 
i> string may haog in tlie form of ft parabola. 

Am. The maps ia pn)]>ortioDal to the horizontal projection of thf 
curve per unit length of arc at any point. (Compare p. 352.) 

7. If a string hangs in the form of an ellipse whose Aids major ij 
horizontal, pruve that iU weight per nnit length st any point is 

b' 

y being the depth of the point below the axis major, and b' the lengtl) 
of the semi-conjugate diameter corresponding to the point. 

8. A tt-legrBph line ia constructed of No. 8 Iron wire whose n 
is 7-3 lbs. per 100 feet of length ; the distance between the posts ia ISfllfl 
feet, and the wire sags I foi>t in the middle ; show that i 
up to a tension of alwut 206 lbs. weight. 

9. One extremity of a niiifonn string is attached to a fixed ptunt,! 
and the string rests partly on a smooth inclined plane ; prove th " 
the directrix of the catenary determined by the portion which ia 

in contact with the plane ia the horizontal line drawn throagh tl 
extremity which rests on the plane. 

10. If in the last example t is the inclination of the plane, a ths 
inclination of the tangent at the fixed extremity, and I the whole 
length of the string, prove tliat the length of the portion in contact 
witli the plane is ; ^^^ ^ 

1 1. A heavy uniform chain passes over a fixed smooth peg, one end 
hanging freely while a portion of the chain of length 2le rests on a 
smooth inclined plane of inclination t. If the length of the free part 
is k, show that the whole length of the chain is 4^ cob'i, and that i 

cannot be > -■ 

12. Given two smooth pegs in a horizontal line, find the least 
length of a uniform heavy string which will rest over tbem. 

Ang. If 2 u is the distance between the pegs and « the Napienon 
base, the lea'it length is 2ae, or about 2-71828«, 

13. A uniform lieavy inextensible string rests partly on B rough 
horizontal table, and partly over a smooth peg, B, fixed at S given 
height, /(, above the edge of the table, a portion BC of the string 
hanging vertically over the peg and past the edge of the table ; find 
the length of the hanging portion, BC, so that its weight may just 
suffice to drag the string off the table, the string and the peg lying iti 
the same vertical plane. 

Ans. If I ia tlie whole length of the string, fi the coefficient of 
friction, and a: the len^fth which hangs below the edge of the table, 

[p{;-j)-(i+rt«j'=c'(4"+2fe). 

only one value of x being admissible. 
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188.] Gravitation and Absolute Heasnre of Force. In the 

diacussion of the forms asisumed by stringy under the action 
of gravity we have determined the weight per unit length 
of a Etring at each point in order that it should hang' in 
•A particular form, M'hen we are not dealing exclusively with 
gravity as the force acting, it may be desirable to measure 
forces in absolute measure. Suppose, to lis ideas, that we adopt 
the C. G. S. absolute system. In this forces are expressed 
in dynes, and mass in grammes. If we have a muss of m 
grammes, the number expressing the weight of this mass in 
dynes would be about 981 m, or, more accurately, gxta, where g 
stands for the acceleration, in centimetres per second per second, 
of a particle falling freely in vacuo near the Earth's surface 
at the place where we are. The number expressing the weight 
of the body in gravitation measure would be simply m — the 
same as that which expresses its mass — if the weight of 1 
gramme is our gravitation unit of force. In the British absolnt« 
system forces are measured in poundals, and masses in pounds ; 
and if we have a body of m pounds mass, its weight in gravi- 
tation measure is simply m, if the weight of 1 pound is the 
unit of force; while its weight expressed in poundals is about 
32 m, or, more accurately, gxm, where g is about 32 feet per 
second per second. 

In the previous articles we may, if we choose, use w to express 
the mass of the stiing per unit length, while regarding its 
weight as g xic in absolute units. The letter /c, however, 
obviously suggests weight, (i. e. force), so that mass is usually 
represented by the letter m. In many of the following Articles 
we shall denote the mass of a string per unit length at any 
point by m, (giammes or pounds) and assume forces as expressed 
in absolute measure (dynes, or poundals), 

189.] Tangential and Normal Heaolutions. Let AB (Fig. 
234) rejiresent a flexible inextensible string in equilibrium under 
the action of any system of coplanar forces applied continuously 
throughout the string. Then the force acting on it per unit 
mass at any point of the string will, in the general case, be 
expressed as a function of the co-ordinates of this point and 
their differential eoeflacients with respect to the arc. Thus, 
if the co-ordinates of P are (x,^), the plane of the string and 
forces being taken as that of a^, the external foree exerted per 



358 ECiPI LIBRIUM OF FLEXIBLE STBINGS. [190. 

unit mass at P will be of tlie form 1^ {*,^), and therefore tha 
force exerted on i/m units of mass at P will be 
^[iB,y)tim, or F.dm, 
Suppose then that we consider the equilibrium of the 
PQ of the string apart from the rest of the string : — Let the 
mass of the string per unit length at P be m and let ds be 
lenglh of PQ. Then the mass of the element ib mda, and 
external force acting on it ia 

mF . da ; 

and, in addition, it is acted upon by two tensions, Tand T-\-dT, 
along the tangents at its extrem- 
ities P and Q. These three forcei 
must, of course, meet in a point. 

Let Pt and Pn be the tangent 

and normal at P\ let dO he t' 

{very email) angle between t 

tangent at P and that at Qj 

and let 1^ be the angle between 

Fdm and Pt. Then, resolving 

Fig- »34- forces along the tangent for th» 

equilibrium of PQ, 

(T + dT) cos do + mF cos <l>d«~T = 0; 

but coadO = 1, neglecting (dsy ; therefore this equation gives 

■*?'+,»Fco.* = 0, (1) 

which means that the rate of variation of the tension per unifc 

length at any point is numerically equal to the tangentid 

component of the external force per unit length. 

Again, reaolving along the normal, 

{T+dT)emdff-mF^ji'pde = 0; 

or since p, the radius of curvature at P, is equal to — , 

--mFBind> = 0, (2) 

P 
which means that the curvature of the string at any point Jt. 
equal to the normal external force per nnit length divided hj 
the tension at the point. 

190.] Oeneral Equations of Equilibrium. Let the extenikt 
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force, F, per nnit mass at P be resolved into two componenta, X 
and /, parallel to any pair of fixed rectangular axes. Then the 
components of force acting on the element i'Q [ajaliel to the 
axes are mX(h and m Yth. Also the componenta of the tension 
acting at the end P are 

da ' ds 

each measured ia the positive sense of the coriesponding axis. 
The components of tension at P are iiffeeted with negative signs, 
since, when the element PQ id considered apart from the rest 
of the string, the tenaiona at P and Q will manifestly give 
components along the axis of x in oppoiiie senses ; and similarly 
along the axis of ^. 

These components of tension at any point will be functions 
of the position of the point on the string, i.e. functions of the 
length of the string measured up to the point considered from 
any origin-point. A, on the string. If the length of the string 
AP = g, we shall therefore have 

and the component of the tension at Q ie therefore /{s + ds"), or 



„dx d [„,dx-. J ^ ,„dxs. ds- 




Hence for the equilibrium of the element PQ, resolving forces 


parallel to the axis of ^, 




^£+.4(^S)-"--- "'-4:=- 




or, rejecting the two terms which cancel, dividing out by ds 


and 


then diminishing ds indefinitely, 




a(4:)--^=»- 


(1) 


s™i,„., l.{ff.)*'y-o- 


(2) 


These are the general equationB of EKjiiilibrium of the string. 





i 
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llie vmlue of T may be deduced in Tsrioos ways (rom 
cqostions. Tfaod, perfonniag the difienentrntions, 

dx dt 
Multiply (3) and (4) by j-and ^, respectiyely, and add; 

then, remembering tkat, since (^)+(ji) =l,we have by 

di&rentiabon _^_ + __ = o. 

itfoUowBthat f + -(jj+rg) = 0; (i 

.-. T = C-/m (Xdx + Tify), (6 

wbicb is precisely the Eaiue as (1) of last JLrticIe. 

Another expre^on for T can be deduced from (l) and (^ 
They give by integtation 

Squaring and adding, we have 

r = {A~fmXd4y + iB-/m Yds)', (9 

J and £ being the eoostants of integration, which must be 
mined by a knowledge of the tension at some particular points. 

Again, bv mnltiplying (3) and (4) by ^ and ^^> respect 
i^-elv, and adding, we obtain 

which is the same as (2) of Art. 189, since the 

, , ,. , rf** iPr 

of the radius of cunattm are —(>j^' — pt-j- 

The cane fonned by the string is foaud by eliminating T bom 
(7) and (S) ; hentv its equation is 
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If the exbemal force at every point of the Btring ia normal to 
its direction, the tension is constaat throughout, as at once 

di rlit 

of the external force per unit mass. This 'is the case when, 
for example, the string is stretched over any smooth curvcj and 
acted on by no force except the reaction of the curve and two 
terminal tensions (which must he equal). Thus wc have proved 
the trath of our assumption in Art. 33, 

191,] Catenary of Uniform Stirength in Qeneral. The force 
per unit mass at any point of a string; having any components -1, 
T, if the area of the normal section, ir, at this point is propor- 
tional to T, the tension at the point, the catenary will he of 
uniform strength. If then k is the mass of the substance 
of the string per unit volume at any point, m = krr ia the 
previous equations, and if we put a ■= i^T^ where ft is a constant 

(of the nature p )i into (3) and (4) of Art. 190, we have 

^((Px , ^-. dTdx 
^h.^^^^^)^^d. = '' 

for the catenary of uniform strength, whose equation is found 
by eliminating T from these equations. This is done by simple 
division, and we have 



di'dg d^da~^^ d» dsJ 



Remembering that, if is the angle made by the tangent with 
the axis of X, we have 



this equation is ~ - — kfi,N, 

where N is the normal force per unit mass measured along the 
normal in the sense of p ; and this equation could have been 
_ at once obtained from (2) of Art, 189. 

Consider the particular case in which the applied force has 
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a constant direction at all pointa in the string ; 
direction ofi that of the axis ofy- }Ience 



id talce thi> 



S 



i"= 



jt 



ajid 






dt 



(S)--*^S = «. 



lU^dx- 



wliere Y' is the force per unit maBS at the point {x, y). Com- , 
parinw theae with the equations for a string of constant sectioB 
acted on by parallel forces whose intensity is Y at the poiri 
{x, y), we see that the two corves will be the same provided thi 



Thus, if r : 



dx 



-Ir-. 



for which law (see Art. 187) a i 



catenary would hang in a parabola, the catenary of unifon 
strength is the common catenary. 

192.] String acted on by a Central Force, Wlien 1 
lines of action of the forces applied to the various elements of il 
string pass all through the Bume point, the force acting on t 
string is said to be centra!, and this point is called the centre j 
force. It is easy to prove that in this case the string mnst lie i| 
a plane passing through the centre offeree. For {Art. 189) tU 
plane of the tangents at P and Q must contain the centre of forces 
and since two consecutive osculating planes have a tangent li 
to the string common, these two planes, having in addition ■" 
point {the centre of force) common, mast be identical. Hence 
the osculating plane is the same at 
all points ; or the string mast lifts 
wholly in one plane. 

To find the form aggumed hf i 
string acted on by a given eenin 
force. 

Let {Fig. 2^^) be the centn 

of force (supposed repulsive), Pw 

an element of the string whoi 

equilibrium is considered apart, f 

the radius vector OP, S i,he angle PDA between OP and a fi ' 

initial line, « the length of the arc AP, and p the perpendicul 

the tangent at P. Then, for the equilibrium of t 

element PQ, taking momenta about 0, we have 

moment of tension at P = moment of tension at Q; 





Fig. J 35. 
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or fp=T,H-d{ff), 

■ ■■ Tp^l, (I) 

where i is a, constant*. 

Denote the tensions at P and Q by 2" and 7" +rfr respectively. 

Resolve the forces acting on PQ along the tangent at P, let 
M = mass per unit length at P, and let the central force be m Fd». 
Then this force passes through the point of intersection of 
tangents at P and Q, and the cosine of the angle between its 

d» 
small. In the equation of resolution the component oimFds is 

Eo that e may he neglected, and we have 

dT= -mFdr. (2) 

Equations (l) and (2) determine the form of the curve. 

If the central force is sttractive, the sign of F must be 
changed in (2), and the curve of equilibrium will be convex 
towards 0. 

It is usual in the discussion of central forces to denote — by «- 

Making this substitution, and eliminating T from the above 

equations, we have „v , 

Bub (Williamson's Differential Calculus, Chap. XII}, 
1 „ ,du^ 

Hence, denoting — ^ by <f («), and /ij>(u)du by 0i(«), an 
arbitrary constant being implied in ^i(»), we have from (3) 

It is often more convenient to retain a differential equation of 
the second order for «t- Differentiating (4} we have, dividing 

♦ Of course this proof holda whether the portion PQaaa element of leogth 
or a portion of any ieiigth, however great. 

+ ThiB method of treating the equilibrium of ft string acted on by a oentml 
fo™ ia taken from a paper by Professor Townsend in the {juarlcily Jintmai q/ 
Pare and Applied MalliemaliCB, 1 874. 
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[.9=. 



dti 



out by T^i ^nd remembering that <p{{ii) = <\>{it). 



'di 






= y, +■(•)■*(«)■ 



(») 

Now, since the integration of (4) gives a in terms of 0, and 
introduces an arbitrary constant in addition to that already 
involved in i^j («), we Bee that the solution of the problem 
involves only ttco arbitrary constants. But (6) will recjuire 
two integrations to express h, and each integration will intro- 
duce an arbitrary constant. Hence it appears that in this way 
we get three arbitrary constants, instead of two. Theee three 

are, however, easily connected, eince the vaJues of h and (^] 

given by the complete integral of (5) must satisfy (4) for all 
values of u. 

As an example, let it be required to discuss the form of a string 
of uniform section and density when the central repulsive force varies 
inversely aa the square of the distance. In this case m is constant, 
and F ^ ^'"'1 f' being a coiiBfaut which obviouBly denotes the magni- 
tude of the force per unit mass of matter at the unit distance from 
the centre of force. 

Heuce we have, putting m/i' ^ ji, 

T = C+^u, 
C heing a constant. If T'g denote the tension at a point A of th< 



string whose distance from the centre is -1 we 1 

T=T„-^La + iJ.u 
= fi.{u + cj, suppose. 

H,„., (*,"+„. = g(.+.)., 

wliioli gives, by differentiation, 



;, evidently. 



First, suppose that y 
e<]uation becomes < 

Ihe inti-gral of which ii 



j < 1, and denote 1 - 



; by A^ Then tbil 





•^ 
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.1 and a being tlie constants of integration. Substituting tliis 


„,„. 1 


nf w in (6), we have A = — — — c, and therefore 


1 


» = ^''{-7Tb--<-»>!- 


(8) 1 


The value of a ia found by putting w — « nnd 6 = \l\e 
belonging to the point A. 


... 1 


When = a,^ = O, and there is an apee. K the initial line be | 


taken througli the apse, and T^ and a belong to this point, w 


- I 


c = ^-a = (--l)(i, and (8) assumea the simple form 


1 


„.-^.e...>, 


(») 1 


which difFera from the focal polar equation of a conic in having the ^M 
angle multiplied by a number, X, less than unity. H 


If ^>1, we must put^— I — A^ and putting fia-r. 


= lie. 


equation (6) becomes ,d« ' fJ." 




which gives « = i±^c + ^e*« + B«-« 


(10) 


the constants A and B being connected by the equation 




1 + A' 




Equation (10) can obviously be written 




..=^»+v^(VI^'+VI'-"'' 




"■ -='-^'\'-wkr'i''-'-'~"-'^\- 


(11) 


When 8 = a, there is an apse, and if the initial line be 
through the apse, we have, in the same manner as before. 


tftlien 


1 l^'^'^ ' ^- 


(12) 


■ If r= >. toth (9) and (12) give u = a, a constant; and the ■ 


figure of equilibrium is a circle. 


J 
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Equatkm (8) can be written in the form 

«■— 1 
whare A' s= , and (11) can be written 



-s:£l+«coahA(d— a), 



where A* = — =— - 



For the remarkable analogy between the carve of eqnilibrinm 
of a flexible string and the orbit of a particle nnder a giyen 
force, see Professor Townsend's Paper, and Thomson and Tfut's 
Nat. PAH. 

193.] Apsidal Angle. To find the angle between the apsidee 
in a string which, under the action of a central force, assameB » 
form nearly circular. 

Def. An apse is a point on a curve at which the radius vector 
is at right angles to the tangent. 

Since the form of the string is nearly circular, u will differ from a 
constant value, a, by a small variable quantity, x. 

Let, then, u = a+a;. In this case ^| {u) = ^^ {aS + a?^(a). 
neglecting higher powers of x ; and <f> (u) = ^ (a) + x^\a). For 
shortness, denote 4>i(a), <f>(a), and ^'(a) by <^j, <f>, and tf/ respectively. 
Then (5) of last Art. becomes 

d^x 
But if the string were exactly circular, x and -— would always 

(bd)-, 
= : therefore a = —~ j or 

/r 

Hence (1) becomes 

The constant a may be chosen as the reciprocal of the radias of 
any circle which nearly coincides with the figure of the string ; but 
simplicity is gained by taking it equal to the reciprocal of the radias 
of that circle in which the tension at each point is equal to the mean 
tension in the string. 

Now in a circle of radius - the tension (see (2), Art. 189) is a^; 
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and (2) of last Art. gives T iu the curve equHl to (/>,(ui, and tlie: 
fore the mean tensiou ■=■ ip, . Heuce 



I terms of 6 will be exponential, 
impossible, since the value of u 



and the nearly ciruular form becomes 
i8 indefinitely with 0. 



I the difference between two 



values of 9 which satisfy 



diich is, therefore, the angle between ihe apsides*. 

194.] Diagram of Tensions. When a string is in equilibriam 
dlder the action of any specified distribution of force on its 
s elements of length, we may, of course, construct a foree- 
"polygon, ench as that in Fig. 30, p. 42, whose sides are propor- 
tional and parallel to the resultant forces acting on the successive 
infinitesimal elements of arc of the string. Of course the sides 
of this force-polygon will not be of finite length, as they are in 
Viff. 30 ; they will, in fact, form a continuous curve — let ua say, 
the foree-curve. And again, there will be a pole, {Fig- 30), 
from which if radii vectorea are drawn to the force-curve, these 
radii vectores will be parallel and proportional to the tensions oi' 
the string at the corresponding points. Hence if ? denotes the 
tension of the string at any jwint P, and i/f is the angle which 
the tangent at P makes with any fixed line through 0, the 



eatigat 



1 is token from the paper by Professor Townsend pro- 
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[■! 



polar co-ordinates of the point, FT, on the force-curve 

spending' to P can be taken as 

and the rectangnlar co-ordinates of IT are {Tcos \{/, Tsin ^) ; i 
that if we denote these co-ordinateB by f^, tj), equations (7) ai 
(8) of Art. 190 can be written 

$ = A~/mId». {: 

r, = B-fmYih, (l 

and if we can express each variable at the right-hand sides < 
these equations as a function of * alone, the eqnation of tb 
force-curve, and therefore the diagram of tensions, will 1) 
obtained by eliminating a from these equations. 

For any string, uniform or not, under the action of giHvM 
or of any system of parallel forces, the force-curve is ft right lin 
parallel to the common direction, and the perpendicular from thl 
pole on this line represents r, the constant component whii 
the tension at every point has perpendicular to the direction 
the parallel system , 

In the case of a string acted upon by a central force, as 
Fig. 235, theequations of equilibrium obtained by resolving 
the tangent and uormnl for an element PQ are 

dT-\-mFdT = (i, ( 

Tdf-viFTd8 = 0, ( 

where OP = f, I POA = fl, ^ = the angle made with OA 
the tangent at P, measured in the same sense as d. 

We have obvionslv cotfiJ'— fl) = — =-:; 
dT 
■ ■ fd^ 

so that the relation between T and i/r, i. e., the equation of ti 
force-carve, is obtained by expressing 6 in terms of ^ (from ti 
equation of the curve of the string) and substituting in tl 
right-hand side of (5), which then becomes a function of i/r alOD 
As an example, take the case of a uniform string acted upon hjr 



-cot{i^-fl), 



central force - 



From (3) we have 
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where Cis some conetant. If for simplicity we consider C= 
— or, in other words, if we imagine that at one end, A, of the 
string, dietant c from the centre of force, the tenBion ie by wiy 

external means made equal to — 5 — we have ?*= — ^ > and the 

2c* 2'r 

equation Tp ■= k [^. 363) gives 



which shows the curve of the string to be a circle passing through 
the centre of force. If the string followed the circle all round, 
the tension woold be infinite at the centre of force, but we may 
suppose the sti-ing to have two fixed ends, A and B, at any points 
of itfi length. 

Hence V' = 2tf — -> and (5) yives 

" l-sinv' 
where A is a constant. This ia the equation of the force-curve, 
which is, therefoiC: a j>arabola whose focus is the centre of foree- 

195.] String on Smooth Plane Curve. Consider the case 
of an incxtensible string resting on a smooth plane curve under 
the action of any forces in the plane of the curve, and let Kg. 234 
represent this cane. Then into the equations of Art. 189 we 
have merely t« introduce the normal reaction, Rds*, acting on 
the element PQ in the direction aP. 

Resolving tangentially, we obtain 

dT 

-- +mJ^'cos^ = 0. (1) 

Resolving normally, 
T 



wFam<p-R=0. (2) 



* The student will observe tliat in considering the equilibrium of an 
element of length its we represent the reaction of a. curve on it hy Rdn, and 
the iipplied force bymFds, while we represent the tension by T, and not by 
Tds. The reason of this ia that the tension dejiends merely on the cross 
soctioa of the element and not on its length, while the magnitude of the 
reaction depends evidently on the length of the element in oontnot with the 
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These are the most osefol reeolntiong in the case of a string 
resting on a earve. EqoatioDs of resolution along' arbitrary 
taee may, of coarse, be obtained by introducing the comjionent^ 
ofX into the general equations of Art. 190, 

From (l) we obtain 2"= C—yw /"cos ^(/#, C being a constant; 
and if we denote the general integral J" m F oo& ift ds \>j V, ite 
ralne when the co-oidinates of J are Bnbstitnted in V b^ng 
r^, while Tt, is the tension at A. we have 

We shall refer to T as the putetttM of the external forces at f. 

196.] String on Bongh Plane Carre. If the curve in the 
preceding Article is rough, and the string in limiting eqni- 
libtiom. slipping being aboat to take plaee in the direction Q/*, 
we have merely to inclade among the forces acting on the 
element P^ a tangential force fiRii*. the coefficient of friction 
being fi and the normal reaction Rd*, as hefore- 

Equations (l) and (2) of last Article now become 



rfr 



+mFcosip-i'tiR = 



BiFsinA-^= 0. 

P 

It will be obsCTved that the components of reaction, Sd» M 
^A A, are ia ch« fignre represented as acting at P. In sttietnfli 
of course, they do not i 
at P ; bat in the limit t 
same equations will be ( 
tained, no matter at what 
TtiT point between P and Q we 
represent them as acting. 

Consider the simple case 

in which there is no external 

force continuonsly 

Then these equations become^ 




Fig-sjt 
thronghont the string, or F 

Tde~F<U = 
dT 
Hence -^ +/i(/fl = 0, .-. T 




C being the constant of integration, and the angle between 
tangent at the point P and the tangent at some origin p(ttDt,4 



5.] EXAMPLES. 371 

it the Btring. If Tg is the tension at A, we have T = T^^ when 
; therefore y.— y p— hc /e\ 

J, as the angle through which the atring turns increases in 
fcithmeticHl progression, the tension decreases in geometrical 
BOgressioa. 

I Suppose that (the weight of the string being neglected) two 
i, JP and Q, are suspended from the extremities of a string 
Idch passes over a itxed rough cylinder whose axis is hori- 
mtal, the string lying in a plane perpendicular to this axis ; it 
I reqnired to find the relation between P and Q when the 

ailibrium is limiting. 
IXet-ii (I^- 236) be the point at which the portion of the 
J next P leaves the cylinder, and B the point at which the 
tion next Q leaves it. 
I Then from (5), by putting r^ = weight of P and fl = », we 
q = P«--, (6) 

len P is about to overcome Q. If P is on the point of 

sending, the sign of /i in this equation is to be changed. 

If the string makes a complete revolution and a half round 

) cylinder, the value of 6 corresponding to Q is 3 ir, and we 

jive in this case Q = Pe'^i^". The factor e"*^ diminishes very 

jridly as the angle increases, and thus we see how it is that 

I- wnall foree applied at one extremity of a rope coiled several 

times round a fixed rough cylinder can overcome a large force 

applied at the other extremity^a practical example of which 

occurs when the small motion of a ship in harbour is stopped by 

a small force applied at the extremity of a rope coiled round a 

P 
Sxed post. For example, if /n = i, e"' = 4,8, and Q = -7—^ ■ 



Examples. 

1. A uniform inextensjble string, acted on by gravity and by two 
terminal tensions, rests in contact with a smooth curve in a vertical 
plane ; find the form of this curve bo thiit the pressure which it exerts 
on the string may at every point be inversely proportional to the 
radius of cui"vature. 

Let vertical and horizontal lines in the plane of the curve be taken 
as axes of y and a;, respectively, and let the concavity of the curve be 
upwards. 

B b 2 
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Then, It Wing thr pmmr« p«r unit of length at snj point, and 
tlw t«naion at this jxiint. we have, hy resolving along the tfttigeal, 

dT = m^ffy. 
mg ))eiiig the freight of a unit of length of the string. Uence 

7-= r. + mff(y-y,), (: 

7\ luid y, belon;3iig to one end of the striug. 
Again, resolving normally, 

Tde — mgdx=Rdg, 
{dO Xte'uig the angle between two consecutive tangents), or 

T dx ^ 

nig~ = R. 

P as 

If 
Let H= -' i lieing a constant. Then from (1) and (2) 

r,-t+«ig{y-y,) _ Ae 



denoting the numerator of the left-hnnd side of the previous equatiop 
liy iny{y— A), for simjilidty. To integrate (3), put 

dx 1 , (1+J>')* , djf 

— = — 1 BUd p = ~- where p := -^ . 



(2) 



The equation then bectJuiBS ~~i = — ^. 




.-. \+f = r'is-K)', 




From thia equation we have 




* ii. 






^ 


which gives by integration 


^ 


!'-»+V' <»-'''-? = '"' 




w]iere 6 is iiii orbitrary constant Thia equation 

into the form 


can easily be p 


'~^-\"-^^.'-" 




Now. any expression of the form An'^' + Be''"' c 


an be put iuto t 


form C'[«-*<^+'" + *^''<'-^'"}; 





EXAMPLES. 
r, identifying the two expreBsiouB, we have 
G = '/TB, and e'"' = 






1 I 



■Jft/ie'" 



i, of course, the equation of a 
ter is -, and wliose origin ie the point (A, 



catenitry ^rhose para- 



L uniform inextenaible etriiig, acted on by two terminal t«n- 

, and any syBtem of conservutive forces in one plane, rests in 

let with a Bmooth curve in this plane ; if at every point the 

i against the curve is inversely proportional to the radius of 

rrature, then, without any change in the forces, the tension at one 

■ remity can be so varied that the constraining curve may lie removed, 

'le string will rest in free equilibrium. 

■, if Y denof e the potential of the applied forces at any point, we 
e (Art. 195) T = T„-{y-V^. (]) 

Again, if jV denote the noi'mal component of applied forces ai 



^ point measured towards the ( 

e per unit of length at this point, 



»deoftbe 



md R th(^ 



Suppose that H ^ - 



p 

ITien, from (1) and (2) we have 



Let us now change the terminal tension T„ into T^—k, and i 
itigate the pressure of the curve at the point considered alio 



jnoting the i 

ing no change h 



by .B', 
any of the applied forces, wi 



I tension by 2*, there 



n ni^iich 



Ttfz= 



;'^-A-(r-r,) 



N\ 



Nit the right-hand side of this equation is zero by (3). Hence there 
a no presture at any point, and the curve is one of free equilibrium. 
It is obvious that the last example is a particular case of this. 

3. A string is kept in equilibrium in the form of a closed curve by 
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the action of a, repulsive force tending from a fixed point, and the an 
of the croBB-section at each point is proportional to the tension ; prO' 
that the repulsive force at any point is iuveraely proportional to t1 
chord of curvature tlirough the centre of force. (Wolstenholme's Booi 
of Math. Pr(A.) The equations are (Ai-t. 192), 

Tp = h, 

dT= -mFdr. 

Now, m = ka, and by hypothesis tracT, and A is constant; tl 
fore we have m =■ fiT, fi being a constant. Hence from (2) 

dT 



IxFdr. 



But from (1), dT = 
from (3) 



dT 



— ^dp, therefore —^ 

P ' 






where y is the chord of curvature passing through the pole (1 
Williamson's Diff. Cal, p. 296, sixth ed.}. 

As a particular case, we may notice that the vertical chord 
curvature at any point of the catenary of uniform strength (1 
gravity) is constant, a^ tbe student can easily prove otherwise. 

4. A heavy inextensible string rests,. in limiting equilihrium, on 
rough curve in a verticiil plane ; find the tension at any point. 

Let Fig. 236 represent the string lying on the curve; let a hoi 
Kontal line above the curve AB ha the axis of x, and let the ax 
of y be drawn vertically downwards. 

Then, if fl be the angle made by the tangent at any point, P, wil 
the axis of x, mg the weight of a unit length of the string at P, at 
X, y the co-ordinates of P, we get by a tangential resolation (slipping 
being on the point of taking place from P to Q' 
dT—}i.Rds+mgdy = (3\ 
and by a normal resolution 

Tdd-Eth+7ngd).-= 0. 

Eliminatiiig R, we obtain 

_^\ 



d6 



-^T=^<j{^~- 



do de' 



where p is the radius of curvature at P. 

This is a linear differential equation of the first order, the aolatit 
of which is (Boole's Differtniiai Eguationa, p. 39), 

T = e''''{C+/mgp{^CQS$-siue)e-'"d$}, (3] 

being a constant. 

When the curve of constraint is given, p is known in terms of 
and the integration may then bo performed. 



ample, let the string rest on a circle of radius o 
nity being at the highest point, and free from tension, 
t will be easily found that 



/(M 


cosfl-f^inflJB-"* 




'2Fnn« + (l- 


K-)".*], 


lerefore 


T = Ct'^^ 


■^.(^-" 


e + (i-p.')m. 


«). 


.t the h 


ghcBt point & = 


0and2'=0 


tlierefore C = 


1- 


fence 


-"■^f^" 


,me+il-pf 


cD-U-F-) 


•"}■ 


If the 


length of the string ia that of a quadrant, 


ye have T 


rhen = 


- 1 and then ^ i 


s determined from the equati 


Ml 



I 5. A, S, C are three unequally rough pegs in a vertical plane ; P 
I the greatest mass that can he supported by a maas W when 
poth are connected by a etrlng {whose weight is neglected) passing 
B, and G; Q is the greatest mass that W can support when 
9 string passes over A and B ; and R is the greatest that W can 
[pport when the string paBsea over B and C. Find the coefficients 
'f friction for the pegs. 

y Employ a, gravitation measure of force, and let the same symbol 
ixpress the weight and the mnss of a body, as explained in Art. 188. 
"■Xet the inclinations of AB and BC to the vertical (measured in the 
same sense) be a and ^, respectively; fi, )/, f*" the coefficients of 
friction of ^, B, C. Then, if the string passes over all the pegs 
and W hangs from A, it follows from equation (5) of Art. 196, that 
the tension, T, in the portion AB is TTe'"' ; and by the same equation, 
thetenaion, r',in5Cis2'e'''(P— '; and, finaUy, P=r'e''"''-^'. Hence 

and the equations are ohvioualy 

^a + /(/3-a) + /'(ff-^) = log^, 



Mti + /{ir 



ti f/, fi', ji" can be found. 



M'/3+/'{ir-^) = Iog-= 



The value of (/ ia — log-^-j^- 



1 limiting equilibrium o 



a rough 
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cycloidal ai"*:, whose axis ia vertical and vertex iipwarda, one extr«mit] 
being at tlie vertex and the other at the ctwp ; prove that 



(Wolstcnholme'B Mook of Math. Piob.) 

7. A unitbrm iuexteuaible string whose length ia I hangs in Itmil 
ijig equilibrium over a fixed rough cylinder of radius a whose axis i 
horizontal; find the lengths of the portions which bang vertically. 

, l—va 2ii(( , , , , . , , , . ,, 

Ami. -i — -I and a value obtained by chanffinir tn 

1 +«-''" l+^l' J "8 s - 

dign of /i in this expression. 

8. Two equal masses are attaehed each to the extremity of -I 
string wliich hangs over a rough cylinder whose axis is horizontal 
find how much either mass must be increased in order that it ma; 
begin to descend, the weight of Uie string being neglected. 

Ans. The increase of mass = P (e""- 1 ), wliore F is the coi 
value of the suspended masses. 

9. A string, whose weight ia neglected, passes over any number a 
equally rough fixed circular pulleys in a vertical plane ; show that tl 
ratio of two masaea, suspended from the extremities of the string, whid 
just Bustain each other, is the same as if only one pulley were used. 

10. A heavy uniform bar is moveable in a vertical plane round 1 
smooth hinge at one extremity, and has the other extremity attache^ 
to a cord which psfses over a small i-ough peg placed vertically ovw 
the hinge, and sustains a given weight ; find the position of litnitin 
equilibTium, and the tension of the cord. 

Atis. If TT = weight of bar, F = weight of suspended mass, 
the tension, 2a =■ length of bar, 2e ■= distance of peg from biDge, 
8 = inclination of beam to vertical, and if) — iiidination of cord t 
vertical, the position in which the bar is about to descend is given 
by the equations csin<t> = a sin (fl -1^), 

T= Pe"'— *>, 
ll'o sin = 2 Tc sin 4>. 

11. A uniform inextenaible string assumes the form of a circl 
under the influence of a repulsive force emanating from a point on H 
circumference ; find the law of force. 

Ann. It varies inversely as the cube of the distance. 

12. A uniform incxtensible string is in equilibrium under tb 
action of a central repulsive force ; prove that at each point of t" 

string this force oc — i where j> is Ihe perpendicular from the cent 

of force on the tangent, and y the chord of cui-vature passing Ihrou^ 
the centre of force. 



t 13. If the curve of equilibiium is an ellipBe whose fcwns ie the 
autre of force, the force at any point oc -t7 ' where b' is the semi- 

qJDgate diametei' corrcaponding to the point, and r the focal distance 

■ tiie point. 

I 14. If the string assume the fona of an ellipse under the influence 
Kb repulsive force emanating from the centre, find the law of force. 

Arts. The force is directly proportional to the distance, and 
Erersely proportional to the conjugate diameter. 

■ 15. If an inestenaible string can aasume the same plane figure of 
'"hrium under the separate action of any number of forces, Jt can 

e this figure under their combined action. 

, (To prove this, suppose the ttring under the combined action of the 

forces to be constrained to a smooth curve of the given figure, and it 
will follow that the pressure at every point of this curve varies 
inversely as the radius of curvature. The theorem foliowa, then, from 
example 2.) 

16. A uniform inextensible string rests against the inner side of a 
smooth ellipse, and is repelled from tlie foci and the centre by 

the following forces; -^i- and -77-, emanating from the foci, and -r,— 

from the centre, the distances of a point on tlie string from the foci 
being r and r', resjiec lively, its distance from the centre being a', and 
the semi-conJQgal« diameter corresponding to the point being h'. Find 
the pressure on tlie curve at any point. 

Aryi. If T^ is the tension of the string at the extremity of the 
aT.-~u.—ti'—u!'a' 
minor axis, R =^ pressure per unit length ■= — — - — ■ . ■ 

(The student will easily see from Examples 2 and 16, that if the 
curve of constraint of a string is a possible curve of free equilibrium 
under the action of the given forces, the pressure wiU, nt every point, be 

— ■, where (7 is a constant. Tlie result, in this example, might, there- 
fore, be at once obtained by this principle. 

By direct calculation, however, the result is obtained with little 
trouble. The equations of eijuilibrium are 



and the first gives, by iutegrntion, 

- A / -y— (i"6'= const.) 

The student will do well to apply the principle explained here to 
the kinetical examples in Walton, pp. 295 and 299, second edition. 
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157.] Experimental Law of Sxtenaion. The strings wbicb 
we now proceed to consider are extemible, i.e. such as have the' 
lengths increased when they are in a state of tension. For ai 
strings we uliall still af^snme the property of complete flexibili 
as defined in Art. 181. 

ITic law of extension which we proceed to enunciate applies 
not only to flexihle strings hot jJso t-o straight bars of iron, 
steel, &c. 

Let Ig denote the lenglh of any string or straight bar < 
uniform section when it is not subject to the action of an^ 
external force. This is called the natural length of the string 01 
bar. Let a be the area of the normal section, F the magnitu 

of the force applied at one extremity in the directicnfl 
AB, of the string or bar. Then, supposing the extj^mity 
ji to be fixed, the force ^'will produce an extension, BC, 
of the body. Denote this extension by m. Then ei- 

jwrimtrnt proves that /ur «»M^/ iMi^!(e« of the ratio ^ in 

coac of solid bars there is for the same bar a const 

F 
ratio between this fraction and the quantity - ; : 

there is the same constancy of ratio in the case of stringi 

' but for some of these latter bodies the value of -j 
Fig. 337. ''■ 

be very much greater than for bars. 
We have, then, 



S being a constant quantity which is called Toung^s modtetut S 
elastici/^ of the matter of which the string or bar is forn 

Since ^ ia a number, it follows that A' is a force per unit of m 
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Kal area, and it is evidently a measure of the longitudinal 
idity of the substance. 
If the law expressed by equation (1) be supposed to hold for 
extension x equal to /q, and if the force applied to the body 
prodnce this extension be called P, we have E = ~; and if a- 

is a section of unit area, E = P. Yonng's modulus of elasticity 
of any substance might then be defined as that force which, if 
applied at the extremity of a bar of the material of unit section, 
would double its length — this force being fictitious in the case of 
bars or strings for which (1) holds 'only within extremely narrow 
limits. 

For bars of iron and steel this equation is true only within 
narrow limits — called the limits of elasticity — while for flexible 
strings of such substances as India-nibber its range is much 
wider. If the limiting amount of extension has not been 
surpassed, the body will, after a time varying with the sub- 
stance, return to its original state when the stretching force F 
is removed. The law expressed by equation (l) is also true 
within narrow limits in the case of a straight bar which is 
oompregaed without bending. 

A notion of the magnitude of the modulus of elasticity of a 
solid body may be formed from the fact that in the case of iron, 
the unit of force being a kilogramme weight and the unit of 
area a square centimetre, E is about 2,000,000. For what are 
commonly called elastic strings, E is of coarse very much smaller 
than for bars of iron or steel. 

In the case of an elastic string it is usual to put equation (l) 
into another form. If I is the length which the string assumes 
under a tension T, we have x = I— I,,, and 



1 







T _ 


"'^^ 








or, as it is 


usually written. 


'.(' + #,) 












1 = 


'o(. + f). 






(2) 


the quantity A being 
string. 


caUed 


the modulus 


of 


elasticity 


of the 
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ITiia qiittntity is obviously the force which must be applied W 
the string to double its length. 

The law expressed by (l) or (2) is knomi as Hooke's Law, from 
the name of its discoverer, and is sometimeB expressed in 
form— //f tension of any c/asdc itiniig U proportional to iln ex/en- 
noft be^owl its natural length. 

198.] Work done in slowly extendinK a String or Bar^ 
If at each instant during' the extension of a string- or bar thfl 
stretching force applied at tlie extremity is exactly equal to thai 
which would keep the body in its state of deformation at thii 
instant, there is continuous equilibrium between the (gradually 
increasing) applied force and the elastic force of the body, and 
therefore the total amount of work done by the applied force 11 
equal to the work done against the internal force. 

If the bar or string is not slowly extended, its tension will 
not at each instant be equal to the appKed force ; bat it is still, 
true that its tension and extension are connected by equatioa 
(2), so that the expression for work done which we are sboot 
to investigate will be that which, with a negative sign prefixed, 
givea the work done by the varying tension. The work of the 
external force will be numerically greater, the excess producing 
kinetic energy. 

Now if X is the extension of the body at any inatsnt, the 

cori'esponding force is — x, and the work done by this force in 

a further extension dx'\%— xdx. Let a be the final extension 
then the total work done is 



- xdx, or 



2/0 ■ 



Ibe extension being, of coarse, confined within the limits <ff 

elasticity. The applied force which is required to keep the 
body in its final state of extension is, by (l) of last Articlaj 

— — Hence if the force applied in the final state be denotai 
by T, the whole amount of work done is 

JPo, 
or half the work which would be done by the final force A 
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extension in moving its point of a])p]ication ttrougli a space 
equal to the final extension. 

199.] Equations of Equilibrium of an Extensible String. 

Snjipose the etring to have assumed its figure of equilibrium 
under the action of the given forcea. At any point of the string* 
let fh be the stretched length of an element whose natural 
length was rh^ ; and at this point let m be the mass per unit 
length, the mass per unit length at the same point in the 
natural state of the string being Mq. 

Then, since the mass of the element '/« is the same after as 
before stretching, 

md»= m^ds^. (l) 

Also bv Hooke's law 

A = (!+?)*.. (2) 

But, the string having assumed its form of equilibrium, we have, 
as for the inextenaible string, 






Also di ^ Jdx^ + di/^ ; (4) 

and since the nature of tbe string in its original state is supposed 
to be speciiied, we shall have Mg given as a function of the 
position of the element dif^ in the natural state ; or 

«.=/('.). ^ (5) 

where s^^ is the length of the arc of the original string meastired 
from some origin point on it. 

Now the general problem of extensible strings may be stated 
as follows : — Ax exieatible string, the law of variation of whote 
ilentity in its natural state is given, is, vtuier given circumstances, 
submitted to ike action of given forces ; find ike form wkiek it will 
assume. 

To solve this problem, it is necessary to find an equation 
between x and y, the co-ordinates of any point in the stretched 
string ; and as the equations just given contain, in addition 
to these co-ordinates, the quantities m, Wg, s, s^, and T, these 
must be eliminated. But from the six equations above, these 
five quantities may theoretically be eliminated, by differentiation 
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or otherwise, and there will result a aingle equation between 
X andy, which is that of the curve of equilibrium. 

The problem in its general form is oue which it would often 
be practically impossible to solve. We shall therefore in the 
sequel consider only two eases — viz. that in which m^ is the 
same throughout the string;, and that in which the external 
forces are constant. Consider m,, constant. 



Multiplying the left-hand sides of equations (3) by 

dti ^ as iW 

while from (l) and (2) we have 



and ~ 



Hence (6) becomes 



(') 



(«) 



(») 



from which the relation between s and «„ is found, and hence 
the extension of the string. Equation (8) is the analogue of 
that of Art. 1 95. If V is the potential of the external forces at 
a point at which the tension is T", we have 





'+A 


iT+ 


m^{Iii,:+Yd,)-. 


= 0, 


Integrating, 












-f) 


+ ». 


f{Xdx+T/,) = 


const. 


Denoting, as 


in Art 


195, 


the general integral by 






'(■ + 


f/— ■ 




01 by (2), 




t" 


Vl-v 





(^-^■)('+Tr) = 



(10) 



The equation of the curve of equilibrium is obtained by sub- 
stituting the value of T given by (8) in either of the equations 
(3) — suppose in the equation 

(■+M(4:)+-.^=«- 
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Secondly, Bupi)Ose that tho applied forces X, Y ai'c constant. 
len from (3) Tp = A-X/m^d»„, (ll) 

being a constant of integral ion. Similarly 



T'£ = s-r/^A. 



(12) 

ienee T^ = {A~Xf«i^d^^^+{B-Y/m^.\Y, (13) 

rhich gives T as a function of «o, i.e. the tension at any point 

the fitret-ched string in terms of the length of the arc of 

£he unstretched string- measured up to the corresponding point. 

*W- (14) 



other words, 

from (2) 



,^i 



d^^, 



which gives the relation between the stretched and unstretched 
IflngthB of any portion. The equation of the curve of equi- 
librium is obtained from (I l) and (1 2) thus ; 






•^W) i 



Integrating these equations and eliminating »^ between them, 
we obtain the equation of the carve. 

Afl an example, let it be proposed to investigate the form of au 
elastic string guspended from two fixed points and acted on by gravity, 
the string being uniform in its natuml state. TaHng ases aa in 
Art. 184, vre have, 



ij,oc, suppose ; and T -=- = 

*5- 




if 8g be measured from the lowest point, — = and s, = at the 



im 





lU) 



\1«» 



M 



X.S 



Xli 









sc point of 



f =: r SlclsS. * — 



Lm 



d\ 






It 



^ J iCLi. § s laatnoL tt eumznacrsf s^orm 



the 






■I. ir m- 






ssanL lETiiEir xr 'zoe 



I 1311. .7 
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(1-) 
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o 2 /. * '0 * 'ft 

Oft C/ / — • — — — — — . 



Hence 2^— -^r=-(<5^« ^^^ c^^aj 



2a 

a ^2a« 

Ly expanding e** and 6 « as far as -^ and denoting by u and v the 

quantities c cosh — and e sinh — • 

c c 

Substituting in this equation the value of s^ given by (17) — in 
which it is evident that the term of the second order may be rejected 
if we desire to obtain y to this order only in terms of x — we obtain 

an equation of the form p n 

y=u+-+^, (18) 

in which P and Q are both functions of x and y. 

Now assume y = it H h -^ » where A and /m are functions of x 

a a 

alone, and substitute this value of y in every term of (18). This will 

give us, with a little trouble, 

A = — — v^, and M = ^ wv^. 



Hence, finally, y = w — - — \- 



2a 2a^ 
to the second order of the small quantity — • 

200.] Extensible String on Smooth Curve. It is clear 
that the equations (1) and (2) of Art. 193 are applicable to an 
extensible string, as are also those of Article 196 for a rough 
curve. The result arrived at by integration, which expresses 
the tension in terms of the potential, is to be replaced by equa- 
tion (10) of Art. 199; and from this equation it follows .that 
if an extensible string, uniform in its natural state, rest on 
any smooth surface under the action of gravity, the free ex- 
tremities are in the same horizontal plane. 



Examples. 

1. An elastic string, uniform in its natural state, is suspended from 
one extremity, which is fixed, and has a given mass attached to the 
other ; find the extension of the string, taking its own weight into 
account. 

Let TTbe the weight of the string, P the weight of "the suspended 
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T:^W'\'P — r^v 



mass, A the moduhui of eluticity» and •% the man of a unit leBg&tf 
the onstretched atriiig. Then theeqiiatuMiof eqaflibrinmia 

dT'{'m^^ = 0. 

If ^0 is the natural length of the 8trin|^ *>S^ = ^l iiiexefore tUi 

equation gives by integration 

W 
2'+-j-j^ = const 

HI 
When 9^^0,T\b eiddently IT+P; therefore 

W 

I. 
T 

Again, since (f« s(l + -r-) ds^f we have 

m /- W "J" Jr W « 

d» = (1 + — j^ ^»,)<&„ 

,. . y+P IT . 
•• •=0+-A 2H ••)••• 

no constant being added because « = when m^ = 0. 

If «^ = /q, and { is the whole length of the stretched string, we him 

2. A heavy uniform elastic ring is placed round a smooth vertied 
cone ; find how far it will descend. 

Let W be the weight of the ring, 27ra its natural length, X its 
modulus of elasticity, y the distance of the plane of the ring from the 
vertex of the cone in the position of equilibrium, and I the stretched 
length in this position. Then if the ring be moved down through an 
indefinitely small vertical distance, hy, the equation of work is 

-'Thl'\'Why-Q, 

T being the tension of the ring. If a is the semi- vertical angle of 
the cone, Z = 2 ny tan a ; hence hi = 277 tan a . hy^ and 

2'7rrtana= TF. 
But, by Hooke's Law, 

T 

ytana = a(l + — ); 

W 
,\ y = acoia{l+- — --cot a). 

3. An elastic string, uniform in its original state, is placed on any 
smooth curve and acted on by given forces ; find its extension. 

The tension at any point is determined by the equation 

(1 + -)dT+m, {Xdx + Tdy) = 0, 
or X{l+^y+2m^ /{^dx + Tdy) = const. (1) 



200.] EXAMPLES. 

Let m^J'(Xdx+ i'dif) be denoted by F. Now take any point, 
0, in the string as the point from which s and «„ are measured, 
anil let A be the value of F at a free extremity of the string. If one 
extremity is fixed, it will be well lo nieasuve s and s„ from it. Putting 

r=0, F=^ and also 1 + 1^ = ^, 

(1) gives (*)'=i + ?p(^_F). 

Suppose the curve of conatraiat to be given by the two equatio; 

-=/.(<), s =/,(■)• 



V 



^A- 



or, by integration, <l){s,A) = 8^ + <l> (0, A), (3) 

X and «Q being both measured from 0. Let I and ^g be the stretched 
aud original lengths of the portion between aud the free extremity 
conaidered. Then we have 

<f>{I,A) = l,+<t>{0,A). (4) 

Bnt A ia evidently a function of the co-ordinates of the extremity, 
and these co-oidinatea are, by supposition, f^ (0./a(0 i li^nce A i&A 
known function of I, and by substituting its value in (4) we deduce 
the value of I. 

4. One extremity of an elastic string, originally uniform, is fixed at 
the highest point of a smooth cycloid in a vertical plane, the string 
lying along the convex side of the curve; fiud the extension produced 
by gravity. 

If the tangent at the highest point ia taken as axis of x, and if 

is denoted by e, we find easily, for any curve of constraint, 



d» 



Vc + h-y -/c 
h being the ordinate of the free extremity. 

In the cycloid «* = Bay. Substituting this value of y i 
equation, and integrating, we have 



= 2v'2< 



If I be the length from tli 
natural length of the string, 



fixed to the &ee extremity, and /„ the 
77VT>.,„,_i. 
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These equations combined give 



I 



2V2ac 

5. A heavy particle is attached to one end of an elastic string 
whose unstretched length is indefinitely small ; the particle rests on a 
smooth curve in a vertical plane, and the fixed end of the string is 
attached to a point in this curve ; find the nature of the curve so that 
the particle may rest in all positions. Ans. A cycloid. 

6. A heavy elastic string is laid upon a smooth double inclined 
plane in such a manner as to remain at rest; £nd how much the 
string is stretched. (Walton, p. 140.) 

Ans. If W is the weight, X the modulus of elasticity, and c the 
natural length of the string, and a, a^ the inclinations of the planes to 
the horizon, the extension is 

W sin a sin a' 
2 A. sina + sina' 

[For the portion on the plane a let s and s^ be measured from the 
free extremity. Then 

_ TTsina , - ,^ ^x i /, Wsina . , 

r= — 5o; andrf« = (H- — )rfgp=(l+ ^^ s^jds^. 

Hence if Hs the length of the portion on the plane a, we have 

, , ,^ IF sin a _ . 

A similar equation holds for the portion on the plane a'. Now the 
extension = l + l''—lo—^\'} and equating the tensions at the common 
summit of the planes, we have l^ sin a = Vq sin a\ 

, c sin a' ^ , 

••• h = r-- — ?* ^^-J 

sm a + sm a ■* 

7. If the cone in example 2 is replaced by a smooth paraboloid of 
revolution, find how far the ring will descend. [By Virtual "Work.] 

Ans, y = jp- > where 4 m = latus rectum of generating 

parabola. ^ ~ JttwX 

8. An elastic string, uniform in its original state, rests on a rough 

inclined plane with its upper extremity fixed ; prove that its extension 

will lie between the limits 

P 6in(t + €) 
_ — • , 

2 c cos € 

where i = inclination of plane, € = angle of friction, I = natural 
length of string, and c = length of a portion of the string in its 
natural state whose weight is the modulus of elasticity. (Wolsten- 
holme's Math, Pr)b ) 
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9. A mass of weight /'just supports another of weiglit Q by menus 
ft fine elastic string passing over a rough circular cylinder whose 
LB id horizoutal ; A. ia the modulus of elasticity, and a the radius of 

cylinder ; prove that the extension of the part of the string iu 
it with the cylinder is 

- log ^^. (Wolatenholnie, ibid.) 

10. Two uniform ladders, connected by a smooth axis at a common 
tremity, rest iu a vertical plane with their other extremities, which 
) connected by an elastic rope, on a roujrh horizontal plane j find 
J greatest angle between them consistent with equilibrium. 

Ang. If a is the length of each ladder, 2asiua the natural 
igth of the rope, 26 the greatest angle between the ladders, and X 
i modulus of elasticity of the rope, 

k (sin fl-sin a) = irein a (f* + J^ tan 6). 

11. A heavy uniform elastic ring is placed horizontally round a right 
whose axis is vertical and vertex upwards, the ^-tretched ring 

lug also uniform ; find its extreme positions of equilibrium. 

( ir 1 

= acoto 1 + - — r-eot(a + ()S with notation of Ex. 2. 

12. A heavy elastic string, uniform in its natural state, is placed 
ith fixed circular cylinder whose axis is horizontal, and 

just out of contact with the lowest point of the cylinder ; deter- 
i the tension at any point. 

Am. Let r = radius of cylinder, i> ^ weight per unit length of 
ig in its natural state, \ ^ modulus of elasticity, and ^= iuclinu- 
of any radius to the vertical ; then the tension at the end of this 
us is given by the equation 

2rp A-f 6?-p+ Vf^'+ ikrp 






(i+f)-=^-™.+ 



2A. 



I. A naturally uniform heavy elastic string is hung up by 
e that if the modulus of elasticity is equal to half tl 
le string, the string will stretch to double its natural length 
If a uniform string fixed at one end be acted on liy a f 
direction of its length, find the law of force in order that th t 
at any point may vary as the square of the distance fi m th 
end. (College Examinations, Cambridge, 1887.) 

^Ans. At a distance s from the fixed end the force per unit a 
re 



!s the stretched length of the string, via 



a being the natural length, and the tension at any poiat is represented 
CC3 
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STATICAL PROOF OF BEIANCHON S THBOEBM. 

Fob the following Htatical proof of this theorem, which Bupplies the 
deficiency in Art. 100, I am indebted to Mr. E, M. Laogley of Bedford. 

Let ABCDEF be any hexagon circumscribed to ft eirole. Now ad 
and be being any two cborde of a circle, if we have forces repreaeDted 

by — , and ^i acting along 

ad be 

ad and he, respectively, tbeir 
resultant acts in the line BE, 
which is obtained by joining 
tbe point of intersection of 
the tangents at a, b to the 
point of intersection of those 
at b, e. This follows simply 
from the fact (see example 1 2, 
Art. 22) tliat the resultant of 
k k 

—, and j— acts along o5,and 
ad. "a k k 

the resultant of -= and — 

acts along 6B; but the forces 

— ; f ;— are equivalent to the 
ad be 

r , k k k k . 

four forces — ,» -ri j— . ;-> en 
ad ab ba be 

hence the resultant of — and ~ acts through B, Similarly it acts, 

of eonrse, through S ; and therefore its line of action is £E. [It 
acts also through p, .'. B/iE is a right line.] 
Now take tbe null system of forces 

A A. * *. ^ A 

ad be' cf da' eb fc 




B the middle pair destroy each other ; 
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The moUaoft of the finfc peir acta aloag 
pair acU along DA, and that of flie laat 
NMiltaot of the iriiole aefc muiiahcai the linea 

BE, CF, and DA 

are oQDcmxent. Thk im Brianchoo'a Theocera. 



. tkniof the 

rcivA 




Fig. o. 



KXAMPLES, GHIEFLT NUHEBIGAL. 

1. ABCD 18 a lectangle, of which the aide iiZ> =r 8 inehn and 

AB— 15; find the line of action 
of the lendtant of the fiilloviiig 
loreea: 

22 from/) to ii, 10 from J to A 
51 from D to B, 34 from ji toC, 
40 fi om C to J?, and 35 fnm C to D. 

RemdL If ii0 and ii2> are takes 
aa axes of x and y, the equation rf 
the resultant is 

7af+5y— 68 =0. 

2. If all the forces in the preceding remain unaltered except that 
35 in CD is replaced by 15 in the same sense, find the line of action 
of the resultant. 

Its equation is a?+y— 12 = 0. 

3. If the force 34 in Q. 1, instead of acting m AC, acts at B 
parallel to AC^ find the line of action of the resultant. 

Its equation referred to the same axes is 

7a?+ 5y— 44 = 0. 

4. If in Q. 1, the force 34 is transferred to B and the force 51 to i, 
each with unaltered direction, find the line of action of the resultant 

Its equation is 7a?+5y— 8 = 0. 

5. ABCDEF is a regular hexagon ; find the resultant of the 
following forces (each measured in pounds' weight, suppose) : 

20 from A to i/, 6 from C to B, 14 from D to C, 16 from AU>D, 
25 from D to E, 30 from Fto£,2 from Fto A. 

Result, 7^=31 pounds' weight; its components parallel to AB 

and AE are 23 and 12 \^3, and the perpendicular on its line of 
action from the middle point oi AD is ^\7>, where p = the perpen- 
dicular from this point on a side of the hexagon. 
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6. ABC is a triangle in which AB 

knd CP is peipeiidiculur to AB; 

Hpud the resultant of the following 

IB (ia puuiiJa' weight, euppo^e) : 

40 from A to B, 26 from B to C, 

|i'30 from C to J, 35 from F to C. 

Residt. R = 37, and its line of 
I'ScUon has for equation, referred to 
I J'B and PC m axts of x and ij, 
ia;-12y-236 = 0. 
in fig. 8, AB= 28 inches, 
wfiC =• \7, AC ^ 25, find the resultant of the fijUowing forces : 

28 from B to A, 35 from i to C, 51 from 5 to C, 34 from to P. 
EiSuU. R =^ 40, and the equatiuu of its line of action referred to 
.ihe Bame axes is 8j;— 6^— 15 = 0. 

. If in the last the force acting from B io A U 18, while in 
addition to the other given fijicrs there ia a furic of 10 from the 
middle point of BG to the middle point of CA find the Ulb of action 
of the resultant. 

Remit. 32ic— 24y+15 = 0. 

9. ABCD is a trapezium ii 
CD= \2,DA = 25, ai)d the 
perpendiculardiataiieebetweeu 
AB and Ci> = 15 ; find the 
resultant of the following 
forces : 

38 fiom B to A. 50 from 
J to /J, 40 from C to D, 68 
from B to (7, 70 from D to B. 

Remit. R = 50, and the cquatiou a 
BA and the perpendicular to B^ at ^ a: 

24a!-7y-300 = 0. 

10. If the force 36 in BA ia tiansferred from this line to that 
which joins the uiiddlo points of A D and BC, find the liue of action 
of the resultant. 

Referred to the Eame axes its equutioa ia 
24a:— 7y— 1G5 = 0. 

11. A, B, C are three points such that AB = 14 inches, BC = 13, 
CA =^ IS; the sum of the momeiits lound A of & system of forces iii 
the plane ABC is 900 inch-pounds' weight, counterclockwise ; ahout 
.B 500, clock wiee ; aboutC'2B80, counterclockwise; find the magnitude 
RUd line of action of the resultant force. 

Magnitude^ 260 pounds' weight; line of aition cuts AB at 
It distance 5 from £ and makes tan^V's with AB. 



its line of action referred to 
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12. AB ie a bar freely moveable in a vertical plane round a 
horizontal axis fixed through the end A ; to the end B ia attached 
a cord which, passing otbi- a pulley at C, fised vertically above A^ 
sustains a mass of weiglit F from its free extremity. If IT ia t" 
weight of the bar, and if its centre of gravity, G, divides AB bo t] 
AG = - AB, allow that in the position of equilibrium the point B !| 
determined by the intereection of a circle of radius AB about A i 
centre with a circle round C ae centre, the radius of this latter bein- 



W 



:CA. 



13. AC and CB are two uniform bars of equal lengths bi 
weights P and Q, respectively; they are in the same vertical j 
and are freely jointed together at C, while the first ia moveable rouna 
a smooth horizontal axis fised through A, and the end B slides along 
a rough horizontal plane passing through J ; find the limiting podtio D 
of equilibrium, 

Eemdf. If 6 is the limiting inclination of AC to the horizon and 
the coefficient of friction between B and the ground. 



14. Solve th 
lengths as well 

Mesvil. If 9 a 
.BC = 26, wehi 



tan fl ^ 

preceding problem when the bars 1 
s different weights, 
id ^ are the values of the angle 



; at A and B, AC = i 



(2tan0 + (7'+2(2)tan^ = ^— !-^- ( 

15. Show how to determine 8 and <j> from these equations ] 
graphic constructioD. 

JJraw a right line LO to represent Q on any scale ; produce i 
through to M so that OM represents F+2Q; at draw 

pei-pendicukr to Llf and let OD represent — — ; take on OD ti 

points, m, m, equidistant from D on opposite sides; then the 
Lm and Mn intersect in a point P, which (by varying n% and \ 
traces out a curve which is the di-polar locus representing all taigi 
sHtisfying the equation (2); i.e. /* being any point on this can 
PLM and PMN will be vahies of B and </>, respectively. 

The di-polar locus representing (1) is, of course, a circle; for 

-77=- = - 1 the prdblem is : given the base, LM, of a triangle and t 

ratio of its aides, find the locus of its vertex. P. The locus is a cin 
whose diameter is XY, where X is the point between L and J/ bui 



APPENDIX. 



395 



= Y' ^^^ ^ '^ t^s point dividing LM externally in the 



XY~ 
me ratio. 

The point of intersection of these two simply conBtnicted loci is 
e point which determines the values of 6 and satiBfying both (1) 
4(2). 

16. ABC representa a flolid triangular prism resting with its base 
:£ on a rough inclined plane whose inclination is to be gradually 
loreased, A being the lower and B the upper end of the base. Given 
be perpendicular height of the prism (perpendicular from C on AB) 
nd the base, but not the angles A, B, find the greatest value of the 

igle A so that the prism wilt begin to slide and not to tumble. 
Bendt. If AB = c and A is the height of the prism, while ji is the 
efficient of friction, the greatest value of ^ is given by the equation 

17. The frustum of a solid right cone rests on a rough inclined 
lane whose inclination is to be gradually increased ; the diameter of 
tB base on the plane is 8 feet, and the diameter of the upper face is 
feet ; if the coefticient of friction is \, what is the greatest height of 
le finiBtom that will ensure an initial motion of slipping 1 



18. AC represents the floor of a bridge moveable round a fixed 
lorizontal axis at it ; to the extremity C is attached a chain of 

gligihle weight which, passing over a pulley D fixed vertically over 
, is attached to a mass of weight P at its second extremity ; this mass 
is constrained to move along a fixed curve in a vertical plane, this 
Tve being such that the bridge is in equilibrium in all positions. 
Show how to construct this curve. [Theory of a Bascule Bridgel] 
Solution. "Let the horizontal position of AC be AB, and in this 
wition let P he at ij (which may coincide with ZJ) ; find the centre 
gravity of P^ and the floor AB, and draw through this point a 
irizontal line LM. Now, frictional resistances being neglected, the 
ntre of gravity of P and AC must move along this line LM in all 
sitiona of the system, in order that all positions should be positions 
' equilibrium. Let G be the centre of gravity of AC, and p the 
iudicttlar from G on LM; then if W is the weight of AC, the 
W 
ounterpoise, P, must be at a distance — • p from LM; bnt P lies 

Ibo on a circle of given radius with D as centre (the radius being the 
lifference between the whole length of the chain and the length DC) ; 
wnce the positioii of 7* is found for every position of AC. 
The curve locus of P is easily found to be one of the fourth degree. 

19. The vertical rectangle ABCD represents a solid nniforin 
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rectangular block whose liaee AB rests on the ground ; LSI is a 
wboae eKtreoiity L is fixed on the ground adjacent to A, and whoa 
extremity M rests against tlie face AD oi the block. A gradual' 
increasing load is applied at the middle poiut of LM, find the natot 
of the initial motion of tlie block, being given all uecesaary particul 

Result. If ^ is tlie height A3f, 2b = AS, jx = coeiEcieat of frictia, 
between the block and the ground, li' := that at J/, the block will 
begin to tarn round B if - 

A>(/+i)6. 

20. If in the lust example fi = ^, fJ.' = ^, AB=iB feet, AM = 
£.i = 16, If^ weight of block, find the value of the loud wboB 
equilibrium ctases. 

Jiesult. Load = +f W. 



EXAMPLES OF CATENAEIES. 

21. Show that all common catenaries are similar curves. 
Let there be two common catenaries with parameters c, c'; pla« 

them so that their directrices coincide, us also their axe)-. TJien tua 
line, OPP", drawn through their common origin will meet them ll 

OF 
points, P, P", such that „ ^ -, . This is, of course, directly obvioi 

from the equation of any catenai'y, '- ^ cosh - ; because if, retiuDiiig(|] 

the same origin, we alter e to vc, we get a new curve in wliiuh x and jfM 
are each n times what they were iu the old curve. 

Hence all catenaries can be tiaced by simple multiplication < 
division fiom the curve « =; I (e*j-e~*l 

This is an a priori necessity for every cnrve whose equatio: 
volves only one linear constant, e. g. parabolas, catenaries of anifori 
atreiigth, &c. 

22. A uniform chain hangs over two fixed pegs, A, B, 
hoii:toutal line, its extremities being free ; lind the catenary wheo 
the pressure on each peg is a given force, k. 

Result. If «- = weight of chain per unit length, AB — 2a, 
parameter of required catenary. 



is the equation which determines c, and therefore the catenary. 

In particular, if to ^ 10 pounds per foot length, h = 500 poond^ 
weight, AB = 20 feet, we find c = 28-87, and whole length of chain = 
81.64. 



!3. If in the last tlie preBsurcs on tlie pegs are not given but to be 
RCbe least possible, find the catenary. 



Lnnd whole L 



v>h 



= deferminea c, and gives apDroximately -^ 1'1075, 

igth of cliain = 2.733 X^B. 
24. A given length of uniform chain has its ends fised to two pegs, 
: 3, in a. horizontal line ; find the distance between the pegs wlien 
e presaure on each is given, 

SemU. If 2/ = length of chain, w = weight of it per unit length, 
peg, AB=2a, 



2a 



-. y/J^],^^'^\. 



Thus, if 10=2 pounds' weight per foot, preasure^J ton weight, 
length of chain = 100 feet, we find AS = 49-72 feet. 

25. In a uniform catenary of given length with extremities fised at 
!W0 points, A, B, in a iiorizontal line, determine AB bo that each 
tenninal tension sliall be twice the tension at tlie loweat point. 
21 ^ 

i?d«wZ(. /IB= -77 log,(2+ V3) = -rexi. where 2i = length of 

chain. 



'6. In the same c 
''horizontal tension. 



e AB if ibc terminal ia n times the 



'■.AB = 






log,(n+v'«"-l). 



27. If a uniform chain of given length, L. hangs with fi"ee es- 
tremitiea over two fixed supports, A, B, in a horizontal line, ahow that 

re will be two figures of equilibrium or none according as 
L > or <e.AB. 
where a = Napierian base = 2.71828.... 

28. Show that for a given umfum catenary, AVB {V being the 
lowest point), hanging from two A.-ied extremities, A. B, in a horizontal 
line, the value of the parameter, e, may be thus obtained: at a distance 
from B equal to \ AB let a vertical line be diawn meeting the curve 
in P ; then c ia the third proportional to the semi-depth and the 
arc VP. 

(The d*,pth of the oatenaiy is the perpendicular fi ora V qq AB) 

29. Show that if the arc YB of a catenary ( V being the lowest 
poiiit) is divided info any num!)er of equal parts, and from the points 
of division ordinatea be drawn to the directrix, the areas of all the 
strips thus ftjrmed are all equal, 

30. A uniform chain of length 21, wilh fi'ee extremities, bangs over 
two fixed supports, A, B,\aa horizontal line; show that li 



J 



parameter of either of the two ^Mitenftries in which it mny hang, tw 
depth of the centre of gravity of the uhain lielow AB is 
P + a'—Zae 

vrbere the span AB ■=■ 2a. (Hence tlie catenary with the larger value 
of c is the Btable, and the other the unetahle, form.) 

31. If in the last the span AS is 8 feet and the whole length of tl 
chain 30 feet, prove that approximate values of the parameters ■ 
the two figures of equilihrium are 2 and 10 feet. 

32. In the same case if ^13= 10, and the whole length = 60, show 
that the parameters of the two figures are 

1-765 and 24-45, 
and that the corresponding depths of the centre of gravity of 
chain below JB are 7.393 ^^^ 10.418. 

33. There are two equally rough horizontal tables of the at 
height separated by a distance, 2a, which may be varied; a gi 
uuiform chain rests partly on each table, with equal lengths, /, 
them and a given length, 2 A, hanging freely in the space betw 
them; determine how far the tables can be drawn apart bofore 
chaiu slipa. 

Remdt. If fi 3= coefficient of friction, the parameter, c, of thi 
catenary when slipping is about to take place is given by the equatit 

c= '^fi'f^—k'; and then ce" = X+fi/ determines re. 

Thus, if n= 4,/= 34 feet, X=15; then 0=8, and a = 11-09 

34. A uniform chain 200 feet long and having a mass of 10 ponni: 
per foot length has one end, A, fixed while the other end, B, ; 
attached to a mass of 5200 pounds which rests on a rough horizonti 
table (fi = J) close to its edge, tlie top of the table being at the Ban 
level as A ; find the greatest value of the distunce AB consistent wit 
equilibrium. 

Besvit AB= 194-4 feet. 

35. If in Q. 33 one of the tables is higher than the other, find tl 
greatest horizontal distance between them. 

Besidl. If A is tie difi'erence of their heights, we have 
16c'A' = (iX'-h?) f{2M/-A)'-4X'[, 
which determines the parameter of the catenary, and also 
^_2jxf-h+2k 
* 2(if-h-2k' 
where D is the horizontal distance required. 

In particular, if 2\ = 30, A = 4, /= 34, /i = i, the horiKat 
distance D is zero. 
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^36. An endless chain 78 inchee long hangs in two festooiiB over two 
[ Hupportfl. A, B, in a horizontal line 26 inches apart; find the 
cameters of these fcstooua. 
Iife«uif. Tliey are 6-2 and 21-8, approximately, and of eoiiree the 
> festoona have the same directrix. There is, of course, another 
s of equilibrium in which the two festoons coincide, making a 
tgle catenary. 

[87. If P, P' are any two points on a uniform cftterary the arc- 
s of which from the lowest point are a, a', show that 

•/(«±«')'-{2'-/)' = "(«*' -r ^'), 
1 hence show how to describe a catenary of given length through 
any two assigned points. (The problem is the same as that of the 
description of a catenary with a horizontal epaiL) 

38. A uniform chain hangs with its extremities, A, B, fixed in 
a horizontal line ; if a mass of given weight is suspended from the 
lowest point of the chain, find the altered figure. 

Remit. If the weight of the suspended mass =; weight of a length 
2p of the chain, 2i ^ length of chain, AB = 2a, we have 
°_ •/il + 'pf + c^ + l + p 
■/ji^ + e'+P 
which determines the parameter of each of the equal catenaries formed. 
Thus, if AB =20, 21 = 50, 2p = 40, the value of c is approxi- 
mately 13 J. 

39. If the loaded chain in the last example, instead of having fixed 
ends, paseea over the two fised supports. A, B, and hangs with free 
ends, find the figures of equilibrium. 

Sentdt. "With the same notation, we find 

(l+p)e~'= vV + o'-l-p, 
to solve which for c, construct the curves whose equations are 

y = {l +p)e' i, 

the first of wliich is drawn from a table of logarithms, and the second 
is a hyperbola with one vertex at the origin and the other on Oy at 
a distance ji from ; this hyperbola is constructed by the well-known 
rule when we have a point and the asymptotes. 

TJiere are two points of intersection or none, and therefore two 
solutions or none. 

Thus, if the whole length of the cham = 120, AB = 20, 2p = 40, 
the values of c are 19.6 and 34-6, nearly. If the length of the chain 
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were 100, wliile tbe otier duta remain tlie Bame, the curves do not 

idterseut, and there is no equilibrium possible. 

40. A uniform chain is suspended from two fixed points, A, B,ia 

a horizontal line, and it ie partially immersed in a liquid ; find (hfl 

figure of e<)uilihrium. 

If the chain enters the liquid at P, the portion, BP, in the air a 
that, P VL, in the liquid 1 
long to two distinct catenarie 
which have, however, a 
tangent at P, their curvature 
beiiig different. 

The air portion, .B J', if cc 
tinaed helow the liquid woi 
form a catenary whose lowea 
point, F', is higher than J 
the lowest point of the catenar 
PVL. 

Let V! = weight of cLai! 
per unit length, k ^ weigh 
of equal volume of liquid 
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A = height of B above LP, 2a= AB\ let the directrices of the twt 

catenaries he OiV^ O'A'' ; tlieir parametersc, c'; the ordinate PA' = ^ 

FN' = y'; arc yP = », V'P = s'; then 

(w-X).v = w?/'. 

{«T-A) p = wp, 

where p and p' are the rodii of curvature of the two curves at P, 
Also if X, x' arc the distances of P from the verticals Vy, X'y, 

{w-k)x = v!x'. 
Espressing the fact that VP + PB =:l^ half length of chain, a 
putting k 




and from these equations the two unltnowns y and c are to be found. 

In particular, if ^i?= 100, A = 40, A = iw, 2i = 300 = lengt 
of chain, we find that c ^ 1 8 approximately, and PN = y = 23, ft 
which the dimensions of both catenaries are easily found. 

[ITiis and several other questions relating to catenaries Iiaye h 
discussed hy the author in two papers in Enginetritig, toL '. 
pp. 173, 303.] 
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41. A catenary of uniform strength is to be made with a mass of 
material equal to 400 pounds, and with a span of 36 feet ; the density 
of the material is 100 pounds per cubic foot, and there is to be an 
intensity of stress equal to 20 pounds' weight per square inch in the 
catenary ; find the curve. 

Remit. The depth of the curve is 6*03 feet, the area of its cross- 
section at the lowest point is about 13*9 square inches, and at the 
highest 17*1, the tangent at this point making an angle of 54^ 11^ 
with the vertical. 

Note. — The value of T' in example 12, p. 252, is incorrect. The 

correct result is 

p 
T = J (cosec a— 2 cosec 3+ 4 sin 3), 

sm(a+2 3)-sin3 

or l=.—r' jr— ; ; > 

2 sin a sm 3 

80 that T may be positive or negative, and will be zero when the 
polygon is regular. The angles a and ^ are connected by the relation 

4 cos a cos 3 = 1. 
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